THE EMERTON-GEE STACKS FOR TAME GROUPS, I

LIN, ZHONGYIPAN

ABSTRACT. We construct the moduli stack of L-parameters for tame p-adic groups and prove their
Noetherian (formal) algebraicity.
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1. Introduction

In the categorification program of the local Langlands correspondence ([EGH23|, [FS21], [Zhu21]),
it is desirable to have the moduli stack of L-parameters. For p-adic and mod p local Langlands,
categorification is not merely an aesthetic pursuit, but rather a necessity. For example, there are
far more supersingular representations of GLy(F') (F' # Q, unramified) than there are supersingular
L-parameters for GLa(F'). While the set-theoretical local Langlands correspondence lacks a p-adic
analogue, a categorical/geometric approach has been proposed in [EGH23]. This approach involves
the consideration of coherent sheaves on the moduli of L-parameters as the objects of interest on the
spectral side.

In this paper, we generalize the construction carried out in [EG23] to tame p-adic groups, and build
the moduli of L-parameters over Spf Z,.

Throughout the paper, G denotes a connected reductive group over K that splits over a tame
extension E/K. Write 1G = G x Gal(E/K) for the Langlands dual group of G, defined over Spec L.
We write Galg for the absolute Galois group of K.

1
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The main result of the paper is that there exists an fppf stack Xi; ® F,, over [F,, (Definition 7.1.1)
satisfying the following:

Theorem 1 (Theorem 10.2.1, Proposition 7.1.3). (1) X1 ®IF, is a Noetherian formal algebraic stack
over IFp. -
(2) For any Artinian local Fp-algebra A, the set of equivalence classes in |Xig(A)| is in natural

bijection with the set of L-parameters HL (Galg, G(A)).
Moreover, if E is tamely ramified over Q,, then A7; ® F admits a p-adic thickening ..

Theorem 2 (Corollary 10.2.2). Assume E/Q, is tame.
(1) Xi; is a Noetherian formal algebraic stack over Spf Z,.
(2) For any Artinian local W (IF,)-algebra A, the set of equivalence classes in |Xig(A)| is in natural

bijection with the set of L-parameters HL (Galg, G(A)).

Theorem 2 also holds for many wildly ramified fields E (see Subsection 1.1 for details). We establish
the geometric Shapiro’s lemma, which allows us to replace K by Q.

Proposition 1. (Proposition 7.2./) Assume the splitting field E of G is tame over Q. There is a

canonical isomorphism Sha : Xrg — XeResyc/q, G-

The proof of the geometric Shapiro’s lemma is purely formal and the only input is the classical
Shapiro’s lemma and the Ind-algebraicity of Xz, (which is established in Section 5). Similar arguments
show that the formation of A% is independent of the splitting field £’ we choose. Indeed, Xr; is unique
in the following sense: if X’ is another moduli stack satisfying Theorem 2 and there exists a morphism
[ X' — Xig such that (1) f(A) is essentially bijective for all Artinian W (F,)-algebras and (2) fred
is of finite type, then X’ & X.. In particular, if G is a torus, then XL is isomorphic to the moduli
of continuous Weil representations.

Concretely, the moduli stack Xz parameterizes tuples (F, ¢r,vr, o, ¢) where (F, ¢p,vr) is a cyclo-
tomic étale (¢, I')-module with “G-structure for the p-adic field E that admits cyclotomic Kisin lattices
in a weak sense, a is a tame descent datum with respect to E/K, and c is a G-level structure (see
Subsection 1.2). As in the work of Pappas-Rapoport ([PR09]) and Emerton-Gee ([EG23]), the Kisin
resolution plays a pivotal role in the construction of Ar;. When G is a ramified group, the relevant
cyclotomic (¢, I')-modules do not admit Kisin lattices. Instead of finding a suitable replacement of
Kisin lattices, we opt for the simpler method that reduces to cases where Kisin lattices do exist.

The formation of Xz is functorial in the group G and in the field K. More precisely, if ‘G — “H
is an L-homomorphism, then there is a canonical change-of-group morphism

XLG — XLH.
If L/K is an arbitrary extension, then there is a canonical change-of-field morphism (7.3.9)
Xig = X LG

~

corresponding to the restriction map Hl (Galk,G) — HL (Galy, é)

1.1. The moduli stack of p-modules with G-structure

The first step in constructing the Emerton-Gee stacks is to build the moduli stack of ¢-modules.
We will consider the split group case, and assume G = IG. Let A be a finite flat Z/p®-algebra and let
¢ : A((u)) = A((u)) be a deformation of the g-power Frobenius (i.e. p(u) € u? + pA((u))).
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The way representability theorems are proved in [EG21] and this paper can be summarized as
follows. Write R for the moduli stack of A((u))-modules M equipped with a @-structure M = ¢* M.
We first solve the deformation problem and show that (after truncation) all finite type points of R
admit a Noetherian versal ring Spf R. Next, we show the versal morphism Spf R — R descends (or
admits an algebraization) to Spec R — R. Finally, Artin approximations of Spec R furnish smooth
local charts of R, and these smooth local charts glue into an Artin stack.

When E is ramified over Q,, we will encounter Frobenius endomorphisms ¢ such that ¢(A[[u]]) ¢
Af[u]]. In [PRO9] and [EG21], (A][u]]) C A[[u]] is a running assumption throughout the paper, and
in [EG23], it is shown that the induction construction is relatively representable and the general
case is reduced to the p(A[[u]]) C Af[u]]-case. The Tannakian formalism plays a crucial role when
working with general groups. However, due to the non-monoidal nature of the induction construction,
a different approach is required. As a result, we have to undertake the arduous task of reapplying the
[PRO9] construction in a more generalized setting.

We obtained general representability results in Theorem 3.7.3, which imply, for example, the fol-
lowing:

Example 1. Let ¢ : Z/p*((v)) = Z/p*((u)) be the endomorphism defined by u — uP? + L such that
p+1r ¢ p”. The moduli stack of étale p-modules over Z/p*((u)) is an Ind-algebraic stack over Z/p?.

In this paper, the deformed Frobenius endomorphisms we work with are the p-endomorphisms on
the period rings Ap for cyclotomic (¢, I')-modules for the p-adic field E.

The following two observations are key to tackling the representability problem in the generalized
setting: (I) the usual filtration on the loop group L Gy, can be modified into a Frobenius-stable
filtration (see Definition 3.2.2), and (II) by Krasner’s lemma, we can ensure Aap C A} if E is tamely
ramified over Q, (after possibly replacing E by an unramified extension). By making observation (I),
we are able to prove the Ind-representability of the moduli of Kisin lattices. Similarly, observation
(IT) enables us to establish that the algebraization of an étale ¢-module still retains the property of
étaleness. The moduli of Kisin lattices serves various technical functions; it is utilized for defining
truncations on the moduli stack of étale ¢p-modules and is crucial in the process of algebraizing versal
rings.

We solve the deformation problem by choosing an embedding G — GL ~ and show that the embed-
ding induces a relatively representable morphism of deformation problems by checking Schlessinger’s
criterion. The GLy-case is dealt with in [EG21]. The algebraization process is done in a very general
setting and is monoidally functorial, with the caveat that the algebraized p-module is not automat-
ically étale. We proceed by using the affine morphism Spec Ag — SpecAg, to ascend the étaleness.
We remark that as long as there exists a subring Ar C Ap such that @(AJIS) C A'Pt C AT, Theorem 2
holds; we make the obvious choice F' = Q, when FE is tame over QQ,. The last step has been formalized
in [EG21] and we only need to cite their main theorem.

1.2. The G-level structure

Recall that two L-parameters are equivalent if they are @—conjugate to each other.

In the category of (i, T')-modules with “G-structure, morphisms correspond to “G-conjugates in the
category of L-parameters. It is crucial to choose G-level structures to reduce the set of morphisms.

Let F be a (p, I')-module with LG-structure over Ag 4 that corresponds to an A-family of Galois rep-
resentations. We can regard Gal(F/K) as the L-group of the trivial group {*}. The L-homomorphism
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LG — M} induces an Ag _s-morphism
F—Fx© My = F.
There exists an L{*}—equivariant morphism ¢ : F = Spec Ag 4 over Spec Ak 4. The choice of such a

¢ is the G-level structure we need. Note that the composition F — F = Spec Ag 4 endows F' with a
structure of (¢, I')-module with G-structure over Ag 4.

1.3. The reduced moduli stack Xig 4

We begin our study of Xi; by examining its reduction Xig .4, with the key input being the
Langlands-Shelstad factorization theorem established in [L23]. The theorem establishes a dichotomy
for a mod p L-parameter Galg — G(F,), which states that it is either parabolic or elliptic. The
former case corresponds to a situation where the L-parameter factors through P for some proper
maximal parabolic P, while the latter case corresponds to a situation where the L-parameter factors
through %S for some maximally unramified elliptic torus S.

One can obtain a good understanding of Xig ,.q, Which is ultimately shown to be a finite type
reduced algebraic stack over Fp, by analyzing the images of Xip oq and Xig eq In Xig,eq. We have
the following structural results:

e The moduli stack X7g can be identified with the moduli stack of continuous representations of
the Weil group Wg.

e Write L for the Levi factor of “P. The moduli stack Xz; admits a constructible stratification
{Z;} such that the coarse moduli space V; of Xp X X1, Z; has a concrete description. There
exists a tower V; = V; 0 = V1 — -+ = Vim = Z; such that each V; , is a closed subscheme of
an affine bundle &; ;, over V; j41.

If '1G = GL,, then V; = Vim is a vector bundle over Z;. In general, V; is the vanishing locus of
higher cup products for Herr complexes in &; ;. Although V;; and & are not identical in general,
we can ignore this discrepancy to establish both an upper and a lower bound for the dimension of
XiG req in terms of the dimension of the various Xz 4. In the case where LG = GL,, the upper and
lower bounds coincide. However, in general, understanding the discrepancy is crucial, and we have
developed the so-called “Lyndon-Demuskin method” in [L21] to comprehend the vanishing locus of
cup products for classical groups. We will not touch upon dimension computation in this paper; it
will be addressed on a case-by-case basis in a subsequent paper.

1.4. Herr complexes

Herr complexes are algebraic interpolations of the Galois cohomology. In Section 8, we establish the
(infinitesimal) obstruction theory for the stack Xz, which implies the Noetherian formal algebraicity
of Xi;. Under certain technical hypothesis, we show that the standard Galois cohomology identity

H?, . (Galg, M)CNE/K) — ge (Galg, M)

cont cont

can be generalized to algebraic families of L-parameters.

In Section 9, we study a different sort of obstruction theory. We define higher cup products for
Herr complexes and use them to study non-abelian unipotent extensions of étale (p, I')-modules. It is
worth noting that for “G' = GL,,, the unipotent radical of maximal proper parabolics of /G is abelian.
As a result, the study of cup products is unnecessary. For classical groups such as unitary group U,
symplectic group GSp,,,, or orthogonal group GO,, it is sufficient to analyze the usual cup products.
However, for exceptional groups, the investigation of higher cup products is necessary.
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1.5. Langlands functoriality for Serre weights

Under the assumption that the reductive quotient of a superspecial parahoric of G has simply
connected derived subgroup, we expect that the irreducible components of Xig,.q are labeled by
Serre weights for G (see [L.23]). The study of the irreducible components of Xrg .q requires the
calculation of the dimension of XL 4, Which we have already explained in Subsection 1.3.

An application of the geometric interpretation of Serre weights enables us to study Langlands
functoriality for Serre weights. Given an L-homomorphism “G' — “H, we have a canonical morphism
Xii — Xrg. By analyzing the relation of top-dimensional cycles in Xrg oq and Xy o4, We can predict
the transfer maps for Serre weights.

1.6. Notations and conventions

TRepy the category of representations of H on finite projective Z,-modules
i: G < GLy | a fixed faithful (algebraic) representation

We will need to following lemma.

1.7. Lemma For each Z,-scheme X, the category of LG-torsors on X is equivalent to the category of
fiber functors from / Repr to Vectx.

Proof. 1t is [Lev13, Theorem 2.5.2]. Note that the connectedness assumption is only used in [Lev13,

Proposition C.1.8]. Since /G as a scheme is a disjoint union of @, [Lev13, Proposition C.1.8] holds for
La. O

Since the Langlands dual group G is independent of the choice of inner form, we assume throughout
the paper that G is a quasi-split group.

All stacks will be stacks in the fppf topology. An algebraic stack is by definition an Artin stack
[Stacks, Tag 026N].

1.7.1. A list of stacks

Stack | Description Definition
Ca moduli of Kisin lattices Definition 3.1.5
Za moduli of étale p-modules Definition 3.1.5
Rg moduli of admissible étale ¢-modules Definition 3.1.5

Zp e | moduli of étale p-modules over Ag Definition 5.3.1

Rpg e | moduli of rigidifiable étale ¢-modules over Ag Definition 5.3.1

Zy 1 | moduli of étale p-modules over A Definition 5.2.6

Rk e | moduli of F-admissible étale p-modules over Ap Definition 5.2.6
zZ7 moduli of étale (g, y)-modules Definition 6.1.1

EZ moduli of étale (¢, I')-modules Definition 6.1.1

Rly | moduli of E-admissible étale (¢, ~)-modules Definition 6.1.1
REG moduli of E-admissible étale (¢, I')-modules Definition 6.1.1
Xig moduli of L-parameters Definition 7.1.1

X 1 | moduli of (¢, G )-modules corresponding to L-parameters | Definition 7.3.8

Rpry | moduli of (o, Gr)-modules Definition 7.3.8

Rp 1y g | moduli of (¢, G )-modules with G-level structure Definition 7.3.8
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2. Some commutative algebra

2.1. Elementary facts about pushforward and pullback
Let R be a Noetherian ring complete with respect to an ideal I C R.
Consider the following diagram

Spf R((u))
>pecR<<u>> Spec R[[ul]
Spec R((u)) in in
Spec ; j]”((u)) Spec R/I"((u)) Spec R/ I™[[u]]

where R/((u\)) is the I-adic completion of R((u)) and the morphisms ¢, j, and 4, are induced from the
corresponding ring maps.

We collect the following simple facts. Note that ¢*, j*, i are simply base change; c., j. and (i)«
are forgetful functors that preserve the underlying abelian groups; and ¢* is by definition the [-adic
completion functor.

2.1.1. Fact (1) We have the following identities.
) J*jx = 1d : QCoh(R((u))) = QCoh(R((u)));
) i (in )+ = id : QCoh(R/I"((u))) — QCoh(R/I"((u)));
(¢) 5 (in)s = id : QCoh(R/I"[[u]]) — QCoh(R/I"[[u]]);
(d) iy = id : QCoh(R((u R((u)) - QCoh(R((u)));
) ¢*ex =1id : Coh(R(( ) — Coh( ((u))),
) )))
(2) If M € Coh(R((u))) and N € QCoh(R(( ))) is flat, then M C ¢, N implies ¢*M C N (the map
exists by adjunction).
Proof. (1-a,b,c,d) Clear.

(1-e) By [Stacks, Tag 00MA], a finite R((«))-module is automatically I-adically complete.

(1-f) It is part (3) of [Stacks, Tag 00MA].

(2) By [Stacks, Tag 0315], ¢*M C c¢*c.N. By part (1-e), ¢*c,N = N. By part (1-f), ¢*M =c*M. O
2.2. Mittag-LefHer systems of modules

See [Stacks, Tag 0594] for the basic definitions of Mittag-Leffler systems.

2.2.1. Definition Let (A;, i;), (Bi, ¢i;) be Mittag-Leffler directed inverse systems of R-modules.
We say

o (A, pij) C (Bj,pij) if A; C B; for each i;

o (Ai, pij) = (Bi, wij) if (A, pi5) C (Bzaéow) and @ji(A;) = p;i(B;) for all i and all j > i.
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2.2.2. Lemma Let (A;, ¢ij), (B, pij) be Mittag-Leffler directed inverse systems of R-modules, and
let (D;, pi;) be a system that contains both (A, ¢i;), (Bi, ¢ij). Then (A; N B, ¢;;) is Mittag-Leffler.
MOI‘GOVGI‘ if (Cu (pij) C (Di7 (pij> and (BZ', SOij) ': (Cu goij), then (Az M Bz'7 gOij) |: (Az M CZ‘, (Pij)-

Proof. Clear. O

2.2.3. Lemma For each t € R, if (A;, pi;) is a Mittag-Lefller directed inverse system of R-modules
then so is (A; ®g R[1/t], vij).
Moreover if (AZ, Soij) ): (Bz, gOij), then (Az KRR R[l/t], (Pij) ): (Bz KRR R[l/t], QDZ])

Proof. 1t suffices to show that if f : M — N is a homomorphism of R-modules, then Im(f)®r R[1/t] =
Im(f ®g R[1/t]). Note that M — f(M) is surjective and f(M) C N is injective. After localization,
MI1/t] — f(M)[1/t] is surjective and f(M)[1/t] — N[1/t] is injective since R[1/t] is R-flat. So
f(M)[1/t] is the image of f[1/t]. O

2.2.4. Lemma Fix an integer ¢ > 0. Let (A;, ¢4;), (Bi, i) be Mittag-Leffler directed inverse systems
of R-modules where indexes i € Z. Assume there exists surjective homomorphisms f; : 4; — B,
gi : Bi = A;_. for all ¢ such that

e Both f;, g; are compatible with transition maps ¢;;;
® giofi=Qiic
Then limA; = limB;.
p )

)

Proof. Clear since both lim f; o lim g; and lim g; o lim f; are identities. O
2.3. Non-flat descent of vector bundles

2.3.1. Definition Given a tuple (U, X, Y, j,m) where j : U — X is a scheme-theoretically dominant
flat morphism of affine schemes and 7 : Y — X is a scheme-theoretically dominant proper morphism
of schemes. Denote by Vecty xy the category of triples (V, K,0) where V is a locally free coherent
sheaf over U, K is a locally free coherent sheaf over Y, and 6 is an isomorphism 0 : 7*V = j*K. For
ease of notation, we will drop € and write (V, K,0) = (V,K) and ©#*V = j*K.

Write Yy :=U xx Y. We have a diagram

Yy LY

!

where all morphisms are scheme-theoretically dominant.

2.3.2. Lemma We have m,j,m" = m.m%j, as functors from coherent sheaves over U to quasi-coherent
sheaves over X.

Proof. Since the maps involved are either proper or affine, pushforward preserve quasi-coherence;
since X is affine, to show 7, j.m*F = m,*j,F it suffices to check the global sections. Note that by
the pullback-pushforward adjunction, we have a canonical map 7*j, — j.7*. Since j*m,j.m*F is in
set-theoretic bijection with 7, j,m*F, it suffices to show j*m,j.n*F = j*m.w*j,.F which is clear since
7%7« =1 and j*m, = m.j* by flat base change. O
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By the previous lemma, for each (V,K) € Vecty xy, mn*j .V = jij*m K. Since 7 and j are
both scheme-theoretically dominant, the units of the pullback-pushforward adjunctions 1 — 7,7* and
1 — j.j* are inclusion of quasi-coherent sheaves.

2.3.3. Definition Define a functor (j,m). : Vectyxy — QCohy by (V.K) — iV NnmK (C
T * 5 V).
2.3.4. Lemma (j, 7). : Vecty x,y — QCohy is a lax monoidal functor (see Appendix B for defini-
tions).
Proof. Let (Vi, K1), (Va, K3) € Vecty x,y. Since both j, and 7, are lax monoidal functors, we have
maps

(W*Kl) &® (W*KQ) — W*(Kl & Kl) C 7T*7T*j*(V1 X Vz)
whose restriction to (j,7)«(V1, K1) ® (4, 7)«(Va, K2) coincide. The restriction defines a lax monoidal
structure on (j, 7). O
2.3.5. Lemma If j is an open immersion, j*(j,7).(V, K) = V.
Proof. We have j,j*(j«V N 1K) = 5.V N 5 j*m K = 3.V N jum* K = 5.V Nma*5,.V = j,.V. Note
that 7%/, = id. 0

2.3.6. Definition (Algebraic disks) Let R be a Noetherian ring. Let Y — Spec R be a proper
morphism. By the Grothendieck algebraization theorem [Stacks, Tag 089A], there exists a proper
scheme morphism Y” — Spec R[[u]] such that for each integer n, Y’ ® gy R[[u]]/u" — Spec R[[u]]/u™
is the base change of Y — Spec R to Spec R[u]/u™. Write Y[[u]] for Y.

2.3.7. Proposition Let R = @R/I” be a Noetherian complete ring. Let m : X — Spec R be a
n

scheme-theoretically dominant, proper morphism. There exists a lax monoidal functor

&+ VeClypoc i) Spec Rl X[ful) ~ CONSpec R(w)
which becomes the forgetful functor after composing with the base change functor Cohgpec r((w)) —
COhSpf m) .

Proof. Write R,, for R/I", and write X,, for X Xgpec r Spec Ry,. The arrows in the following diagram

Xn((u)) X [[ul]

& X
Spec Ry (1)) —— Spec R [[u]
are all scheme-theoretically dominant. Write i, : Spec R,, — Spec R for the embedding. Write j for
Spec R((u)) — Spec R[[u]]. For (V,K) € VectSpec o)) Spee R{ful] X[[u])’ set
kn(V, K) = (j, )sin (V, K)
and £ := limsk,. Define ¢EWV,K) = j*k(V, K).

n
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By the theorem on formal functions, lim,:;, K = m. K is coherent and thus the submodule k(V, K)
n

is also coherent. So £(V, K) € Coh(R((u))).
It is clear that £ is a lax monoidal functor. So it remains to show £ composed with the I-adic
completion functor is the forgetful functor; in other words,

() Umi (V. K) = lmy™in(V, K) = V.

n n

By the Artin-Rees lemma ([Stacks, Tag 00IN]), there exists a constant number ¢ > 0 such that
(I"mK)NK(V,K) =I""°“(Im. K NKk(V,K))
for all n > ¢. So we have
I'e(V,K) C (I"m.K)Nk(V,K)
(I"*m,K)Nk(V,K) C I"k(V,K)

for all n. Note that
K(V, K)
(Im.K) N k(V,K)

=Im(k(V,K) = i;m.K) =: A,.
The following maps
Ap — i k(V,K)
iy k(V,K) = Apte
are surjective for all n. It follows that
@j*i;m(v, K)= @j*An.
n n

By [Stacks, Tag 020B], there exists a positive integer ¢’ such that if we write K, := Im(m, K — i} K),
then K,, — i} __m K is surjective for all n > /. Write By, := Im(k(V, K) — m.i;, K) C K,. We have
surjective maps A,, — B, _ for all n > ¢/. Note that (B,) = (k,(V, K)). So

limj* ki (V, K) = limj* By,

By Lemma 2.3.5,
limj* ki, (V, K) = BV = V.

n n

Note that both (A,) and (B,,) are Mittag-Leffler inverse systems with surjective transition maps, and
that @An = @Bn = k(V, K); it is possible to choose an infinite sequence of increasing integers
n n

my < mg < ... such that A, is a quotient of B, ,, _~ for all i. Now it is clear that

l'&nj*An = @]*Amz = @j*Bmi*C/ = @]*Bn =V

(3 K3

So we are done. O
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2.3.8. Affine pushforward Let R[[v]] C R[[u]] be a subring such that R[[u]] is a finite projective
R[[v]]-module. Write ¢ : Spec R[[u]] — Spec R[[v]] for the corresponding morphism. Also denote by ¢
the morphism X [[u]] — X[[v]]. Note that (. (j, 7)« = (J, 1)« since (. jx = jxCs and (o = mi (. Since
¢ is an affine morphism, ¢, commutes with i (see the proof of Proposition 2.3.7 for the notation),
and (ukn(V, K) = k,((V, K). So we conclude that ¢, o { = £ o (, where £ is the functor defined in
Proposition 2.3.7. Note that £ o (. (V, K) is in set-theoretical bijection with &(V, K).

2.4. Local contractions

2.4.1. Definition An endomorphism ¢ : A((u)) — A((u)) is said to be locally contracting if there

exists an integer N and a real number A > 1 such that for all integers n > N, @(u") € ul* A[[u]].
We call A\(p) := A the contracting factor of ¢, and call dy(p) := mﬁx(%) the contracting diameter of

¢ (of contracting factor \).

For any ring R, write My(R) for d x d-matrix with R-coefficients. Set U, (A) := 1 + u"My(A[[u]])
and V,(R) = {z € GL4(A((«)))|z, 27" € u™" My(Al[u]]) }.

2.4.2. Lemma Assume ¢ : A((u)) — A((u)) is locally contracting of contracting factor A\. Then for

all n > max(2m, ﬁ(@)),

(1) For each g € Uy, (A), x € V,,(A), there exists a unique h € U, (A) such that g 'zp(g) = h~'z.
(2) For each h € U,(A), x € V;,,(A), there exists a unique g € U, (A) such that g 'zp(g) = h~'z.

Proof. We follow the proof of [PR09, Prop. 2.2] and [EG23, Lemma 5.2.9].

(1) Since h=! = g 'wp(g)z~!, the uniqueness of h is clear. Write g7! = 1 + u"X with X €
Ma(Al[u]]), and ¢(g) = 1+ v*Y with Y € My(A[[u]]). We can take s > An since ¢ is locally
contracting of contracting factor A. Then g~ 'z (g)r~! = (1 +u*X)(1 +u*2"umzYumz ™) € U,(A)
since s —2m > An —2m >n+ (A —1)n —2m > n.

(2) We first show the uniqueness of g, for which it is enough to show g~ z¢(g) = = implies g = 1.
Write g = 1+ u®X, X € My(A[[u]]). We have u*X = p(u®)zp(X)z~L If s > tZm, w*Hp(u)u=2m.
So X € uMy(Al[u]]).

Finally we show the existence of g. Let 2’ := h™'x. Set 29 = x, hg = h. We inductively
define sequences (h;), (z;) by setting x; = h;_llq:i,lgp(hi,l), h; = (')~ 'x;. The argument in the last
paragraph shows that h; € Uy, for all ¢. Set g; = hohy ... h;, then g; tends to some limit g € U,, and
since for all i, g; 'wp(gi—1) = h™ ', in the limit g~ 'ap(g) = h 1z, O

1

2.5. Frobenius contractions

We first show that any p-adic deformation of the p-power Frobenius map is locally contracting mod
a

.
2.5.1. Lemma Let ¢ : A((u)) — A((u)) be an endomorphism such that ¢(u) € u?+pA((u)). If there

exists an integer a > 0 such that p*A = 0, then ¢ is locally contracting of contracting factor A for any
1< A<y

Proof. Write p(u) = u? +pY, Y € A((u)). There exists an integer N > 0 such that uVY € A[[u]].
We have

a—1

(p(uM-i-a—l) _ (uq —|—pY)M+a_1 _ Z (
=0

M+a-1

uq(M-‘ra—l—i) (pY)’
1
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whose lowest degree term has degree at least ¢M — (a — 1)N. Note that both a and N are constant
gM—(a—1)N 0

numbers, and we have limp;_, oo o=t = ¢

2.5.2. Definition An endomorphism ¢ : A((u)) — A((w)) is said to be a Frobenius contraction if
there exists an integer N such that

o oM (u) = p(p(-- p(u))) € u? + pA((u)),
o oM is A-linear.
An étale p-module over A((u)) is a finitely generated A((u))-module M, equipped with an A((u))-
isomorphism
O (p*M = A((u)) ®<P,A((U)) M — M.

We will need the following descent theorem which strengthens [EG21, Theorem 5.5.20].

2.5.3. Lemma Let R be a complete Noetherian local [Fj-algebra with maximal ideal m, and let
¢ : R((u)) = R((u)) be the R-linear map that sends u to uf.

Let My — Ms — M3 be a sequence of finite free étale p-modules over R((u)). If 0 — ]\/4\1 — ]\/4\2 —
Mz — 0 s a short exact sequence (where (—)" denotes the m-adic completion), then 0 — M; — My —
Ms — 0 is also an exact sequence.

Proof. Let S be a ring which contains an element u. Denote by S(—) the u-adic completion of S[—].
By the Cohen structure theorem, R = K[[T1,...,T},]]/I for some field extension K of F, and some
ideal I. For each integer m > 0, we define

Ry = R[u]<%ﬂ, o %nyu]
and o o
R_,, = R[u}(TlT7 Cee TZ M1/u].

It is helpful to visualize Spec R,,, (—oo < m < o0) as disks of various radii.

We advise the readers to read [EG21, 5.5.20] for the following facts:
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(i) There are flat homomorphisms of R((u))-algebras R,, < Ry,+1 determined by T; — T; and
R((u))-isomorphisms
R((u)) ®@,R((u)) Ry — Rm+1
form=...,-1,0,1,...;
(ii) Write @ : Ry = Rpn1 for the composition Ry, =55 R((1)) @y g((uy) Rm ~> Rumt1, which
is a faithfully flat map;
(iii) The ring Ry := lim Ry, is faithfully flat over R((u)), the m-adic completion of R((u));
m>0
(iv) Each maximal ideal p of R((u)) comes from a maximal ideal of R,, for some m < 0. More
precisely, if R((u)) — L is a surjection onto a field L (which is necessarily a finite extension of
K((u))), then it factors through a surjection R,, — L for some m < 0.
We will use the following constructions.

(I) For each R((U))-module M, write j;, M for Ry, ®p(()) M, which can be interpreted geomet-
rically as restriction to the “disk” Spec R,.
(I) For each R,,-module M, write ¢}, for Ry, 11®y,, R,, M, which can be interpreted geometrically
as the Frobenius amplification of M.
The following fact is crucial:
CrmdmM = Jm19" M.

Since R is faithfully flat over R((u)), the sequence
0 = My @R((u)) oo = M2 ®p((u)) Boo = M3 @R((w)) Lloo = 0

is exact. it is possible to choose a basis {b1,ba,...,bs;c1,¢2,..., ¢t} of My ®p((u)) Roo such that the

image of M1 ®p((u)) Reo is generated by {b1,...,bs} and each element of M3 ® p((y)) Roo can be lifted to

an element of the submodule generated by {ci,...,c¢:}. Since Ry = li_n>ﬁRm, there exists some N > 0
m

such that {b1,ba,...,bs;c1,¢2,..., ¢} C Ma ®p((u)) By and as a consequence, the sequence
0— jnMy — jyMo — jyMs — 0
is exact.

Since ¢ : R((u)) — R((u)) is faithfully flat and thus the base change ¢, : Rm — R((1)) ®y r((w))
R, = Ry is also faithfully flat. We have a commutative diagram

0 JmMi Im M2 ImMs3 0
iy T O, T g T
0 ———Jne M Im®" Mo T @ Mz ——0

00— 1Im 1M1 — O 1Jm 1 Mo —— 0, 1Jp 1 Mz —0
where all vertical maps are isomorphisms. Hence the short exactness of
0— jr, My — g Mo — jr M3z — 0
implies the short exactness of

0= Jm_1 M1 — jp 1Mo — jp, 1 M3 — 0.
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To show 0 — M7 — My — Ms is exact, it suffices to show that for each maximal ideal p of R((u)),
the localisation at p of this sequence is exact. We have already mentioned that there exists some
integer m < 0 and some maximal ideal q of R,, which lies above p. Since R((u)) — R,, is flat,
R((u))p = (Rp)q is faithfully flat. The proof is now complete. O

The following elementary lemma allows us to generalise the above lemma to a general Z,-algebra

A.

2.5.4. Lemma Let A be a ring. Let f : Spec B — Spec A be a morphism such that all the closed
points of Spec A are contained in the image of f. Let M; — Ms — Ms be a sequence of finite
projective A-modules such that

0>M i ®&saB—>My®s B — Mg®4 B —0

is a short exact sequence. Then
0— M — My — M3 —0

is also a short exact sequence.

Proof. Since the property of being a short exact sequence is local, it suffices to consider the case where
both A and B are local rings, and A — B is a local homomorphism. We can replace B by its residue
field. So assume A is a local ring with maximal ideal I, and B = A/I.

Fix a spliting ¢ : My /IMy @ Ms/IMs = My /IMs of the short exact sequence. Let 1) : My & M3z —
M be an arbitrary lift of 1) which is compatible with the given lift of the short exact sequence; since
Ms — Mj is surjective by Nakayama’s lemma, such a lift ¢ exists. By Nakayama’s lemma again, 1
is a surjective homomorphism of finite free A-modules of the same rank, and is thus an isomorphism
(by a determinant argument). O

2.6. Height theory Let ¢ : A((u)) — A((u)) be a ring endomorphism.

2.6.1. Definition A height theory for ¢ is an element v € A((u)) such that
(HOa)
(HODb)
(H1)
2)
3)

is invertible;
((u)) is v- adlcally complete;
((u)) is a finite projective A((v))-module;

(H2) @ (A[[v]]) < Affol];
(H here exists an element v’ € A((u)) such that A((u")) = A((uw)) and A[[v]] C A[[«]];

(H4) A((v)) @4 a¢w)) A(u)) it insiaCN A((u)) is a bijection.
Note that (HOa) and (HOb) guarantee that the inclusion Afv] C A((u)) factors through A((v)).

v
A
A
¥
T
A

2.6.2. Example Let ¢ : Z/p*((u)) — Z/p*((u)) be the endomorphism sending u to 2. Set
v = u?. We have p(v) = @(u)? = u?? + 4pu®’~2 = P + 4pvP~! € A[[v]]. Note that if p # 2,
u=v®PD/2(p(u) — 2pvp(u)~1), and thus v is a height theory for .

2.7. Thickening
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2.7.1. Lemma Let f : X — SpecA be a morphism of Noetherian algebraic spaces. Write fieq :
Xied — Spec Ayeq for the morphism of the underlying reduced algebraic spaces.
If freq is an isomorphism, then f is a finite morphism.

Proof. By [CLO12, Corollary 3.1.12], X is a scheme. By [Stacks, Tag 06AD], X is an affine scheme.
Write X = Spec B, and let (z1,--- ,zs) be the nilradical of B. Since B is Noetherian, (z1,- - ,zs)" =
(0) for some n. It is harmless to replace A by its image in B. We have

B:A+inB

as an A-module since A — B/(x1,--- ,x,)B is surjective. Therefore
B=A+> B
= A+Zmi(A+ijB
= A—i—ZmiA—l—Zm:vjA—i—...—&—inlxig...xinA;

and thus B is a finite A-module. O

2.7.2. Lemma Let f : X — Y be a morphism of Noetherian algebraic Z/p®-stacks that is locally
of finite type such that f(A4) : X(A) — Y (A) is an equivalence of categories for all Artinian local
W (F,)-algebras A. Then f is an isomorphism.

Proof. Since both X and Y are Noetherian algebraic stacks over Z/p®, the morphism f is automatically
locally of finite presentation. Moreover the set of closed points (=F,-points) is dense in X.

Claim f is étale.

Since F,-points are dense in X, by [Stacks, Tag 02GI], we only need to show f is étale at all F-
points of X. By [Stacks, Tag OQGU] it suffices to show f is étale when localized at stalk rings of
F,-points of X. By [Stacks, Tag 02HM], it suffices to show f is formally étale when localized at stalk
rings of F p-points of X, which is true by our assumptions.

Claim f is surjective.

f is surjective on ]Fp—points. Since surjectivity descends along surjective morphisms, we can pre-
tend f is a morphism of schemes. By Chevalley’s theorem, the complement C' of the image of f is
constructible. Since Y is Noetherian, C' contains a dense open U of its closure C. If U is non-empty,
U must contain a closed point, and we get a contradiction.

Claim f is universally injective.

By [Stacks, Tag 0154], it suffices to show the diagonal of f is surjective, which can be checked on
I_Fp-points by the proof of the previous claim.

By [Stacks, Tag 02LC], a universally injective étale morphism is an open immersion; thus f is a
surjective open immersion, that is, an isomorphism. O

2.7.3. Theorem Let f: X — ) be a morphism of (not necessarily algebraic) stacks over SpecZ/p®.
Assume

(1) X is a Noetherian algebraic stack;

Xred is locally of finite type over SpecZ/p%;
The diagonal of Y is representable by algebraic spaces locally of finite type;
y is limit-preserving;

is fully faithful;

\_/\_/\_/\_/

(2

(3
(4
(5) f
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(6) If A is an Artinian local W (FF,)-algebra, then f(A): X(A) — V(A) is essentially surjective.
Then f is an isomorphism.

Proof. By [Stacks, Tag 04TF], item (1), (3) and (5) ensures that f is relatively representable by
algebraic spaces. Let A be a finitely presented Z/p®-algebra and fix a morphism Spec A — Y. We
first show (f4)req is an isomorphism. Since Xeq, Spec A and the diagonal of ) are all locally of finite
type over Z/p®, (fa)req is locally of finite presentation by the proof of [Stacks, Tag 045G] (note that
Xred Xy Spec A is the base change of X4 X Spec A along the diagonal of ); we also used [Stacks, Tag
01TB] and [Stacks Tag 01TX]). By Lemma 2.7.2, (fa)red is an isomorphism.

By Lemma 2.7.1, f4 is a finite morphism and hence of finite presentation. Applying Lemma 2.7.2
once again, f4 is an isomorphism. Since ) is assumed to be limit-preserving, f is an isomorphism
([EG21, Theorem 2.5.1]). O

2.7.4. Corollary Let f: X — ) be a morphism of (not necessarily algebraic) stacks over SpecZ/p®.
Assume Y is isomorphic to a directed colimit of substacks hﬂ Y such that each )V,,, — Y is relatively

m
representable by closed immersions. Write X, for V,,, x X. Assume
Yy

(1) X, is a Noetherian algebraic stack;

(2) Xprea is locally of finite type over Spec Z/p%;

(3) The diagonal of Y is representable by algebraic spaces locally of finite type;

(4) Y is limit-preserving;

(5) f is fully faithful;

(6) If A is an Artinian local W (FF,)-algebra, then f(A): X(A) — V(A) is essentially surjective.

Then f is an isomorphism.
Proof. By Theorem 2.7.3, each X, — YV, is an isomorphism. O

2.7.5. Example Corollary 2.7.4 can fail without certain finiteness assumptions. Let {a1, a9, -} be
a non-repeating sequence that exhausts all elements of F,. Let ) be SpecF,[t,¢]/(?), and let X be

lim Spec,[t, €]/ (€%, (t — ar)™(t — az2)™ -+ (t — am)™e).

The obvious embedding f : X — Y is not an isomorphism since X is not a scheme. Note that
Xred = Yred = SpecFy[t]; f is fully faithful since it is an inductive limit of closed immersions; and
f(A) is clearly essentially surjective for Artinian local [F,-algebras A.

2.7.6. Lemma Let P be a parabolic subgroup of a reductive group @, and let T be a P-torsor over
the field Fp((u)). Then T is a trivial P-torsor.

Proof. We remark that since the field F,((u)) is not perfect, Steinberg’s theorem ([Se02, I11.2.3]) only
applies to connected reductive groups. See Exercise 3) of [Se02, II1.2.1] for an example for a connected
unipotent group having non-trivial torsors over F,((u)).

By Exercise 1) of [Se02, IT1.2.1], the map

H'(Fy((u), P) = H'(Fy((w), G)

is injective. For a lack of reference, we include a proof of the exercise. The G-torsor T xP G = G
is a trivial G-torsor. We can thus identify 7" with a closed subscheme of G. By descent, T'/P is a
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form of P/P = {*} and is thus isomorphic to Spec Fp((u)). Since G(F,((u))) acts transitively on the

flag variety (G/P)(F,((u))), there exists g € G(F,((u))) such that g(T/P) = P/P € (G/P)(F,((u))).
Thus g € T(F,((u))) and T admits a rational point. O

2.7.7. Lemma Let A be a finitely presented Z,-algebra, and let H be a connected smooth affine
group over Spec Zy,.
(1) An H-torsor T over A((u)) is a trivial H-torsor if and only if Tieq is a trivial H-torsor over

Area((w)).

(2) Assume H is either reductive, or is a parabolic subgroup of a reductive group. If A is an Artinian
W (IFp)-algebra, an H-torsor over A((u)) is necessarily a trivial H-torsor.

Proof. Part (1) follows from [Ce22, Proposition 6.1.1]. Part (2) follows Lemma 2.7.6 (by part (1), we
can replace A by A/nil(A) and assume A is a finite product of F).). O

3. Step 1: the moduli of abstract étale py-modules for split G

In this section, we fix an integer a > 0 and a finite flat Z/p®-algebra A. Throughout this section,
we choose an endomorphism ¢ : A((u)) — A((u)) which is locally contracting of contracting factor
A > 1 (Definition 2.4.1). For any Zy-algebra A, write A4 for A ® A.

Compared to [EG21] and [PR09], we drop the assumption that ¢(A[[u]]) C A[[u]], which is the
reason for many technical complications.

3.1. Etale p-modules

3.1.1. Definition Let A be an Z/p®-algebra. An étale p-module with A-coefficients is a pair (M, o)
consisting of a finitely generated A4((u))-module M and an isomorphism of A4((u))-modules ¢y :
M — M.

Write Modgrét(A) for the category of projective étale p-modules with A-coefficients.

We refer the reader to Appendix B for generalities about Tannakian theory. By Lemma B.0.2, the
category of projective étale p-modules is an exact, rigid, symmetric monoidal category.

3.1.2. Definition An étale p-module with G-structure and A-coefficients is a faithful, exact, sym-
metric monoidal functor from / Repg to the category Modgrét(A).

Let F e[/ Repg, Modg“ét (A)]® be an étale ¢-module with G-structure and A-coefficients. Compos-
ing F' with the forgetful functor Modgrét(A) — Vecty , ((u)), We get an object of [fRep@, VectAA((u))]®,
which corresponds to an G-torsor over A4 ((u)) by Lemma 1.7. We denote by F the G-torsor over
A ((u)) associated to F and we call F the underlying G-torsor of F.

3.1.3. Definition A Kisin lattice with A-coefficients is a tuple (K, jp, F') where F' is an étale ¢-
module with G-structure and A-coefficients, K is a G-torsor over Ax[[u]], and jp : K|x al(w)) = F is an

isomorphism of G-torsors over A A((w)).
When G = GLg4, we also need the following weaker notion of Kisin lattices.

3.1.4. Definition Let M € Modf;rét(A). A weak Kisin lattice of M is a Ax[[u]]-module K whose
underlying abelian group is a subgroup of M such that K[1/u] = M. Note that £ — K[1/u] is an
injection if and only if I is u-torsion-free.
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3.1.5. Definition We define the following fppf prestacks over Z/p®.
Prestack over Z/p® ‘ Objects over Spec A

YZa the groupoid of étale p-module with G-structure and A-coefficients
Ca the groupoid of Kisin lattices with A-coefficients

We also define a full substack Zz of “Z 5 by setting
Zg = pro-(YZalam,g o) )-

See [EG21, Subsection 2.5] for unfamiliar notations. The stack Z5 can be characterized as the limit-
preserving substack of “Zz such that Z5(A) = “Z5(A) for all finitely presented Z/p®-algebras.

Let A be a finite type Z/p®-algebra. An object F' € Z5(A) is said to be admissible if there exists a
finite type Z/p®-algebra B and a scheme-theoretically surjective ([EG21, Definition 3.1.1]) morphism
Spec B — Spec A such that the base changed object F'g has trivial underlying G-torsor.

Write R for the full substack of Z5 consisting of admissible objects.

3.1.6. Lemma The fppf prestacks Rz, Z5, “Z5 and Cg are all stacky.

Proof. Tt follows from Drinfeld’s descent theory. See Lemma A.1.3. O

3.2. Loop groups and a Frobenius stabilization technique
The loop group and positive loop group of G over Z/p® are defined as follows

LG: A~ GAa((w))
LTG: A~ G(Aal[])),

where A is an Z/p®-algebra.
The loop group admits a filtration

LG : A {X e LG(A)]i(X),i(X)" € u™ Matyxn(Aa[[u]])}

where m is a non-negative integer.
There is a @-twisted conjugation action of LT G on L G:

LGxLTG 2% LG
(h,g) = g 'he(g).

When A[[u]] is not @-stable, the filtration L= G is not @-stable. The goal of this section is to
stabilize the filtration.

3.2.1. Lemma There exists an integer ¢, > 0 such that p(A[[u]]) C -5 Af[u]].

ucP

Proof. Note that if n > 0, p(u") € A[u]]. O

3.2.2. Definition Define the stabilized filtration as follows:

LS™G : A—{X € LG(A)p"~"i(X),p* "i(X) ™" € u™™ % Matnxn(Al[u]]), 0 <i < a}.
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3.2.3. Lemma (1) L%mé’ is a closed subscheme of L G.

(2) LS™ G C LE™G C L™+ G,

(3) LG = limL5™G.

m

(4) L%m@ is closed under the o-twisted conjugation action of LT G.
Proof. (1): Let iy : LG — LMatay, wopE, L Mat,, «, be the multiplication by p® morphism. Note
that L%m@ is the intersection of the pullbacks of closed subschemes along is.

(2): Immediate from the definition of L%m@.

(3): It follows from part (1) and part (2).

(4): Note that p(L* G(A)) € L* G(A) + 2 Matnxn(Aa[[u]]) by Lemma 3.2.1. Let g € L+ G(A)

and x € Lgm@(A). Write ¢(g) = g1 + &g where g1, 92 € -+ Matyxn(A). Note that

. . a—it+1,. )
g " ay(g) =g " egr + g7 gz EuTTT Mat v (Af[u]]), and
. 1 1pa—i+1x—1
.

g " T y(g) = g " e g+ g e € u T Matw v (Al[ul]),

So we are done. O

3.3. A generalization of Pappas-Rapoport stacks

3.3.1. Remark In the special case when ¢(A[[u]]) C A[[u]], the stacks in this subsection are first
considered in [PR09]. In this section, we extend the Pappas-Rapoport construction to the p-unstable
case, which is important when we study cyclotomic (¢, I")-modules over ramified extensions E of Q,.

Qp

. While encoding

Gal
In [EG23], this technical difficulty is bypassed by passing to the induction IndGZ1
descent data. This technique does not work for general reductive groups G.

The positive loop group has congruence subgroups U,, defined by
Up: A {X e LG(A)]i(X) € 1+ u" Matn . n (A[[u]])}.

3.3.2. Lemma There exists a integer n that only depends on ¢ : A((u)) — A((u)) such that o(U,) C

Lt G for all integers n > N.
In particular, the quotient stack [L=™G/ oUn] is well-defined for all integers m and all integers
n> N.

Proof. Choose Ny > such that @(A[[u]]) C U%OA[[UH Choose N = Mo O

_1
dx () A-l

3.3.3. Lemma Let n > max(%m, N) be an integer. The map

[LS™ G /U] — [L5™ G/ U]

sending X — X is an equivalence of categories. (U, acts by left-translation if notation is not deco-
rated.)

Proof. 1t is essentially surjective by the definition and it is fully faithful by Lemma 2.4.2. O
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The factor group G, = LT G/U, = Res(Zp[[u”/un)/Zp(é’ X Zpllu]]/u™) is smooth since it is the
Weil restriction of a smooth group. Note that [L<™G/U,] — [LS™G/L* G] is a Gu-torsor, and
[L=™ G/ LT G] is a closed subscheme of the affine Grassmannian.

3.3.4. Corollary If n > N, the quotient stack

LG/ U] = limg [L=7 G/, U]
is an Ind-algebraic stack with closed algebraic substacks [L=™ G /oUn| that are finitely presented over
Z/p®.

Proof. Fix an integer m, choose n,,, > max(52;m, N). The quotient stack [L="™ é/@Unm] = LS G/U,, ]

is representable by a finitely presented scheme. The morphism [L=™ @/SDUnm] — [L=m @/LpUn]
is smooth since it is étale locally represented by the smooth scheme U, /U, . By descent, each
[L=™ G/ ,U,] is finitely presented. O

Next we consider the non-standard filtration on [L G/ oUn).
3.3.5. Lemma If n > N, the quotient stack
LG/ pUn] = liy [L5" G/, Un]
m
is an Ind-algebraic stack with closed algebraic substacks [Lgm@ /,Uny] that are finitely presented over
Z/p®.
Proof. Tt follows immediately from Corollary 3.3.4 and Lemma 3.2.3. O

3.3.6. Theorem The stack [LG /o LT G) is representable by an Ind-algebraic stack. We have an
Ind-presentation

[LG/e LT G) = lim L3 G/, LT G
m
where each [L%m@ /o LT G) is an algebraic stack of finite type over Z/p®.

Proof. Choose n > N. The morphism [Lgm@/@Un] — [L%méﬂp L+ @) is a Gp-torsor. By Lemma
3.3.5, [L%m@/gp Lt G) is an algebraic stack of finite type. O

3.3.7. Proposition The stack Cg is isomorphic to the quotient stack [L @/w Lt G).

Proof. Fpqc locally, an object of Cz is a tuple (K, jr, F') where K is the trivial G-torsor over A 4[[u]].
Here A is a Z/p®-algebra. Via jp, we can regard F as the trivial G-torsor over A4((u)). The ¢-
structure ¢z on F' can be represented by an element of CAJ(AA((U,))) Two such (K, jr, F), (K, j5%, F')
are isomorphic if and only if there is an automorphism g of the trivial G-torsor K such that g br = opr.
The automorphism ¢ can be represented by an element of LT CAJ(A) It is clear the stackification of
the quotient prestack [L G/ S LT G) represents Cg. O

3.3.8. Definition Define Cg  to be [L%m@/¢ el
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3.3.9. The following diagram illustrates the construction

[L=" G /U, | — [LS™ G/ oUn,,]

l Gn,, -torsor
LEmG/LEG] LGl
m[L<" G/ U] == m[L5" G/ U] <——[L5" G/ Uy
Gn-torsor
[LE"G/, LT G

The algebraicity of Cz =~ ultimately follows from the algebraicity of [L=m G /LT @]

3.3.10. Theorem (1) The morphism Cz — “Z 5 factors through R5. The morphisms
Cam — Ra
Ca7
Cé,m —vZ &

m 26

are representable by algebraic spaces, proper, and of finite presentation over Z/p®.
(2) For each morphism Spec A — Rz X7/p« Rg, the change of group morphism

SpecARA >X< . Rg — SpecAR >X< o RaLy
Gy pa G GLy , X RGLy

is a closed immersion. The diagonal morphisms
A :R@ — R@ XZ/pa R@
A :Z@ — Z@ XZ/pa Z@
A :wZa — wZa, XZ/pa wZé
are representable by algebraic spaces, affine, and of finite presentation. (The claim holds even if G is
replaced by an arbitrary smooth affine possibly disconnected group.)
(3) Ca,, is an algebraic stack of finite presentation over Z/p® with affine diagonal.

Proof. (0) The morphism Cz — *“Z5 factors through the fullsubcategory [L G/ oL Gl of vZ &» Which
is limit-preserving. It is clear that [L G/ oL G) c Rea-

The same proof works for Rz, Z5 and “Z 5. The morphism Cz — R4 is relatively represented by a
closed subscheme of the twisted affine Grassmannian (see Appendix A.2) for the connected reductive
group G by the moduli interpretation. (To elaborate, a morphism Spec A — R4 is an étale ¢p-module
with G-structure F: and a morphism Spec B — Spec A XRg Cg is a Kisin lattice K together with an
identification K[1/u] = Fp. So Spec A xg, Cg classifies all lattices K inside F.) The filtered pieces
C@m — Rg are representable by a finite type closed subscheme of the twisted (version of the co-Sato)
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affine Grassmannian. By [Dri06, Proposition 3.8] or Lemma A.2.5, after a Nisnevich base change, a
finite type closed subscheme of the twisted affine Grassmannian becomes a projective scheme.

(2) The same proof works for R, Z5 and ¥ Z 5. By [Stacks, 04SI], it is equivalent to the statement
that for all Z/p“-algebra A, and all I, I, € R5(B) the sheaf Isom(z,y) is representable by an affine
scheme of finite presentation over Spec A. [EG21, Theorem 5.4.9(3)] proves this for GLy (our setup
is more general but the same exact argument works; the key point is that an element of Isom(z,y) is
determined by the first few terms in the u-expansion). The lemma follows from the fact that the map
Isom(Fy, Fy) — Isom(F}(i), F»(i)) is a closed immersion. Indeed, there is a pullback diagram

Isom(Fy, Fy) — Isom(Fy(4), Fa(i))

| |

(LG)aA (LGL)A

and the bottom arrow is a closed immersion (if we fix an element fy € Isom(F1, F»)(A), all elements
f € Isom(F, F»)(A) can be uniquely written as g - fo for some g € Lé(A) = @(AA((U))) because
fofitisa G-torsor endomorphism over Ay ((u))).

(3) The claim that Cg,  is of finite presentation with affine diagonal follows from part (1) (2) and
Theorem 3.3.6 by the same proof of [EG21, Theorem 5.4.9]. O

3.4. The universal family over Cs .
In this subsection, we describe the universal family over Cg .

When X = Spec A is an affine scheme, an element of Ca’m(Spec A) determines a G-torsor over
Spec A4[[u]]. However, when X = Spec A U SpecB is a union of two affine schemes, it is not
immediately clear what kind of geometric objects C@m(SpecA U Spec B) parameterizes.

Write Spf A a[[u]] for the formal scheme which is the u-adic completion of Spec A 4[[u]]. Note that
Spf Aal[u]] is a ringed space whose underlying topological space is identified with Spec A4. Recall
that a G-torsor can be regarded as a tensor functor from f Repg to the category of finite projective
coherent sheaves. So the u-adic completion functor for coherent sheaves induces a u-adic completion
functor for G-torsors. We still let X = Spec A U Spec B be a union of affine schemes. The formal
schemes Spf A4[[u]] and Spf Ap[[u]] canonically glue into a formal scheme X, [[u]] whose underlying
topological space is identified with X x Spec A =: X. As a consequence, for each object of C&m(X ),

we can associate to it a G-torsor over the formal scheme X Al[u]]-
Let Spec R — Zz be a morphism from a Noetherian ring R to Z5. Write Xg for C5z =~ x Spec R.
) Z
G

By the previous paragraph, the morphism Xr — Cé,m defines a G-torsor KRR over the formal scheme
Xpp[[u]] (the u-adic completion of Xgr x Spec Ag[[u]]). Since 7 : X5, [[u]] — Spf Agr[[u]] is a proper
morphism, by the Grothendieck algebraization theorem, m admits an algebraization m : X, [[u]] —
Spec Ag[[u]] (see Definition 2.3.6); and by the Grothendieck existence theorem [Stacks, Tag 088F],
R descends to a G-torsor Kg over XAgl[u]]. For each affine open SpecS C Xp, the composition

SpecS — Xg — Spec R — Z5 defines an étale p-module with G-structure Fg over Spec As((w)).
By the moduli interpretations, Kr ~ x  SpecAgl[u]] is a Kisin lattice of Fg. As Spec S varies, the
Agpllu

various Fg glue into an étale p-module with G-structure over Xar((w) :== Xap[[u]] @Az Arl[1/u].
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We record the discussion above in the following proposition.

3.4.1. Proposition Let Spec R — Zz be a morphism from a Noetherian ring R to Z5. Write Xp for

Cém X Spec R. There exists an étale p-module with G-structure F X over Xp,((u)), and a G-torsor
G

Kr over Xy . [[u]] together with an identification Kg[l/u] = Fx,.
Moreover, write Fg for the universal family of étale p-modules with G-structure over Spec R, Fx,
is the pullback of Fr along the projection Xa,((u)) — Spec Ar((u)).

3.4.2. Corollary Let Sptf R — Zz be a morphism from a Noetherian formal scheme to Z5. Write [
for the ideal of definition of Spf R.
The morphism Cz < Spf R — Spf R admits an algebraization Xr — Spec R. Write X;,((u)) for
K Zé

the I-adic completion of X, ((u)), and write J: Xa,((u)) = Xa,[[u]] for the completed localization
map.

There exists an étale p-module with G-structure Fx,, over X5, ((u)) and a G-torsor K over Xy, [[u]]
together with an identification 7" = Fx,.

Moreover, write Fr for the universal family of étale ¢-modules with G-structure over Spf R, Fx,

—

is the pullback of Fr along the projection 7 : X5, ((uw)) = Spf Ar((u)).

Proof. An algebraization Xp — Spec R exists by the Grothendieck algebraization theorem. By taking
the inverse limit over R/I", the universal Kisin lattice over Xy, . [[u]] glues into a Kisin lattice Kp

over the formal scheme limXjy , s |[u]]l. By the Grothendieck existence theorem, the Kr admits a
n

decompletion Kr over Xp,[[u]]. The rest of the claim follows from Proposition 3.4.1. O

3.4.3. Proposition Let Spf R — Zz be a morphism from a Noetherian formal scheme to Z5. Write
I for the ideal of definition of Spf R. Write F r for the universal family of étale p-modules with
G-structure over Spf A;((\u)).

If ¢ : A((u)) = A((u)) is a Frobenius contraction that admits a height theory (Definition 2.6.1) and
Xgr — Spec R is scheme-theoretically dominant (see the previous Corollary for the notation), then

there exists an étale p-module Fr with G-structure over Spec R such that F'r X Spec AR/((\u)) =
R Spec Ar((u))

Fr.

Proof. Regard F as a tensor functor in [/ Repg, Modgrét(Spf R)]. We first forget the ¢-structure, and

write Fr € [fRep@, Vectspf A@))] for the underlying G-torsor of Fr. By Corollary 3.4.2, there exists

a Kisin lattice Kr € [/Repg, VectspeCXAR[[u”] over X ,[[u]] such that ™ Fr =7"Kp as G-torsors.

tion 2.3 L o . )
See Definition 2.3.1 for the definition of Vectspec A72((@)).Spee Arl[ul]. Xa p [u] Define a lax monoidal

functor

T S N S
FRR 7 Repg = Vet 1)) Spee Ag[ful]. Xa p [u]

by sending z — (Fr(z), Cr(x)). By Proposition 2.3.7, there exists a lax monoidal functor

& VeCtSpec A;((\U)),SpecAR[[U]],XAR[[u}] — COhSpeCAR((U)) .
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Write FKr := f(]?lCR). For each x, FKg(x) is equipped with an étale @-structure, as follows.
We first assume the p-structure ¢x () @ Kr(z)[1/u] — Kr(z)[1/u] is effective in the sense that
Pk p(z)(KRr) C Kr. By the proof of Proposition 2.3.7 (any unfamiliar notation is defined there),

FKr(@) = lm(j, 7.5 (Fr(e), Kr(z)) = j*limk,.

Since Kr admits an effective ¢-structure, so does (j, ﬂ)*iZ(ﬁR(l‘), Kr(z)) for each n. By passing to
the the inverse limit and then the localization, Fg(x) admits a ¢-structure.

Write Ty = Af[u]] € A((u)) for the standard Kisin lattice of the 1-dimensional étale p-module
whose @-structure is defined by 1 +— u, where N > 0 is a sufficiently large integer such that
the @-structure on Kr @ Ty is effective. Since {(Fr(z) @ Tn,Kr(z) @ Tn) @ T_n = FKg(x) (by
the projection formula), FKXg(z) admits a canonical p-structure by transporting the p-structure on
§(Fr(r) @ Ty, Kr(z) @ Tn).

Since the inverse limit functor is left-exact, ©* FKr(z) — FKr(z) is injective. We haven’t used
the assumption that ¢ admits a height theory so far. We claim that ¢ ri (o) : @* FKr(x) = FKr(z)
is surjective. By the discussion in Paragraph 2.3.8, we can replace A[[u]] by A[[v]] when proving the
surjectivity of ¢rx,(»). Note that (H4) of Definition 2.6.1 allows us to descend the étaleness. By
Lemma 3.4.4, there exists an integer A > 0 such that v"Kp(z) C ¢*Kg(z). Since push-forward is
left-exact, we have v" 7, Cr(x) C m.p*Kr(z). By the flat base change theorem and [EG21, Lemma
5.2.5], mp*Kr(z) = o*mr(x). As a consequence v'k,, C ¢*k, for all n. Since inverse limit is left
exact, vh@ﬁn C lim#y; inverting u, we get FKr(z) C 9" FKR(), that is, ¢ ri () is an isomorphism.

n n

So far we’ve shown for each x, the FKXg(x) is equipped with an étale ¢-module structure, which is
clearly functorial in z. So the functor FKg is upgraded into a lax monoidal functor from f Repg to
the category of étale p-modules over Ag((u)). By Proposition 2.3.7, the I-adic completion of FKg is
Fg. So by Lemma 3.4.5 (the special case 0 - M = M — 0 — 0), each FKRr(x) is a finite projective
module over Ar((u)). By Lemma 3.4.6, FKp is a faithful, exact, strict monoidal functor, and we are
done. g

3.4.4. Lemma If p(A[[v]]) C Al[v]] and K is a Kisin lattice over X[[v]] where X is a quasi-compact
A-scheme, then there exists an integer h > 0 such that v C ¢*K, where ¢*K is the injective image

of Allo]] ®,a1 K = ¢*K[1/0] 2055 K1 /).

Proof. Since X is quasi-compact, it suffices to prove the affine case X = Spec R. Let {z1,...,2,} be
a set of generators of K. For each x;, there exists an element v" such that u¢(z;) € K, so we are
done. O

3.4.5. Lemma Assume ¢ : A((u)) — A((u)) is a Frobenius contraction. Let R be a complete Noether-
ian local Zy-algebra killed by p® for some integer a > 1, with maximal ideal m. Let M; — My — M3
be a sequence of finitely generated étale p-modules with R-coefficients.

If the m-adic completion of 0 — M; — My — M3 — 0 is short exact, then 0 — M} — My — M3 — 0
is a short exact sequence of projective Ag((u))-modules.

Proof. By Definition 2.5.2, there exists an integer f > 0 such that ¢/ = A((u)) — A((u)) is the
A-linear g-power Frobenius map mod p. By replacing ¢ by ¢f, we may assume ¢ = Frob; mod p. By
[EG21, Theorem 5.5.20], M; is a projective module, i = 1,2,3 (note that the running assumption of
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[EG21] is p(A[[u]]) C A[u]]; since p(A/p[[u]]) C A/pl[[u]], we know M;®[F, is projective over Ag/,((u));
by the last two paragraphs of the proof of [EG21, Theorem 5.5.20] the mod p case implies the general
case). By [EG21, Lemma 5.2.14], one can find finite projective étale p-modules with R-coefficients
N7 and N3 such that both My & N1 and M3 @ N3 are finite free. By Lemma 2.5.3 and Lemma 2.5.4,
00— M &Ny — My® N1 & N3 — M3z P N3 — 0 is a short exact sequence. O

3.4.6. Lemma Let C be an exact monoidal category, and let R be a complete Noetherian local Z/p®-
algebra with defining ideal /. Let F' be a lax monoidal functor from C to Vectgpeca ((u)) such that

the I-adic completion Fe [C, Vect —— ]% of F a faithful, exact, strict monoidal functor. If F is
Spec Ar((u))

equipped with an étale p-structure, then F' is a faithful, exact, strict monoidal functor.

Proof. Faithfulness of F' follows from the faithfulness of F. Exactness of F is Lemma 3.4.5. Lemma
3.4.5 also implies that F'is strict monoidal. O

3.5. Deformation theory

3.5.1. Effective versal rings Fix a Noetherian ring k. Fix a maximal ideal my of k. Fix a finite
field extension k/my; — [. Let Cp = Cj,; be the category of pairs (A,#) where A is an Artinian
local k-algebra and 6 : Ay, — [ is a k-algebra homomorphism compatible with k/mj; — [. Define
pro- Cj, = pro-C}; to be the pro-category of Cp. When k is an Zp-algebra, pro- C}, is equivalent to
the category of profinite local k-algebras A, together with a k-algebra homomorphism A/my — 1
compatible with k/my — [. Let ék C pro- C, be the full subcategory of Noetherian k-algebras.

Let F be a groupoid over Speck. Let x : Specl — F be a finite type point. Then x defines a
k-algebra homomorphism k/my — [. Define the groupoid ]?x over C}, by declaring objects lying above
A € Cj to be morphisms ' — z in F lying above Specl — Spec A. By taking inverse limits, we
can extend .7/-::,3 to a groupoid over 6k We also define the groupoid F, over 6’k by declaring objects
lying above A € 6k to be morphisms z/ — z in F lying above Specl — Spec A. Completion defines a
morphism F, — .7?5,; An object of ]/-:gC is said to be effective if it lies in the essential image of F.

A morphism ¢ : Spf R — fz is said to be a wversal ring of F at x if it is formally smooth; £ is said
to be an effective versal ring if it defines an effective object of fz(Spf R).

3.5.2. Definition Write Z,, for the fpqc sheafification of the presheaf A — {z € L @(A)\yilxtp(y) €
Lgm@ for some y € LG(A)}.

For ease of notation, write x - y for 2 'yp(x). We don’t know if Z,, is (Ind-)algebraic or not.
Nonetheless, we are able to understand completion of Z,, at finite type points.

3.5.3. Lemma If n >> m, the quotient stack [Z,,/,U,] is a setoid.

Proof. We want to show that for each z € Z,, and g € Uy, if g-2 = z then g = 1 if n > m.
Choose h € LG such that h -z € L%mG. We have g -z = h=! - (hgh™!) - h-xz. If g-x = z, then
(hgh™)-h-z = h-x. Since U, is a normal subgroup of LG, hgh~' € U,. By Lemma 2.4.2, hgh™' =1
ifn>m. Sog=1if n>>m. a
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3.5.4. Higher dilatations and congruence subgroups See [PY06, Section 7.2] for the definition
of higher dilatations. Note that there is an embedding io : Resy (z, /pa) G-oLT@ by sending X — X.
In [PYO6], Resn(z, /pe) G is denoted by Z and L™ G is denote by X. Following the notation of [PYO06],

set I'g := LT G, and inductively define I',,,1 to be the dilatation of in(Z) on '), and there exists a
natural closed immersion ip4+1 : Z2 — I'ny1. By [PYO06, Proposition 7.3], the principal congruence
group U, is isomorphic to the m-th dilatation I',,, of LT G.

3.5.5. Lemma The principal congruence groups Uy, are formally smooth. Indeed, they are strongly
pro-smooth (representable by inverse limits of smooth schemes with affine and finitely presented
transition morphisms).

Proof. Since the results in references have Noetherian assumption, we start with showing truncated

Uy, are smooth. Fix an arbitrary integer N > 0. For each m < N, the quotient U,, /Uy is the m-th

dilatation of LT é/UN by [PY06, Proposition 7.3]. By [BLR90, Proposition 3, Section 3.2], since both

G and LT @/UN are smooth, U, /Uy is smooth for any m < N. Since U,, = I'&nUm/UN, U,, is
N

formally smooth. O

3.5.6. Lemma Let G — G’ be a group homomorphism and a closed immersion of schemes. Write

U} and Z/ for the corresponding subsheaves of LG If G is a smooth group and n > m, then the
morphism [Z,,/,U,] — [Z],/,U},] is relatively representable.

Proof. By Galois/étale descent, we can replace all stacks by their base change from Z, to W (F,) where
W (—) is the ring of Witt vectors. By Steinberg’s theorem ([Se02, I11.2.3]), all G-torsors over Fp((u))
are trivial @—torsors; since nilpotent thickening does not change the classification of (A;—torsors, we can
use matrices after base change to W (F,,).

We prove the lemma by applying Grothendieck’s representability criterion (or Schlessinger’s theo-
rem) for deformation problems. To show a deformation functor F' is representable, it suffices to show
F(A) X gy F(B) = F(Ax¢ B) where A, B, C are Artinian local rings over W (F,)/p®, together with
fixed isomorphisms A/ma, B/ma, C/mc = F,.

Write F for [Z,,/,U,] and write F’ for [Z] /,U}]. Let R be an Artinian W (F,)/p®-algebra with
local morphism Spec R — F’. The morphism Spec R — F’ defines an element 2 € Z/, (R) C LG/(R)
(well-defined up to ¢-twisted conjugation by an element of U/). Note that if n > m, @-twisted
conjugation by an element of U,, or U}, is equivalent to left translation by an element of U,, or U] by
Lemma 2.4.2. Fix a local homomorphism R — A X B and a local morphism Spec A x¢ B — F.
The morphism Spec A — F — F’ defines an element uy € U’ (A) such that uaza € LG(A). Here
x4 = xp ®g A. The morphism Spec B — F — F’ defines an element up € U, (B) such that
uprp € LG(B). Here zp := zr ®g B. Similarly, the morphism SpecC — F — F’ defines an
element uc € U] (C) such that ucze € L @(C’) Here x¢ := zr ® g C. Moreover, there exists elements
uac,upc € U (C) such that uac(uaza) ®4 C = ucre = upc(uprp) @p C. Note that we must have
uac,upc € Uy (C). By Lemma 3.5.5, the group U, is formally smooth. Thus the elements uac, upc
have lifts v4, vp in Uy(A), U,(B), respectively. Replacing ug by vauas and up by vpup, we may
assume ug @4 C = up®pC (here Lemma 3.5.3 is used). Since the sheaf U, is pro-representable, there
exists an element u € U, (A x¢ B) such that u® A = uq and u® B = ug. Write 2’ for zp ® (A X¢ B).
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Since LG is pro-representable, LG(A x¢ B) = LG(A) XLé(c) LG(B). Thus u 2’ € LG(A x¢ B).
Since Z, = Z], N L@, u ' € Zyu(A xXo B). So we are done. d

The following lemma is a generalization of [EG21, Theorem 5.3.15].

o —

3.5.7. Lemma Let F be a finite field. For each x € Z,,(F), the groupoid [Z,,/,Up], is representable
by a Noetherian complete local ring if n > m.

Proof. By Lemma 3.5.6, it suffices to consider the G = GLy-case, for which the same proof as in
[EG21, Theorem 5.3.15] works. O

The argument used in the proof of Lemma 3.5.6 can also be used to prove the following lemma,
which will be used later.

3.5.8. Lemma Let Spf S — Spf R be a closed immersion of complete local Z/p®-algebras. By abuse
of notation, also denote by U, the formal completion of U,, at its identity. Suppose U, acts on Spf .S
and Spf R in a compatible way. Assume (Spf R)(F,) — [Spf R/U,](F,) is surjective.

If [Spf R/U,| is pro-representable by a complete local ring, then [Spf S/U,] is also pro-representable
by a complete local ring.

Proof. Tt suffices to show [SpfS/U,] — [Spf R/U,] is relatively representable. Fix a morphism z :
SpecT — [Spf R/U,] where T is an Artinian W (F,)/p%-algebra. Write Fg for [Spf S/U,] and write
Fpg for [Spf R/U,]. Similar to the proof of Lemma 3.5.6, we base change to W (F,)/p® and aim to
show SpecT x f,, Fs preserve pullbacks in the category of Artinian W (F,)/p®-algebras. Let T — A,
T — B, A— C, B — C be compatible local homomorphisms of local Artinian W (F,)/p®-algebras;
also fix a morphism Spec A x¢ B — Fg compatible with Spec A x¢ B — SpecT — Fi.

Choose z1 € (Spf R)(T) which lifts x. Write x4, xp, x¢, 2’ for the base change of = to A, B, C,
and A xX¢ B, respectively.

The morphism Spec A — Fg — Fp defines an element u4 € Uy, (A) such that uqzs € (SpfS)(A).
The morphism Spec B — F5 — Fg defines an element ug € U,,(B) such that upzp € (Spf S)(A). The
morphism SpecC' — Fs — Fp defines an element uc € U, (C) such that ucze € (Spf S)(C). There
exists elements uac, upc € Uy, (C) such that ugc(uazrs) @4 C =20 = upc(uprp) @p C. Let va, vp
be lifts of uac, upc in Uy(A), Uy(B), respectively. Replace ug by vqua and replace up by vpupg.
Since [Spf R/U,] is assumed to be a setoid, we have uy ® 4 C = up ®p C. By the representability
of U, there exists an element u € U,(A X¢ B) such that u ® A = uyq and u ® B = up. By the
representability of Spf S, u 2’ € (Spf S)(A x¢ B). Thus SpecT X f,, Fyg is relatively representable. [J

3.6. Scheme-theoretic image and effective versal rings In this section we define substacks Rz
of Rz by taking the scheme-theoretic image of C@,m’ and study their effective versal rings.
We start with collecting necessary definitions from [EG21].

3.6.1. Scheme-theoretic image If f : Y — Z is a quasi-compact morphism of schemes. The
scheme-theoretic image of f is the closed subscheme of Z defined by the kernel of Oz — f.Oy. It is
evident from the definition that if g : X — Y is a quasi-compact morphism, then the scheme-theoretic
image of fog is a closed subscheme of the scheme-theoretic image of f. We say f is scheme-theoretically
dominant if Oz — f,Oy is injective. Let Z; be the scheme-theoretic image of f. Then it is evident
that Y — Zy is scheme-theoretic dominant.
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Let R = @R/ I™ be a complete Noethetian ring. Let f : X — Spf R be a quasi-compact morphism
n
of formal schemes. Then the scheme-theoretic image of f is defined to be Spf @Sn, where Spec .S, is
n

the scheme-theoretic image of X,/ — Spec R/I".

We consider the special case when f : X — Spf R is a proper morphism. Then f has an algebraiza-
tion X — Spec R. Let Spf S be a scheme-theoretic image of f. By [Stacks, Tag 0A42], the morphism
X — Spec R factors through SpecS. Hence X = X Xgpec g SpecS.

Lemma The morphism fg : X — Spec S is scheme-theoretically dominant.

Proof. By the theorem on formal functions, (fs)«Ox = @( fs,)xOxg, - Since the inverse limit functor

n

is at least left exact, S — (fs)«Ox is injective. O

3.6.2. Definition We define Rz to be the scheme-theoretic image of C5, — Z5 (in the sense of

a
[EG21, Theorem 1.1.1]).

3.6.3. Lemma (1) Rg, Z5 and ¥ Z5 admit versal rings at all finite type points.

(2) R&,,, admits a Noetherian versal ring at all finite type points.

(3) If ¢ : A((w)) — A((w)) is a Frobenius contraction that admits a height theory (Definition 2.6.1),
R@,m admits an effective Noetherian versal ring at all finite type points.

Proof. (1) By Lemma 2.7.7, the stacks [L @/<p LG, Rea: 25 and ¥ Z 5 have the same finite type points
and their completion at finite type points are the same. The map f : LG — [LG/ o LG is formally
smooth. As a consequence, for each finite type point z : SpecF — Z5, the complete local ring of L G
at y € f~1(z) is a versal ring of Zg at x (by replacing F by a finite extension ', we may assume
f~(z) is non-empty).

(2) To help the reader relate to [EG23|, we will use the same notation used in [EG21]. Let z :
SpecF — R@,m — Zg be a finite type point. Denote by RY the (non-Noetherian) versal ring at
z constructed in part (1). Write Cgppgo = Spf RV x 25, Cg o and write RPC for the scheme-

theoretic image of Cg¢pn in Spf RY. See Definition 3.5.2 for the definition of Z,,. By Lemma
[EG21, Lemma 5.4.15], Spf RP¢ — Spf R factors through the complete local ring R™F of Z,, at
z. Fix n > m as in Lemma 3.5.3 and Lemma 3.5.7. By abuse of notation, also denote by U,
the formal completion of U,, at its identity. The formal group U, acts on Spf R~ and Copt g0 10
a compatible way. Since scheme-theoretic image is the universal (minimal) object in the category
of closed subschemes over which the morphism factors through, Spf RZC is stable under the U,-
action. By Lemma 3.5.8, the morphism [Spf RZ€/U,] — [Spf RP¥/U,] is relatively representable. By
Lemma 3.5.7, [Spf RPF /U,] and hence [Spf RPC/U,,] is pro-representable by a Noetherian complete
local ring. Say Spf R¢ = [Spf RV /U,] and Spf RF' = [Spf R=¥'/U,]. By [EG21, Lemma 3.2.16],
Spf R=¢ — (]%)x factors through a versal morphism Spf R=¢ — (R/G\m)x It remains to check that
Spf R¢ — (R/G\m)x is also versal. By Galois descent, we can base change to W (F,)/p® (see the proof
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of Lemma 3.5.6), after which Spf R™F" — Spf R is clearly surjective as a map of fpqc sheaves. Since

Spf RP¢ —— Spf RE-F

| l

Spf R¢ Spf R¥

is a Cartesian diagram, we see that Spf RC is a versal ring.
(3) Fix a finite type point x : SpecF — R, . In part (2), we constructed a Noetherian versal ring
m

R¢ ofRA at .

Since Spf RPC is by definition the scheme-theoretic image of Cspt r In Spt R, Cgpp goc — Spt REC
is scheme-theoretically dominant. The following diagram is a Cartesian diagram

Cspt pr.c —> Cgps pe

| i

Spf RP¢ —— Spf R¢

By Lemma 3.5.5, U, is (the completion at identity of) a pro-smooth group over SpecZ/p®. By
[Stacks, Tag 06HL], formally smooth maps between complete local rings representable by formal
power series (which extends to the countably many variables case by the proof of [EG21, Theorem

5.3.15)); thus Op, = Z/p%[[x1, 2, . ..]] and RFC = RC[[x1,x2,...]] = R¢ & O, . So we conclude that
Csps re — Spf RC is also scheme-theoretically dominant.
By Proposition 3.4.3, the Noetherian-ness of R guarantees that R is an effective versal ring. O

3.7. Representability of R

3.7.1. Theorem Assume ¢ : A((u)) — A((w)) is a Frobenius contraction that admits a height the-
ory (Definition 2.6.1). Then Rg  is an algebraic stack of finite presentation over SpecZ/p®. The
morphism Cz ~— Z5 factors as

C@,m — 'R@’m — Ra — Z5,
with the first morphism being a proper surjection, and the second a closed immersion.

Proof. 1t follows from [EG21, Theorem 1.1.1] (whose assumptions are checked in Theorem 3.3.10 and
Lemma 3.6.3), except that [EG21, Theorem 1.1.1] only implies R@m is an algebraic stack locally of
finite presentation. By the definition of scheme-theoretic image, C@’m — R@,m is scheme-theoretically
dominant. Since CAm is of finite presentation, we can choose a finitely presented smooth cover
Spec S — CA . Note that the composition SpecS — RAm is scheme-theoretically dominant and

defines an adm1551ble family of family of étale p-modules with G—structure therefore R Gm Za

factors through Rg5. It remains to show R is quasi-compact and quasi-separated. Since Ca Gm is
quasi-compact and C Gm Ra Gm is surjective it follows from [Stacks, 050X] that RA7m is quasi—
compact. By Theorem 3.3.10, R ,, has affine diagonal and thus is quasi-separated, as required. [J
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3.7.2. Corollary Assume ¢ : A((u)) — A((u)) is a Frobenius contraction that admits a height theory
(Definition 2.6.1). The following diagram is commutative

Cx

Gm — CGLN m

o

m > RGLN m

©o

Rs— RaLy

R

where the bottom square is Cartesian, and
Cam — CaLy,m » X R@’m
GLp,m
is a closed immersion. Moreover the morphism T\’,@’m — RalLy,m is relatively representable by algebraic
spaces of finite type over Z/p®.

Proof. The morphism C@ m — RaLy factors through Ré ., XRaLy Rai,y,m, which is a closed substack
of Rg. By [EG21, Lemma 3.2.31], R is a closed substack of R, XRqy, RGLy,m, which forces

R@,m = R@,m XRary Raiy,m- To show C@,m — CaLy,m » X R@,m is a closed immersion, we argue
GLp,m
by descent and show that for a chosen smooth cover Spec B — Rz, the base-changed morphism

C~

Gm Rx Spec B — CaLy,m o X  SpecB

Gm GL,m
is a closed immersion; since both schemes above are closed subschemes of the twisted affine Grass-
mannian (for G and GL N, respectively) by the proof of part (1) of Theorem 3.3.10, the claim follows
from Lemma A.2.4.

Denote by f the projection R@,m = R@,m XRary RaLy,m = RaLym- By [Stacks, Tag 04T2], f
is representable by algebraic stacks. It is easy to see that f is representable by setoids, and hence by
algebraic spaces. O

3.7.3. Theorem Assume ¢ : A((u)) — A((u)) is a Frobenius contraction that admits a height theory

(Definition 2.6.1). For m > 0, the natural morphism R@’m — Ré,m 41 s a closed immersion. We have
an isomorphism

Iig R@m =Rea-

m>1

In particular, Rz is a limit-preserving Ind-algebraic stack over Z /D%,

Proof. By Theorem 3.7.1, the composite and the second morphism of the chain of morphisms R5, —

R — R are closed immersions, the first morphism is also a closed immersion.

a,m—l-l

It remains to show the natural morphism hg R@,m — Rg is an isomorphism. Since Rg is by
m>1

definition limit-preserving, it suffices to show that for any finitely presented Z/p®-algebra, there exists

an integer m such that the base changed morphism

ta: R XRg Spec A — Spec A

G,m
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is an isomorphism. By the definition of R, there exists a scheme-theoretically dominant, finitely
presented morphism Spec B — Spec A such that Spec B — Rz defines an étale p-module with G

structure F' whose underlying G-torsor is trivial. Therefore Spec B — Rg factors through Cz and
thus factors through C@,m for some m. By [Stacks, Tag 0CPV], the scheme-theoretic image of Spec B
in Spec A factors through Ré,m XRg Spec A. But since Spec B — Spec A is scheme-theoretically
dominant, R@,m XRg Spec A = Spec A. O

3.7.4. Proposition Assume ¢ : A((u)) — A((u)) is a Frobenius contraction that admits a height
theory (Definition 2.6.1).
The inclusion f: Rz — Z5 is an isomorphism (i.e. an equivalence of 2-categories).

Proof. By Lemma 2.7.7, f is an isomorphism if and only if f ®z/,« Z/p is an isomorphism (note that
since both Rz and Z5 are limit-preserving, it suffices to check that over finitely presented test objects
f is essentially surjective). Thus it is harmless to assume a = 1 in the rest of the proof. By Lemma
[EG21, Proposition 5.4.7] (whose proof relies on Grothendieck’s generic flatness criterion and is valid
when A is finitely presented), Rar,y = ZcL, - Define

Z@,m = Z@ RX RGLN,Tm
GLy

Note that Z5 =~ — Z5 is relatively representable by closed immersions because it is the base change

)

of a closed immersion. By Corollary 3.7.2, Ré,m = Zé,m ;A Rea- By Lemma 2.7.7, the assumptions
of Corollary 2.7.4 are satisfied and thus f is an isomorphism. g

3.7.5. Corollary Let A be a finitely presented Z/p®-algebra. An étale p-module with G-structure
and A-coeflicients is necessarily admissible.

Proof. 1t is a reformulation of Proposition 3.7.4. O

4. Cyclotomic (p,I')-modules

In this section, we assume K/Q, is a p-adic field, and E/K is a finite, tamely ramified, Galois
extension. Write G for Galg.
We write K ((p~) to denote the extension of K obtained by adjoining all p-power roots of unity.

Denote by (—) the p-adic completion of (=), and denote by (—)” the tilt of (—).
If E is a perfect ring, denote by [—] : E — W (FE) the (multiplicative) Teichmuller lift map.

Fix a compatible system of p-power roots of unity ¢ € (Qp(gpw))b. Denote by Af@p the image of

Zp((1")) — W((Qp(gp‘x’))b)
T —[e] -1
Set Bbp := Ag,[1/p], which is a discretely valued field admitting p as a uniformizer. The residue field
of By, is By = Fp((7')) where 7’ =¢ — 1.
Denote by HJ. the kernel of the cyclotomic character xcye : Gx — Z, . Denote by E’ the separable
closure of Eg, in C°. Define B := (E')k, and let B be the unique unramified extension of By, in
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W (C")[1/p] with residue field Ef. Set A% := B\ N W(C®), which is a discrete valuation ring, with
Al /pAl = El.
We need the following standard fact.

4.0.1. Lemma Denote by k. the residue field of K ().
(1) If 7% € El is a uniformizer of E}, then Ef = k. ((7))- -
(2) If Ty € A is a lift of a uniformizer 7} of By, then A} = W (kL) ((T})).
Proof. (1) See [Bel0, Proposition 15.6].
(2) See [Bel0, Proposition 17.3]. O

4.1. Tame extensions of Fontaine’s rings

4.1.1. Lemma (Krasner’s Lemma) Let F' be a complete nonarchimedean field, and F is a closed
subfield of F. Let o, 8 € F with « separable over E. Assume | — «| < |o/ — «] for all conjugates of
o of aover E, o # a. Then a € E(f).

Proof. Tt is copied from [FO10, Proposition 3.1]. O

The following lemma should be standard (and is mentioned before Theorem 1.4 in [Beld]). We
include a proof here for lack of reference.

4.1.2. Lemma Let 7 be an arbitrary uniformizer of E’, and let T} € A’ be a lift of 7). After
replacing E by an unramified extension of E, (75)1/" € B, (Th)Y™ € Al and (74)'/™ is a uniformizer
of E.

Proof. Write X for a primitive n-th root of unity, where n is the ramification index of E%, /E’.. Write
F for the residue field of EY,. Say Ef[(7})Y/"] = F'((r)) where F’ is a finite field. After replacing E

by an unramified extension, we may assume E}[(7))'/"] = F((r)) and ) € F.
Let 7% be an arbitrary uniformizer of E’;,. It is harmless to assume 7, 7% € F[[7]]. Note that

w531 = il So b € .
After replacing 7, by el (for some ¢ € F), (,ﬂﬁ =1+7f(r) € 1+7F[[x]]. So |l — (mh)"/"| =
TK
()P £ )] < (i)
On the other hand, [N (7} )"/™ — (})¥/"| = |(7))'/"| for all integers 0 < i < n. By Krasner’s

Lemma, () )"/™ € El,. So (m},)"/™ is a uniformizer of B,

Next we consider the characteristic 0 lift. Let T}, be an arbitrary lift of (7% )™ in A%, We have
Ty, — (Th)*/™|, < 1. On the other hand, |(T)"/™ — X{(T4)*/™|, = 1 for all 0 < i < n since the
reduction mod p is (X’ — 1)(7) )/ # 0. By Krasner’s Lemma, (T} )'/" € A’,. O

4.1.3. Corollary After possibly replacing E by an unramified extension, we have
&= (k)5 ((T5)™),

7= W((kp)s)((TH)Y™)).
where 77 € E and T}, € A).

Proof. Combine Lemma 4.0.1 and Lemma 4.1.2. O
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4.2. Frobenius and Galois structures on Fontaine’s rings
The rings W (C?)[1/p] and C° are naturally endowed with a @-structure and a Gg,-action that

commute with each other. The inclusions A%, B C W(C?)[1/p] and E}, C C” induces natural ¢-
structures and G-actions on these rings.

Recall that A(’@P = Zp/((?)), where 77 = [¢] — 1. We have
e(T) =1 +T)P -1
YT = 1+ T — 1, v € G,

where (1 + T")¢ for general ¢ € Z, is computed by (p-adic limits of) the binomial expansion.

Note that Hj is a subgroup of Z,. Write Hf for the pro-p quotient of Hj, and set Ag :=
ker(H}, — Hg). Write K /K for the Galois extension with Galois group Hp. Define the following
rings:

Ak = (M)
By := (By)~¥
Ex = (Ef)2K.

The Gg-action on Ak, By and Ex factor through Hg.
The structure of Ag, can be described as follows: if we set

T=—p+ 9= 3 (- 1),

a€lp a€Fy

then Ag, = Zp/((T\)). It is clear that Afij := Zyp|[T1]] is both @-stable and G, -stable. If we set mq, = T'
mod p, then Eq, = F,((7g,))-

4.2.1. Lemma If E/K is Galois and tamely ramified, then
(1) Eg/Ek is a Galois extension with Gal(Eg/Ex) = Gal(E/K);
(2) Bg/Bg is an unramified Galois extension with Gal(Bg/Bg) = Gal(E/K).
(3) The finite étale map Axg — Ap is a Galois cover in the sense of [Stacks, 03SF].

Proof. (1) It is a special case of [Fon90, A.3.1.8]. Note that F(K) (the notation in [Fon90]) is not
exactly the same as Ex when K is wildly ramified over Q,. Write p” for the wild ramification index
of K over Q,. Then E(K) = ¢ "(Eg), E(E) = ¢~ "(Eg). Since C° is a perfect field, E(F)/E(K) is
Galois of extension degree n if and only if Eg/Ex is Galois of extension degree n.

(2) It follows immediately from (1). Since the residue field is an infinite field, being unramified does
not guarantee being Galois in general.

(3) It follows immediately from (2). O

4.2.2. Lemma Assume F is tamely ramified over Q, with ramification index e.
After possibly replacing E by an unramified extension of E, ¢ : Ag/p® — Ag/p® admits an height
theory (Definition 2.6.1) for all integers a > 0.

Proof. The same exact proof as in Lemma 4.1.2 shows that T%/¢ € Ap after replacing E by an
unramified extension. Note that the only input we need in the proof of Lemma 4.1.2 is that |75 | = |7g, |
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where 7g is an arbitrary uniformizer of Eg, which is guaranteed by Lemma 4.2.1(1). Therefore
Ap/p* = W (F)/p*((T"*)) and T is a height theory.

It is a standard fact that the Frobenius map ¢ : Ep — Epg is the p-power map. Note that
Ap = W((km(TE)) After replacing ¢ by ¢/ where p/ is the cardinality of (kg)wo, ¢ acts trivially
on W((kg)so)-

It remains to show Ag, ®Dp,Aq, Agp = Ap, which is immediate from the equivalence of categories
between Galois representations and étale (¢, I')-modules. Note that Ap corresponds to the Galg,-
representation which is the induction of the trivial representation of Galg. O

4.2.3. Etale (¢, I')-modules

Rings and modules are endowed with the natural topology as explained in [EG23, Appendix D].

In this subsection, we are discussion (¢, I')-modules for the field K. Denote by I' the pro-p group
Hp and fix once for all a topological generator v € I'. Note that ¢y = vy as operators on Ag.

4.2.4. Definition Let A be an Z/p®-algebra.

e An étale (¢,7)-module (M, par,yar) with A-coefficients is an étale p-module (M, ¢pr) with
A-coefficients equipped with a y-semilinear bijection vas : M — M which commutes with ¢;.

e An étale (p,T")-module with A-coefficients is an étale (p,7)-module (M, ppr,var) with A-
coefficients such that the map (yy — 1) is topologically nilpotent.

4.2.5. Lemma The category of étale (¢, v)-modules (étale (¢, T')-modules, resp.) with A-coefficients
is an exact, rigid, symmetric monoidal category.

Proof. The statement for étale (¢, y)-modules follows from an argument similar to Lemma B.0.2. The
unit object Ag of the Tannakian category of étale (¢,~y)-modules is clearly an étale (¢, I')-modules.
It remains to show the tensor product of two étale (¢, I')-modules is an étale (¢, I')-module, which
follows immediately from the definitions. O

The following theorem is standard.

4.2.6. Theorem Let A be an Artinian Z/p®-algebra. The category of finite projective étale (¢, I')-
modules with A-coefficients is equivalent to the category of Galois representations Gx — Aut4 (V)
where V' is a finite projective A-module.

4.2.7. Fontaine’s rings decorated with coefficients
Let A be an Z,-algebra. Let Ag = W (ko )((Tk)) be a presentation of the ring Ag.

o —

4.2.8. Definition The ring A 4 is defined to be (W (ky) ®z, A)((Tk)).

4.2.9. Definition Let H be a smooth affine group over Z,. An H-torsor T" over Ag 4 is said to be
locally trivial if there exists a flat cover Spec B — Spec A such that T'®,, , Ak p is a trivial H-torsor
over A[@B.
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5. Step 2: the moduli of cyclotomic étale p-modules for non-split G

In this section, we assume E/K is a tamely ramified Galois extension. Note that both Ag /p® and
Ap/p® are rings with ¢-structure that satisfy the running assumption of Section 3.

Denote by R 5 (Rj &, resp.) the moduli stack defined in 3.1.5 that uses Ap/p® (A /p®, resp.)
as the ¢-ring. 7 7

5.1. Non-admissibility of étale py-modules in the ramified case

See Definition 3.1.5 for the definition of admissibility. In Section 3, we establish the Ind-algebraicity
of the moduli stack of étale p-modules with G-structure by showing that it coincides with the moduli
stack of admissible étale p-modules with G-structure (Proposition 3.7.4), which, in turn, can be
identified with the scheme-theoretic image of its Kisin resolution (Theorem 3.7.3).

In this subsection, we explain that if G' is ramified, then étale p-modules with “G-structure that
corresponds to L-parameters are never admissible; as a consequence, the scheme-theoretic image of
the moduli of Kisin lattices in the moduli of étale p-modules with “G-structure is disjoint from the
moduli stack of L-parameters.

Let p : Galg — “G(F,) be an L-parameter. Then the composition Galx % 'G(F,) — Gal(E/K)
is the quotient homomorphism. Denote by (F,¢r) the cyclotomic étale p-module with “G-structure
which comes from p by Fontaine’s monoidal functors. Note that F := F x'C Gal(E/K) is the
cyclotomic étale p-module with Gal(E/K)-structure that comes from the quotient map Galxy —
Gal(E/K). Regarding Gal(E/K) as a constant group scheme and write Ogai(g/k) for its coordinate
ring. The representation Galg — GL(Ogai(g/K)) is the induction of the trivial character of Galg.
By the algorithm in the proof of [Lev13, Theorem 2.5.2], F' = Spec Agg,- If E/K is ramified, F is
a non-split Gal(E/K)-torsor. Let Spec B — SpecF, be a finite type morphism and choose a point
T : Spec Fp — Spec B. By Nullstellensatz, the composition Spec IF‘p — Spec B — Spec IF‘p is the identity
morphism, and thus F does not split over Spec A p (if it does, then F splits over Spec A KFp which
is a contradiction).

5.2. Rigidifiable étale p-modules with ‘G-structure

5.2.1. We first define an action

m: Gal(E/K) XRE@ —>'R,E@,

as follows. Let (F'°,¢ro) be an object of R 5(A). Set F':= F° G LG, which is a IG-torsor over

Ag 4. Choose 0 € Gal(E/K). Note that o(F°) C F is a G-torsor over Apa. Set 0 (F° ¢po) :=
(0(F°),04¢F0), where o,¢po is the restriction of ¢p : ¢*F — F to p*(0(F°)) = o(¢*F°). We remark
that o : F° — o(F°), 2 — o(z) is a scheme isomorphism but not a G-torsor morphism in general.

Assume Theorem 3.7.3 holds. Denote by Rp rg 4 the scheme-theoretic image of Gal(E/K) x
Rg &m0 Ry g By the universal property of scheme-theoretic image, Gal(E/K) acts on R 16 4
So we have the following Lemma.

5.2.2. Lemma Under the assumptions of Theorem 3.7.3, we have an Ind-algebraic presentation

[Rpg/ Gal(E/K)] =lim [Rp 16 1/ Gal(E/K)].
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Proof. It follows from Theorem 3.7.3 and the definitions. O

5.2.3. Definition An étale p-module with “G-structure and A-coefficients is an object
F € [/Reprg, ModPr (A4)]%.

Morphisms of étale ¢-module with G-structure are morphisms in [/Repzg, Modgrét(A)]Q For each
ring map A — B, write Fig for F'®, , Ap where A 4 is either Ax 4 or Ap 4 depending on the context.

We say I is rigidifiable if there exists an fppf cover Spec B — Spec A such that Fp = (F°) %G Ly
for some étale p-module with G-structure F°.

5.2.4. Definition In the following table, we will define the following limit-preserving fppf stacks over
Z/p®. (Compare with Definition 3.1.5.)

Stack over Z/p® ‘ Objects over finitely presented Spec A

Zp g the groupoid of étale p-module with “G-structure and A-coefficients
REa the groupoid of rigidifiable étale p-module with “G-structure and A-coefficients.

5.2.5. Lemma (1) The morphism
RE,@ — REvLG

sending F' to F' G LG factors through the quotient stack [Rp, 7/ Gal(E/K)).
(2) The diagonal of Rp 1 and Zg 1 are representable by algebraic spaces, affine and of finite
presentation over Z/p®.
(3) The canonical morphism
[REG/ Gal(E/K)] = Rp 1
is an equivalence of 2-categories.

Proof. (1) It is immediate from the definition of Gal(E/K)-action explained in Paragraph 5.2.1.

(2) It follows from part (2) of Theorem 3.3.10.

(3) It follows from the definition of quotient stacks. Alternatively, we can use Corollary 2.7.4 if we
don’t want to unravel the definitions. Choose an embedding “G — GLy. Set

Retgm =Rpra X REGLym-
E,GLy

It is clear that

,R'E,LG,m X RE a= RE,LG,m,+‘
RE,LG '

Repeating the proof of Proposition 3.7.4, we see that [R z/ Gal(E/K)] = R 1;- O

5.2.6. Definition Define the following limit-preserving fppf stacks over Z/p*:
Prestack over Z/p® ‘ Objects over finitely presented Spec A
e the groupoid of étale p-module with “G-structure over Ag 4
Rk rc (REic Xz, 1, Zr.16)(A)
Note that RK’LG = RE7LG XZE,LG ZK,LG.

5.2.7. Definition An étale p-module with “G-structure and A-coefficients is said to be E-admissible
if it is an object of Ry rc(A).
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5.2.8. Cyclic Galois descent

5.2.9. The second diagonal of moduli stacks Let f : X — ) be a morphism of stacks. Denote
by Af: X = X xy X, x — (x,x) the first diagonal of f, and denote by

Apg: X=X  x X
Af,XXyX,Af

the diagonal of the diagonal of f. For each Spec A, the objects of X X X (A) are tuples
Af,XXyX,Af

((z,y), (a, B)) where z,y € X(A) and o, f : * — y are isomorphisms; morphisms ((z,y), (o, 3)) —

(', y), (,p") in X X X(A) are pairs (f,9g) : (z,y) — (2/,y') fitting in a commutative

A/‘,XXyX,Af
diagram
(e,8)
(x’ x) - (y7 y)
i(f,f) l(g,g)
(a',B8")

(z',2") — (v, v)

It is easy to see that ((z,x), (1,a~!3)) is isomorphic to ((x,%), (o, B)) for any ((z,v), (a, 8)). Therefore

X X X (A) is equivalent to the groupoid of pairs (z, a1 3) where a~!3 € Auty(x). The second
Af,XXyX,Af

diagonal Ay has the following moduli interpretation
Apg: X -+ X X X
Af ,XXyX,Af

x— (x,1z).

5.2.10. Lemma If the first and the second diagonal of Rp 1 are both representable by algebraic
spaces, affine and of finite presentation, then so is the morphism
RK7LG’ — RE,LG
F—F X Spec Ag/p®.
Spec Ak /p®
Proof. Since E/K is a successive extension of cyclic Galois extensions, it is harmless to assume E/K
is a cyclic extension with Galois group {1,0,...,0° 1}. By Galois descent (Lemma 4.2.1 and [Stacks,
0CDQ)]) and Tannakian formalism (Lemma 1.7), since ¢ : Ap — Ap commutes with the Gal(E/K)
action on A, the category R 1;(A) is equivalent to the category of pairs (F, p,) where F' € R 15(A)
and ¢, : F' — 0*F is an isomorphism in the category of étale p-modules with ZG-structure, such that
the composition
F 2 o' F 225 (6")2F = - = (0*)°F = F
is the identity morphism.

Denote by A : Ry 1 — R 1q X R 1 the diagonal morphism F' + (F, F), and denote by I', the
morphism A : Rp o — Rp g X Rp e the diagonal morphism F + (F,0*F). The following fiber
product

Z .= RE L X RE L
’ G A7RE,LGXRE,LG7F‘7 ’ G
represents the groupoid of pairs (F, ¢,) such that ¢, : F' — o*F is an isomorphism by unravelling the
definitions of 2-fiber product.
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Define the following morphism

c:Z — RE,LG X RE,LG
A’RE,LGXRE,LG’

(Fipg) = (Fipg00™pso... (U*)Silwc)
By the discussion in paragraph 5.2.9, we see that R 1 is isomorphic to the pullback of Z along the

second diagonal of Ry 1. Let X — Rp 1 be a morphism whose target is an affine scheme. We have

Z XRE,LG X = RE,LG X X

A’RE,LG XRE’LG:FG
which is an affine scheme of finite presentation over X. We have

X) X RE,LG

E,La
c, RE,LG R Aa

RK,LG XRE,LG X = (Z XR
A VB LG

A’RE,LGXRE,LG7

which is an affine scheme of finite presentation over X. O

5.3. The construction of Ry ;. &

5.3.1. Definition The stack R ., & is defined to be

5.3.2. Theorem If ¢ : Ap/p® — Ap/p® admits a height theory (Definition 2.6.1), R 1 and R 1, &
are representable by limit-preserving Ind-algebraic stacks over Z/p®, whose diagonal is representable
by algebraic spaces, affine and of finite presentation.

Proof. 1t follows from Theorem 3.7.1, Lemma 5.2.2, Lemma 5.2.10 and [EG23, Corollary 3.2.9]. When
applying Lemma 5.2.10, we need the affine representability of the second diagonal, which follows from
[Stacks, 04YZ]. O

5.3.3. Corollary Assume either a =1 or E£/Q, is a tame extension. After possibly replacing £ by an

unramified extension, Ry r; and R ., & are representable by limit-preserving Ind-algebraic stacks

over Z/p®, whose diagonals are representable by algebraic spaces, affine and of finite presentation.

Proof. Tt follows from Theorem 5.3.2 and Lemma 4.2.2. O
6. Step 3: the moduli of cyclotomic étale (¢, I')-modules

In this section, E/K is a finite, tamely ramified, Galois extension.
See Definition 4.2.4 for the definition of (¢, I")-modules.
We often drop the subscript “K” from Ry 1 and write Rig = R 1g-

6.1. Etale (¢,T')-modules with 'G-structure
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6.1.1. Definition Let A be an Z/p®-algebra. We omit the phrase “with A-coefficients” in the follow-
ing definitions.

e An étale (ip, y)-module with "G-structure is a faithful, exact, symmetric monoidal functor from
f Repg; to the category of étale (g, y)-modules with A-coefficients.

e An étale (p,T)-module with 'G-structure is a faithful, exact, symmetric monoidal functor from
F Repg; to the category of étale (¢, T')-modules with A-coefficients.

See Definition 5.2.7 for the definition of E-admissibility.
We also define the following limit preserving fppf stacks over Z/p®:
Stack ‘ Objects over finitely presented Spec A

ZZG ‘ the groupoid of étale (¢, ~)-module with ‘G-structure and A-coefficients
ZEG ‘ the groupoid of étale (¢, I')-module with ‘G-structure and A-coefficients
RZG ‘ the groupoid of E-admissible étale (¢,~)-module with “G-structure and A-coefficients
REG ‘ the groupoid of E-admissible étale (o, ')-module with “G-structure and A-coefficients

Caisc
‘Xd

the groupoid of projective étale (¢, y)-module of rank d with A-coefficients

Xy ‘ the groupoid of projective étale (p,I')-module of rank d with A-coefficients
Moreover, we also define the following fiber products:

r _ ol _— pl =N
Ryiaa=Rigg = Rig e Rea
E,Lg
r _ = ._ =l =N
ZKLG@_ZLG@ =Zn X ZE’G.
) ) ) ZE,LG

6.1.2. Lemma Let “G — GL, be a faithful algebraic representation. The following diagram of stacks
over Z/p* is Cartesian:

Zl, Xy

.

v Lais
Z[G —— Xl dise
In particular, ZI[G — Z[G is a monomorphism.

Proof. By [Stacks, 07XM], the fiber product of limit preserving stacks is limit preserving. Note that
both stacks on the right are limit-preserving by [EG23, Lemma 3.2.19 and Lemma 3.2.15].

So it suffices to check it is a Cartesian diagram when restricted to finitely presented test objects.
By [Lev13, Theorem C.1.7], / Rep is generated as a tensor category by “G' — GL4. It remains to
show the topological nilpotency of 7-structure of étale (¢,~)-modules is preserved by taking tensor
products and subquotients. It follows immediately from [EG23, Lemma D.21, Lemma D.27], with the
caveat that that Ax 4 does not satisfy the assumptions of [EG23, Definition D.17]. By [EG23, Lemma
3.2.16], the topological nilpotency can be checked by regarding A 4-modules as A grasic 4-modules
and A gbasic 4 satisfies the assumptions of the assumptions of [EG23, Definition D.17] (see loc. cit. for
the undefined notation). O
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6.1.3. Lemma The following diagrams are Cartesian.

RZG E—— RK,LG RI[_;G —— RK,LG
Zl,— Zg 1q Zl,— Zx1q

Proof. By [Stacks, 07XM], the fiber product of limit preserving stacks is limit preserving. So it is
harmless to restrict to finitely presented test objects; but then it is how the stacks on the top left
corners are defined. O

Since the @p-structure and vy-structure on Ax 4 commute, for any étale p-module M, we can define
an étale p-module y(M) := Ag 4 @+ a4, M. By Tannakian formalism, for any any étale ¢-module F
with G-structure, we can define y(F'); and thus we defined a canonical morphism v : Rrg — Rig.

6.1.4. Theorem Assume either a =1 or £/Q, is a tame extension.
(1) The stack RZG is represented by the 2-fiber product

RK,LG X RK,LG
A’RK,LG XRK,LG’F"/

where A : x — (x,x) is the diagonal map, and I'y :  — (z,y(x)) is the graph of 7.

(2) RZG is a limit preserving Ind-algebraic stack over Z/p® whose diagonal is representable by
algebraic spaces, affine, and of finite presentation.

(3) The diagonal of ZEG and ’R,EG are representable by algebraic spaces, affine, and of finite presen-
tation.

(4) The stack ’R,EG is an Ind-algebraic stack over Z/p®, and is an inductive limit of algebraic stacks
of finite type over Z/p®, with transition morphisms that are closed immersions.

Proof. (1) Similar to [EG23, Proposition 3.2.14].

(2) By Corollary 5.3.3, the diagonal map A : Ry s — R e Xz/pe Rk 1c 18 representable by
algebraic spaces, affine, and of finite presentation. By (1), the forgetful morphism RZG — R g is a
base change of the diagonal morphism A : Ry 1 — R 1 Xz/pe R 1> and thus by [EG23, Corollary
3.2.9] is representable by algebraic spaces, affine, and of finite presentation.

(3) It follows from (2) and that RY, — R, is a monomorphism.

(4) Note that both Xy and R/, are Ind-algebraic stacks that are the inductive limit of algebraic
stacks of finite presentation over Z/p®. Moreover, the inductive limit structure on X; and R'é are
compatible (see Paragraph 6.1.5). Part (4) thus follows from part (2), Lemma 6.1.2 and Lemma
6.1.3. U

6.1.5. The Ind-algebraic presentation of R, r By Lemma 5.2.2 and Lemma 5.2.5, there is an
Ind-algebraic presentation

Rp i =ln [Rp i m,+/ Gal(E/Qp)].



40 LIN, ZHONGYIPAN

Set

Rigm = [Regmic+/ Gal(E/Qp)] xR
R’Y

LG m

E, LG RK,LG7

— 0
= Rigm XRuy, Rl
r DY r
RLG,m . — RLG,m XRZG RLG'

We have REG = lim REG -
m

6.2. The connection with Galois representations
In this subsection, we relate the stack REG to Galois representations.

6.2.1. Definition Let 8 be a profinite group and let A be an Artinian Z,-algebra. Denote by
Ry 1:(A) the groupoid consisting of pairs (7, p) where T is an IG-torsor over Spec A, and p : P —
Autr;(T) is a continuous homomorphism from B to the group of torsor automorphisms of 7. Mor-
phisms (771, p1) — (72, p2) are “G-torsor morphisms f : 71 — T2 such that ps = f.p1.

6.2.2. Lemma Let A be an Artinian Z/p®-algebra. The groupoid Rp r;(A) is equivalent to the
essential image of

(T.p)—(Tx LG, p)
Real o ,é(A)

Raalp, ta(4).

Proof. 1t follows from Tannakian formalism and Definition 5.2.6. Note that G-torsors over A E,A are
automatically rigidifiable by Lemma 2.7.7. O

6.2.3. Lemma Let A be an Artinian Z/p®-algebra. The groupoid Ry 1;(A) is equivalent to the full
subcategory of RGalKOO’LG(A) consisting of objects which are sent to the essential image of

(T.p)—(TxCLG,p)

Realp., a4 » Raalp,, ta(A)

under the morphism R,y g = Rgalp_ Lo

Proof. Tt follows from Tannakian formalism and Definition 5.2.6. O

6.2.4. Lemma Let A be an Artinian Z/p®-algebra. The groupoid Ris(A) is equivalent to the full
subcategory of R, 1g(A) consisting of objects which are sent to the essential image of

(T.p)—(Tx LG, p)

R a(A)

Galp, .G Raalp,, ta(A)-

under the morphism Rqai, 1o = Raaly, L
Proof. It follows from Tannakian formalism and the definitions. O

6.2.5. Definition Let ‘P be a profinite group and let A be an Artinian local Z,-algebra. Denote by

R‘B,LG,G(A) the groupoid consisting of tuples (7, p,c) where (T, p) € Ry 15(A) and c is a connected

component of the scheme T ®4 I_Fp. Morphisms of (71, p1,¢1) — (72, p2, c2) are morphisms (71, p1) —
(T2, p2) that send ¢; to co.
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6.2.6. Lemma Let A be an Artinian local Zj-algebra. The groupoid R ;. 5(4) is equivalent to the

full subcategory of the groupoid R 1 a(A) consisting of objects that are sent to the essential

GalKoo
image

T.p)—(TxCLG,p)

Rew, a(A) 2

GalEOO,G GalEoo,LG(A)'

under the morphism RGale Xl Raalp. ta-

Proof. Since

Ryiga = Ri ® X Rpa
E,Lc

an object of R 1, & can be described as a pair (F, F'°) where F' is an étale ¢-module with IG-structure

over Ag 4 and F° is an étale ¢-module with G-structure over A E,A, together with an identification

F®AK,A AE,A = (FO) x @ LG.

F'is sent to an object (7', p) of Rgal, _ ra(A); and F* is sent to an object (T°, pg) of Raal,__ 1a(4).

We also have an identification 7 = T° e L@. In particular, T° determines a connected component c
of the 7. So we get a functor (F, F°) = (T, p, ¢) from Ry ., 5(Fp) to RGalKoo,LG,@(]FP)' The essential
image of the functor is clearly what we described in the lemma. So it remains to show the functor is
fully faithful.

Morphisms (Fy, FY) — (Fy, Fy) are pairs (o : Fy — Fy, 8 : FY — Fy) such that (x) a®p, , Aga =
B x% LG, By working étale locally, we can assume F 22 Spec A 4 % LG and F° = SpecAp 4 X G
are trivial torsors. So « is represented by a matrix a € LG(AK 4) and B is represented by a
matrix § € G(Aga). The equation (x) becomes simply o = . So the set of morphisms are
contained in IG(Ax 4) N G(Ag.a) = G(Ak.a). The forgetful morphisms Ryraa — Rirg and
RGaleLGﬁ — Raalg g are both faithful, and thus RK,LG,@ — RGalKoo,LG,@ is faithful. It fol-
lows from the description above that the functor RK, oa RGale Iexe induces bijections between
morphisms. O

6.2.7. Theorem let A be an Artinian local Z,-algebra. The groupoid 7?,1; . @(A) is equivalent to the

full subcategory of the groupoid R
image

Galy Lq,g(A) consisting of objects that are sent to the essential

(T.p)—(TxCLG,p)
RGal Foo G (4)

Raalp, ta(4).

under the morphism RGalK’ e Xl Raalp ta-

Proof. Tt follows from Lemma 6.2.4 and Lemma 6.2.6. O

6.2.8. Remark If p : Galg — G = G Gal(E/K) is an L-parameter, then p(Galg) C G. So plcalp,,
lies in the essential image of

(T.p)—(TxCLG,p)

Realp., a4 Raalp,, ta(A).
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7. Step 4: the moduli of L-parameters and the restriction morphism

In this section, we define the moduli stack X1y of L-parameters for G.

7.0.1. The stack RE{*} )
Let {*} be the the group with only one element. The L-group of {x} is
Hx} = {+} x Gal(E/K) = Gal(E/K).

By Theorem 6.2.7, the groupoid RE{*} {*}(Z/ p®) is the groupoid of continuous group homomor-
phisms p : Galg — Gal(E/K) such that p|ga,_ _ is is the trivial group homomorphism. Since
Gal(Ex/FE) is a pro-p group and Gal(E/K) has prime-to-p cardinality, p|gal, must be the trivial
group homomorphism. Therefore

RE{*}’{*}(Z/]DG‘) = {Group homomorphisms Gal(E/K) — Gal(E/K)}.

Note that there is a distinguished element id € RE{*} {*}(Z/ p®) which corresponds to the identity
homomorphism.

7.0.2. Lemma The morphism id : SpecZ/p* — RE{*} I is an open and closed immersion of schemes
over Z/p®.

Proof. Since the Ind-algebraic stack R (,1 has only one Fp—point and is a setoid, we conclude that
Re{y = hﬂ Spec Sy, where each Sy, is an Artinian local Z/p®-algebra. In particular, RE« is a

m
subgroupoid of its completion at the unique closed point. By Galois deformation theory (Lemma
6.2.2), hﬂ Spec Sy, = Spec Z/p“.
m

The diagonal of R 1y, is a finite morphism. By Lemma 5.2.10, R 1,y — R 14y Is representable
by a finite morphism. Since RE{*}’{*} = R s {+} 1 an Gal(E/K)-torsor over R 1y,y, we see that
RE{*} I 2 Spec R where R is a finite Z/p®-module. By Theorem 6.2.7 again, RE{*} ) is a disjoint
union of copies of SpecZ/p®. O

7.1. The stack X

7.1.1. Definition Set
r
Xig = RLG,@ o X . SpecZ/p®,
Lia} {+}’
and call it the Emerton-Gee stack of L-parameters for G over Z/p®. We also define

Xz 1= ZEG & X SpecZ/p®.
’ RE{*} {*}’id

Roughly speaking, Xz 1 is the largest possible limit-preserving stack that classifies étale (¢,T)-
modules that algebraically interpolate L-parameters, and Xrg; C Xz 1 is the full substack that clas-
sifies F-admissible objects.
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7.1.2. Theorem Assume either a =1 or E£/Q), is a tame extension.

(1) The stack Xwy is limit preserving over Z/p®.

(2) The diagonal of X% is representable by algebraic spaces, affine, and of finite presentation.

(3) The stack Xy is an Ind-algebraic stack over SpecZ/p®, and is an inductive limit of algebraic
stacks of finite type over Z/p®, with transition morphisms that are closed immersions.

Proof. 1t follows from Theorem 6.1.4 and the definition of Xr. g

7.1.3. Proposition Let A be an Artinian local W (F,)-algebra. There is a bijection between the set
of L-parameters H'(Galg, G(A)) with the set of equivalence classes in the groupoid Xzg(A).

Proof. By Theorem 6.2.7, the groupoid Xr;(A) is equivalent to the groupoid of tuples (7, p, ¢) where T
is an “G-torsor over Spec A, p is a continuous action of Galg on 7 and c is a connected component of T,
such that (T, p, c) x'C L%} is the distinguished element id. Since F,, is an algebraically closed field, we
can replace T by the trivial ZG-torsor 1G. Since (G, p,c) x @ L{x} = id, ¢ must be the distinguished
component G c L. p is presented by a continuous group homomorphism Galg — G(A4). A
morphism (XG, p1,¢) = (XG, pa, ¢) is a matrix g € G such that p; = gpag™' and that gc = ¢, that is,
g€ G(A). O

7.2. Geometric non-abelian Shapiro’s lemma
Assume E/Q, is tame. We prove Xrg = Xripeg, e in this section.
P

The non-abelian Shapiro’s lemma is known for Galois representations.

7.2.1. Lemma (The non-abelian Shapiro’s lemma) Let A be an Artinian Z,-algebra. There is a
natural bijection

H'(Galg, G(A)) = H' (Galg,, Resg /g, G(A)).
Proof. Tt is a special case of [St10, Proposition 8|. O

7.2.2. A diagonal trick
By [St10, 2.1.5], there exists a diagram of group homomorphisms

Resg /g, G % Gal(E/K) Lg G x Gal(E/K)
HRes /g, G) ———— Resg /g, G x Gal(E/Q),)

Denote by H the group Re% G x Gal(F/K).
We define the auxiliary stack

Z:=X X r X Xig.
L(Resr /g, G) T RK,H,Res K/0p G RT ta
K,L(ResK/@p G),(Resg /q,, G) Lg,@

Since Xry — RE ad is an open and closed immersion, the Spec A-objects of Z are tuples (F, Fg, f)

where F is an étale (i, I')-module with “(Res K/Q, G)-structure over Ag, 4 with additional structures,
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F is an étale (¢,I')-module with H over Ag 4 with additional structures, and f is an identification
F ®Dag,,a Aga = Fi xH L(ResK/Qp G). We have the forgetful morphisms

Z— XL(RGSK/QP G)s (F, F, f) — F

Z—>XLG, (F,FK,f)'%FK XHLG.

7.2.3. Lemma If A is an Artinian W (F,)-algebra, then
Z(A) - XL ResK/Qp G) (A)
Z(A) = Xig(A)

are both equivalence of categories.

Proof. By Proposition 7.1.3, the objects of X1y, s (A) are continuous homomorphisms p : Galg, —
P

LRGSK/Qp G(A) that are compatible with the quotient map Gal(Q,) — Gal(E/Q,). In particular,
plcal, factors necessarily through H(A). The lemma now follows from the Shapiro’s Lemma 7.2.1. O

7.2.4. Proposition (Geometric Shapiro’s Lemma) There exists a canonical isomorphism Sha : Xz =
XL ReSK/@p G-

Proof. By Lemma 7.2.3 and Corollary 2.7.4,

Z — XL(RBSK/QP G)
Z— XLG

are both isomorphisms. O

The same argument shows that the construction of Xr, does not depend on the splitting field E.

7.2.5. Proposition (Independence of the splitting field) Let E, E’ be two fields that splits G. We
have a canonical isomorphism

X

GxGal(E/K) — =g

GxGal(E'/K)"
Proof. Without loss of generality, we may assume E’ contains the Galois closure of E. There is a
canonical morphism

— X5

feX GxGal(E'/K) GxGal(E/K)

sending F' to F x G Gal(E'/K) (é x Gal(E/K)). By Corollary 2.7.4, f is an isomorphism. O
7.3. The case of tori
In this subsection, we only need to assume FE is tame over K.

For each torus T, the norm map Resg,x T — T induces an L-homomorphism T — LResp /k1E,
which, in turn, induces the restriction morphism

XDI‘ — XLRQSE/KTE = XDI'E

The functoriality of local Langlands correspondence for tori states that the norm map on the auto-
morphic side corresponds to the restriction map on the spectral side.
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7.3.1. Lemma The restriction morphism Xy — X1y, is representable by algebraic spaces, affine,
and of finite presentation.

Proof. After unravelling the definitions, the lemma follows from Lemma 5.2.10. O

7.3.2. Lemma For each tame torus T', X1y is an algebraic stack of finite presentation over Z/p®.

Proof. By the independence of splitting field (Proposition 7.2.5), we have X1 = Xqeamr. It follows
from Lemma 7.3.1 and the main result of [EG23, Chapter 7). O

7.3.3. Proposition For each tame torus T, Xy is equivalent to the moduli stack of continuous
representations of the Weil group W valued in 7.

Proof. By the proof of Lemma 7.3.1, the objects of Xy are objects of X, = Xyeaimr equipped with
tame descent data. By the main result of [EG23, Chapter 7], the stack Xy@aimr is equivalent to the

stack of Weil representations for G%dimT; and thus by descent, X is equivalent to the stack of Weil
representations for T'. Alternatively, we can invoke Corollary 2.7.4, and the canonical morphism from
the moduli of Weil representations to Xy can be constructed in the same manner it is done in [EG23,
Chapter 7] for Gy,. O

7.3.4. Almost étale descent

7.3.5. Etale (¢, Gx)-modules Let A be a finite type Z/p®-algebra. Write W (C?)4 for the v-adic

completion of W (C”) ®z A where v is an element of the maximal ideal of W,(O%) whose image in O%
is non-zero. (cf. [EG23, Section 2.2].)

An étale (@, Gg)-module with A-coefficients is a finitely generated W (C”)4-module M equipped
with an isomorphism ¢ps : @*M =2 M of W(C?) 4-modules and a W (C”) s-semilinear action of Galg
which is continuous and commutes with ¢;;.

An étale (¢, Gx)-module with A-coefficients and “G-structure is a faithful, exact, symmetric monoidal
functor I from / Repzg to the category of projective étale (¢, G )-module with A-coefficients.

7.3.6. Lemma For each finite type Z/p®-algebra A, the groupoid Z{G(A) is equivalent to the groupoid
of étale (¢, G'rc)-module with A-coefficients and “G-structure.

Proof. 1t follows from [EG23, Proposition 2.7.8] and Tannakian formalism. g

As a consequence, the objects of X'z r; can be interpreted as étale (¢, G i )-module with LG-structure

and G-level structure.
7.3.7. Lemma We have
XLG = XZ,LG'

The claim holds even if K is wildly ramified over Q,,.

Proof. The proof is identical to that of Proposition 3.7.4. The input is Corollary 2.7.4 and the Ind-
finite-type-ness of both Ind-algebraic stacks. O
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7.3.8. Definition Let L/K be a finite extension. Define X}, 1 to be the limit-preserving stack over
Z/p® such that for each finitely presented Z/p®-algebra A, X} r;(A) is the groupoid of étale (v, Gr)-

module with LG-structure and G-level structure. R

There stacks can be defined even if GG is not assumed to be reductive. In general, let H be a
connected affine smooth group over SpecZ,, equipped with an action of Gal(E/K). Write LH for
H x Gal(E/K) and it makes sense to define X Ly

We also define stacks R7

1 Lo RE Lo RY _and RU' . _ in a similar way (replacing Ax by Ay in

LIG,G L,G,a
the original definition).

7.3.9. Lemma (1) The first and the second diagonal of A, 1; are representable by algebraic spaces,
affine and of finite presentation.
(2) The forgetful morphism

XK,LG — XL,LG

is representable by algebraic spaces, affine and of finite presentation.

Proof. (1) It is true if “G' = GLy by [EG23, Proposition 3.2.17]. By choosing an embedding “G' — GLy
(which is a closed immersion as a scheme morphism), the diagonal of [X}, 1/ Gal(E/K)] can be
embeded into the diagonal of X7 a1, as a closed immersion (see the proof of Theorem 3.3.10).

(2) By inspecting the proof of [EG23, Lemma 3.7.5], it only makes use of the representability of the
diagonal of &7 4. The same proof works verbatim for general groups. 0

7.3.10. Remark Note that Xy r; = X1y by Lemma
the independence of the splitting field (Proposition 7.

~

!\., EN|
N ¢
N—

In particular, if L = F, then

8. Herr complexes, obstruction theory and cohomology types

Let A be a finitely presented Z/p®-algebra and let (M, ¢pr, yar) be a projective étale (o, I')-module
with A-coefficients. The Herr complex ([EG23, Section 5.1]) for M is defined to be the following
perfect complex

(ppm—1y0m—1) (ymr—1,1=dbnr)
SN RAREL B BN LN

(1) Co (M) = 1[0~ M Mo M M = 0].

By [EG23, Theorem 5.1.29], (in the derived category of cochain complexes) the Herr complex is an
algebraic interpolation of Galois cohomology.
Fix an embedding i : G — GL(V'). Note that i induces an embedding of tangent spaces

Lie(7) : Lie(G) < End(V).
Write Ad for the adjoint representation G — GL(Lie G) or GL(V) — GL(End(V)).
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8.1. Obstruction theory for XGE

Let F be an étale (v,I')-module with A-coefficients and G-structure. Let € be a finitely generated
A-module, and write A[€] := A @ £ for the A-algebra with multiplication given by

(a,m)(a’,m') := (ad',am’ + a'm).

Denote by Lift(F, A[€]) the set of isomorphism classes of projective étale (p,I')-modules F’ with
Al€]-coefficients and G-structure together such that F' @4 A = F.
For ease of notation write ¢y for ¢, &, and write vy for v, &\, .

8.1.1. Lemma The map

(1) ZY(C*(F xC End(V) ®4 €)) — Lift(F x V, A[€])
(X,Y) = (Voa A€l (X + 1)y, (Y + 1)w))
induces a bijection
HY(C*(F x% End(V) @4 £)) = Lift(F xC V, A[£))

which respects the natural A-module structures.

Proof. 1t is [EG23, Lemma 5.1.35]. O

Since FxCLieG < F xéEnd(V), there exists a cochain map C®(F G Lie Q) < C*(F xéEnd(V)),
which induces homomorphisms of cohomology groups.

8.1.2. Lemma (1) The composition

ZHO(F xC Lie G 04 €)) — ZHO*(F xC End(V) @4 €)) — Lift(F xC V, A[€])
factors through Lift(F, A[£]).

(2) The map Z1(C*(F xC Lie G ®4 &)) — Lift(F, A[€]) factors through H'(C*(F G Lie G @4 £)).
Proof. Choose a smooth cover ¢ : Spec.S — Spec Ag 4 that trivializes the G-torsor F. The transition

map uy of I/ <GV with respect to the cover ¢ is an element of @(S®AE,A S), and ¢y @1, vy ®1 € @(S)

By Lemma 2.7.7, an infinitesimal lift F' € Lift(F, A[£]) of F necessarily becomes a trivial G-torsor
over S ®4 A[E].

In this lemma, we will only consider lifts V'’ € Lift(F' x“ V, A[£]) that becomes a trivial vector
bundle after base change to S ® 4 A[£]. Moreover, we insist that the transition map of V’ with respect
to t®4 A[€] is uy ® 1. By descent with respect to the cover t ® 4 A[€], such a lift V' comes from a lift

of F if and only if ¢y ® 1, y» ® 1 € G(S @4 A[E]).
Note that

(X +1)py € G(S @4 A[€]) & X € F xC Lie(G) ®p, , S04 E
(Y + ) € G(S @4 A[E]) & Y € F xC Lie(G) @4, , S ®4 E. 0

The lemma now follows from the explicit description of (1) in Lemma 8.1.1.
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8.1.3. Corollary There is a canonical isomorphism of A-modules
HY(C*(F xC LieG @4 €)) — Lift(F, A[€]).

Proof. The homomorphism H*(C*(F x% Lie G © 4 £)) — Lift(F, A[€]) is constructed by Lemma 8.1.2.
By [Stacks, Tag 00HN], it suffices to show it becomes an isomorphism after localized at Fp-points of
Spec A. By [Stacks, Tag 00MC] and [EG23, Theorem 5.1.29], the corollary is reduced to a Galois
deformation statement which is standard. O

Next consider an arbitrary square zero thickening 0 — I — A" — A — 0 of A, and define Lift(F, A)
to be the set of isomorphism classes of projective étale (¢,T')-modules F’ with A’-coefficients and

~

G-structure together with an isomorphism F’ ® 4+ A = F. In the paragraph before [EG23, Lemma
5.1.34], an element

2) or(A") == dvvdy vt — 1€ C2(F xC End(V) ®4 1)

is defined and [EG23, Lemma 5.1.34] states that Lift(F' G V, A’) # 0 if and only if the image of op(A")
is H2(C*(F x% End(V) ®4 1)) is zero.

8.1.4. Lemma (1) The element ox(A’) lies in C?(F xC Lie G ®4 I).
(2) Lift(F, A’) # 0 if and only if the image of op(A’) is H2(C*(F xC Lie G ®4 I)) is zero.

Proof. The proof is similar to that of Lemma 5.1.2. We choose a smooth cover Spec S — Spec Ag 4

and it is immediate from equation (2) that op(A’) ®a, , S € C*(F xC LieG @, I) @pp 4 S. Part (1)
follows from descent and part (2) follows from the same argument used in [EG23, Lemma 5.1.34]. O

8.1.5. Proposition The stack X@E admits a nice obstruction theory in the sense of [EG23, Definition
A.34].

Proof. This proposition is the natural extension of [EG23, Proposition 5.2.36]. The non-formal in-

gredients of the proof are furnished by Corollary 8.1.3 and Lemma 8.1.4. We still need to show that
C*(F x%Lie G) is a perfect complex over A and its formation is compatible with base change. Consider
the composition Spec A — Xa, — XGL(Lie &) and note that C*(F x© Lie @) is the pullback of the Herr
complex for the universal family of étale (p, I')-modules over XGL(Lie a) The formal ingrediants of the

proof follow from [EG23, Theorem 5.1.22]. O

8.2. Restriction of groups

Recall that Ax 4 — Ag 4 is a Galois cover whose Galois group is canonically identified with
Gal(E/K). Let (M, ¢nr,var) be a projective étale (¢, I')-module of rank n. There is an embedding of
cochain complexes

C*(M) = C*(M @py 4 Ap,a)
and the induced homomorphism of cohomology groups

H'(CH(M)) — H'(C*(M ®p e Ap.a))
factors through the Gal(E /K )-invariant subgroup H'(C*(M ®4, , Ap a))GalE/K),
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8.2.1. Lemma Let C*® be a perfect complex over a finite type affine scheme X = Spec A. Fix integers
h* = (h%);cz. The set of points x : Speck — Spec A such that dimy, H(C*® ®% k) = h' is a locally
closed subset Xje of | X]|.

Equip Xpe with the reduced induced subscheme structure ([Stacks, Tag OF2L]). Then the cohomol-
ogy groups H'(C®|x,.) is a coherent sheaf over Xps that is projective of rank h'.

Proof. The first paragraph is [Stacks, Tag 0BDI]. In the proof of loc. cit. it is explained that Xpe is
locally closed when X is affine; note that if X is not affine, then Xje is only constructible.

For the second paragraph, we only need to establish the quasi-coherence. Let d be the largest
index number such that hg # 0. The highest degree cohomology group H%(C*| X, ) is unconditionally
quasi-coherent. By [Stacks, Tag 00NX], H(C*| X, ) is indeed a projective module of rank he. The
quasi-coherence and projectivity of H*(C*®|x,.) follows from the universal coefficient theorem (which
states that the failure of quasi-coherence for H’ is measure by Tor*(H*!, —)) and induction on i. [

8.2.2. Definition A projective étale (o, I')-module (M, ¢rr, yar) over Ag 4 is said to be of cohomology
type (W, hg)i=o,1,2 if
dimg, HH(C*(M) @ Fy) = b

and

dimg, H'(C*(M @4, , Ap,a) @5 Fy) = by

for all IF)-points of Spec A.

We remark that by Lemma 8.2.1, for an arbitrary projective étale (¢, I')-module (M, ¢as,yar) with
A-coefficients, there exists a stratification Spec Ape of Spec A eq such that over each stratum, M is of
a certain cohomology type.

8.2.3. Proposition Let A be a reduced finite type F-algebra. Let (M, ¢ar,var) be a projective étale
(¢,T)-module with A-coefficients of cohomology type (', h%;)i=0,1,2. Then the canonical map

H(C(M)) > H(C*(M 4,5 s, )) S1E/ )
is an isomorphism of projective A-modules of rank hiK.

Proof. By the universal coefficient theorem, there is an injective homomorphism
HY(C* (M ®ae s Ap,a) S @4 Fy o HY(C*(M ®ny s Apa) @] Fp) SIEH

for any F,-point of Spec A. By Lemma 8.2.1, H/(C*(M)) ®4 F, = H'(C*(M) ®4 F,). By [Ko02,
Theorem 3.15] and [EG23, Theorem 5.1.29], H(C*(M)®LF,) = H%C’(M@AK’AAE7A)®ﬁFp)Gal(E/K).
Thus

HY(C*(M)) ®aF, — H'(C*(M ®Ax.a Ap )G EE) @, F,
is an isomorphism for all F,-points of Spec A. By [Stacks, Tag 00NX], both H*(C*(M)) and H*(C*(M® 4, ,
Ap )92 E/K) are projective modules of rank h.; by [Stacks, Tag 00HN], H!(C*(M)) — H%C'(M@AK’A

Ap 4))GUE/K) i surjective and therefore must be an isomorphism (since a surjective homomorphism
onto a projective module admits a section). O
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9. Frameable (¢, ')-modules with /G-structure

Thanks to the geometric Shapiro lemma (Proposition 7.2.4), it is harmless to assume K = Q,. We
assume F is tame over Q. B
Let A be a finitely presented W (F),)/p“-algebra.

9.1. Frameable ‘G-torsors
There are two Gal(E/K)-actions on éAE := G x Spec Ap.

e The first action comes from the semi-direct product XG = G x Gal(E/K), and we denote it
by h+ ocho~! (0 € Gal(E/K)).

e The second action is the base change to CA}AE of the field automorphism ¢ : £ — FE, and we
denote it by h +— o(h).

These two actions commute with each other, and we write o - h for the composition of these two.
Consider the following morphism

(G x Gal(E/K)) x Gpp = Gy,
((9,0),h) = g(o-h)
9.1.1. Lemma The morphism m above is a group action. Therefore, GAE is an LG-torsor over
Spec Ag.
Proof. We have
m((g2,02), m((g1,01), h)) = m((g2,02), groo(h)o ")
= gooaoa(qroro1(h)ay oy
= ga02g105 (09071 - h). 0
Conversely, let T be an “G-torsor over Spec Ag. Write S for
T x'C Gal(E/K).

The following diagram

(o

@xT

|

IG X T —=T Xspeenr T

TXST

is commutative, and 1" is an G-torsor over S. If S = Spec Ag, then T is a form of CA}'AE.
The following proposition explains the role of “G-torsors that are isomorphic to G B

9.1.2. Proposition Let Spec A be a finite type Z/p“®-algebra, and let (F, ¢r,vr) € X 15(A). There
exists a scheme-theoretically surjective morphism Spec B — Spec A where B is a finite type Z/p®-
algebra such that there exists an “G-torsor isomorphism F ® Agoa A B = Gap g

Proof. Consider the morphism

F— Fx' G4 = F <" Gal(E/K).
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By the computation in Subsection 5.1, we have F x "G Gal(E/K) = Spec Ag 4. In particular, F'is a

G-torsor over Spec Ag 4. So it remains to show that F'is admissible when regarded as a G-torsor over
Spec Ag 4. The rest of the proof follows from the proof of Corollary 3.7.5. O

9.1.3. Definition Let A be a finite type Z/p®-algebra. An ‘G-torsor T over AE 4 is said to be
frameable if T = LGAEyK.
An IG-torsor T over A 4 is said to be frameable if T = GAE,K'

Define F}, ;(A) to be the full subcategory of R} ;(A) consisting of frameable objects. Define
F). 1(A) to be the full subcategory of R}, ;,(A) consisting of frameable objects.
For technical reasons, we also define wF"’K 1;(A) to be the groupoid of tuples (F, ¢r,yr) where I

is a frameable LG-torsor over Spec Ag 4 and ¢ and r are defined in the usual way except that we
drop the commutativity relation between ¢r and ~p.

9.1.4. Lemma Assume “H — LH'is a group homomorphism which admits a scheme-theoretic section.
Then the morphism wF'IYC 1y (A) = “F Z( 1y (A) is essentially surjective.
Proof. Note that ¢ and g are simply elements of “H (A 4) (up to twisted conjugacy). O

9.1.5. Remark Let “P be a parabolic subgroup of “G. We don’t exclude the possibility P = IG.
Let p : Galg — P(F,) be an L-parameter. By Tannakian formalism, p corresponds to an étale (o, I')-
module (F, ¢, yr) with LP-structure over A, By Lemma 2.7.6 and the proof of Proposition 9.1.2,

F is necessarily a frameable “P-torsor, that is, F = Py, 5

9.2. Frameable (¢, I')-modules with ‘G-structure

For ease of notation, write A for Ag 4 throughout the section. Also write — ® — for — ®z —. Fix
an embedding i : 1G < GL(V).

Choose a trivialization by : V — GE". Write Vi for Vo (-).

Let T% be the trivial “G-torsor over A defined by the following functor

R+ {trivializations b : Vi = R®"b = g o by for some g € 'G(R)}.

Write ¢*Vj for A ®, 4 Vi (where a ® bz = a¢(b) ® ). Write p*by : ¢*Viy — A®™ for the trivialization
which sends 1 ® by '(e;) to e; (where {ey,...,e,} is the standard basis for A®").
Write T%"% for the “G-torsor defined by

R — {trivializations b : ¢*Vj =N R®|b = g o ¢*by for some g € 'G(R)}.

Let f: Vi — Vi be a p-semi-linear map, (that is, f(az) = @(a)f(z)). Assume bo(¢*f) € T¥ b,
Then the association b — b(¢* f) defines a “G-torsor morphism 7% — T¥"% which we also denote by
f. Consider the following commutative diagram

g—gobo

Ia A Tbo
fbo f
g—gop™bo *
Ia A T¥"bo
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An straightforward calculation shows

fbo([n) = fbo((61’62| . |€n)) = (bofb6161’ e ‘bofbalen) = b()fbalfn.

Notation Write [f], for fy, (1), and call it the coordinate matrix for the semi-linear map f under
the basis bg.

For a ~-semi-linear map ¢ : V — V, we can similarly define the “G-torsor 77" and the coordinate
matrix [g]y,. Recall that the ¢- and vy-action on A commute with each other. The composites f o g
and go f: V — V are ¢ o «-semi-linear maps.

9.2.1. Lemma The coordinte matrices [f o gy, and [g o f]y, are given by

Proof. Unwrap the definitions. O
9.2.2. Lemma (Change of basis) For h € “G(A), we have
[lhobo = Blflbo(h) ™"

9.2.3. Lemma The groupoid F; 1(A) is equivalent to the groupoid consisting of pairs ([¢], [7]),
where [¢],[y] € "G(A) such that [¢]o([y]) = [y]v([¢]); and two pairs ([¢], [7]) and ([g]',[7]) are
equivalent if there exists h € “G(A ) such that [¢] = h[¢]'w(h)~! and [y] = h[y)y(h)~L.

Proof. Clear from the discussions in this subsection. O

9.2.4. Definition For ease of exposition, we will identify F, 1(A) with the category of pairs of

matrices ([¢], [7]) in the rest of this paper.

While we call the equivalence class of ([#],[y]) a frameable étale (i, ~)-module with “G-structure,
we call a representative ([¢], [7]) a framed étale (p, y)-module with "G-structure. A framed étale (,7)-
module of rank n is by definition a framed étale (¢, v)-module with GL,-structure.

9.2.5. Galois descent datum Recall that Ax 4 — Apg 4 is a Galois cover whose Galois group is
canonically identified with Gal(E/K). To define a frameable étale (¢,v)-module with ‘G-structure
over Ak 4, it suffices to specify a framed étale (¢, y)-module with IG-structure over Ag 4 which we
denote by ([¢],[7]), together with a Galois descent datum (¢s)sccai(r/k) in the sense of [Stacks,

0CDR]. If we unravel the definitions, it means ¢, € {G(Ag 4) are matrices that satisfy

oldle(po) ™t = oo ([8)o ™ e([o])
(3) palrl(po) ™ = [0 o™ (Do~ (o))

and that ¢, satisfies the obvious cocycle condition. By the discussion in Subsection 9.1, the underlying
LG-torsor over Spec A 4is GAE,A~ The identification G, ®a, Ap = LGAE defines the canonical Galois
descent datum (Pcan,o)ocGal(E/K)-
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9.2.6. Lemma The groupoid F; (A) is equivalent to the groupoid consisting of pairs ([¢],[y]) €

Fr,
EAG
datum (@can,o)recal(E/K) 0 the sense of equation (3); and morphisms are morphisms that are com-

patible with the canonical Galois descent datum.

7LG
(A), where [#],[y] € “G(A) are matrices that are compatible with the canonical Galois descent

Proof. Clear from the discussions in this subsection. O

The objects of F;é LG(A) should admit a more explicit description. We are satisfied with Lemma
9.2.6 since it suffices for our purposes.

9.2.7. Proposition For each (F,¢p,vr) € Xk 15(A), there exists a finite type Z/p®-algebra B and
a scheme-theoretically surjective morphism Spec B — Spec A such that (F, ¢p,vr) ®@ay 4 Ak B corre-
(4).

sponds to an object of F.

Proof. 1t is a reformulation of Proposition 9.1.2. O

9.3. A framed version of Herr complexes

Let (M, ¢ar,var) be a frameable étale (o, I')-module of rank n over Ag 4. Let ([¢],[7]) be a framed
(¢,7)-module over Ag 4 of rank n which corresponds to M Rag 4 AR 4.

The goal of this subsection is to classify all extensions of ([¢], [y]) by the trivial (¢, v)-module. Such
an extension can be described by a pair of matrices (X,Y") of shape

X =

S
*
~
I
L—
=,
*
_

such that Xo(Y) = Y(X). Put

X, 90y [m o} |

and set Xy := X;'X, and Yy == Y 'Y

Write [8 xﬂ .= log(Xy) := (Xy — I), and [8

can be rewritten as (¢([v]) ™! — Y)zy + (0 — y([¢])~

yéf ] := log(Yy). The condition X¢(Y) = Y(X)
Dy = 0. So we have proved the following.

9.3.1. Proposition The first cohomology of the following complex

AO™ (p=[d] " y=I7Y) AGT g A®n (y=o(W) " Ale) "' —9) A®n

classifies extensions of ([¢], [y]) by the trivial (¢,~)-module, up to equivalences.

9.3.2. Framed Herr complexes It is clear that the cochain complex

=1 . 1a1—1 - 1 1
CE7Herr([¢],[’}/]) — [A@n (SD [(ﬂ Y [’Y] ) A@n@A@n (’7 (b(['ﬂ) 77([@) 50) A@n]

is isomorphic (not just quasi-isomorphic) to the Herr complex C*(M ®,, , Ap, a) defined in Equation
(1)

The cochain complex C, g, ([¢], [7]) descends to a cochain complex Ck .. ([¢], [7]) (via the canon-
ical Galois descent datum) which is isomorphic to the Herr complex C*(M).
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9.4. Higher cup products

Let B be an abstract group which can be written as a semi-direct product £ x . Write ad :
£ — Aut(Y) for the conjugation action. Let 3 C U be the center of 4. Assume there is a group
automorphism 7 : P — P such that v(U) C U and v(3) C 3; and there is a group endomorphism
¢ P — P such that p(U) C U and p(3) C 3.

For a, B € B, define (o, B) := v(a) 13 Lap(B).

9.4.1. Lemma Write o = oy, where o € £ and «, € Y. Write 8 = 5;5, where §; € £ and 3, € 4.
Assume Aoy, 5) = 1.
(1) We have
A(a¢ 5) = V(OZU)_I adﬁ/(al)(ﬁgl) adap(,ﬁl)_l (au)@(ﬁu)
(2) Let 2,2 € 3. We have

/\(az, ,32/) - /\(a7 B)’Y(Z)_l ad’y(al)(z/)_l adcp(ﬁl)*l (Z)(p(zl)

So Maz, B2")A(a, B)~! € 3. Since 3 is an abelian group, we switch to the additive notation, and
write

)‘<O‘Z> BZ/))\(Q, 5)_1 - <_7 + ad(p(ﬁl)*lxz) + (QO - ad'y(al))<z/)
Proof. Both (1) and (2) are proved by fully expanding the left-hand side and regroup terms. d

Now let “P be a parabolic subgroup of “G. Write “P = I x U where 'L is a Levi subgroup and U
is the unipotent radical. We have the upper central series

1=UycU;C---CcU,=U

where UZ-+1/UZ- is the center of “P/U;.

Write ad’ : “I — GL(U;/U;_1) for the adjoint action. ‘

Let A be a finite type Z/p®-algebra. Let ([¢:],[vi]) € F;,LP/Ui(A)’ Write [¢;] = [¢r][04] Where
(] € LL(A) and [¢};] € (U/U;)(A); and write [yp] = [vz][h{;] where [y] € L'L(A) and [y;] €
(U/U;)(A). Fix an isomorphism b : U;/U;_1 = GP*. By abuse of notation, write adf, | for the matrix

bo ad@m ob~! € GL(GY*).

9.4.2. Lemma We have

(ady,p,adj,,p) € Fig

K,GL(G®*) (4).

Proof. We need to show adf¢L] go(adf%]) = adf%} v(adfm}), which follows from [¢1]e([vz]) = [ve]v([oL])

once we show p(adf, |) = adl, .

Write A;; for the 7, j-th entry of the matrix adf,m. Write e; : G4 — GP* for the embedding into the
i-th direct summand. We have

yelb™ ()]~ = ZAijb—l(e,-).

i

Since b commutes with ¢, we have cp(adhL]

) = adiq, -

Consider the Herr complex CE}Herr(adf%], adf%]).
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9.4.3. Lemma Let [¢;_1] and [¢;_1]" ([1:—1] and [y;_1]’, respectively) be two elements of P/U;_1(A)
which lifts of [¢;] ([i], respectively). We have

)‘([¢i—1]? [72'—1]))‘([¢i—1]/? [77?—1])_1 € B%‘7Herr(adf¢L]a adffyL])'
Proof. Tt follows from Lemma 9.4.1 and the definitions. OJ
9.4.4. Definition Let ([¢:], [vi]) € F}. Lp U, (A). Let [¢i—1] and [y;—1] be two elements of P/U;_1(A)
which lifts of [¢;] and [v;], respectively. The element
(Gt i 1) € HE gne(adiy, adi, )
does not depend on the choice of lifts [¢;—1] and [y;—1]. Denote [A([¢i—1], [1i—1])] by p([¢:], [vi]) and
call it the generalized cup product of ([¢:], [i])-

9.4.5. Lemma Let ([¢:],[v]) € F). L/,

of a certain cohomology type in the sense of 8.2.2. ' '
Then the generalized cup product p([¢;], [vi]) lies in H%Herr(adf%], adfn]), and vanishes if and only

if ([¢i], [vi]) admits a lift in F, LP/U-_l(A)‘

(A). Assume (adfm],adf%]) defines an étale (¢, I')-module

Proof. 1t is clear that the image of
A([(Z)i—l]? [’Yi—l}) S C%,Herr(adfgsL]a adf»yd)

in H%,Herr(ad@)ﬂ’ adf%}) vanishes if and only if ([¢;], [1i]) admits a lift in F7) LP/U-_l(A)' By Lemma
9.1.4, ([¢i], [v:]) admits a lift in wF,Iy(,LP/U,-_l (A), and thus we have

)‘([¢i—1]? [72'—1]) € C%(,Herr(ad@)L]a adf—yL])'
By Proposition 8.2.3,
H12(7Herr(adf¢L]7 adf»yL]) — H%'7Herr(a‘df¢L]a adf»yL])
is injective. Therefore the image of A([¢p;—1], [yi—1]) in H%Herr(adfm],adfvd) also vanishes. Since

M1)€ B (a1, ), we canwrite M{gu1 ), (i) = d(6.] b)) for some (6], 1)) €
C}<7Herr(adf¢L], adp, ). It is easy to verify that ([pi1ll=] " [viallrvl ™) € FIZ,LP/Ui_l(A)' O

10. Noetherianness and algebraicity of X

10.1. Parabolic étale (¢,I')-modules The following lemma is the motivation of Definition 10.1.2.

10.1.1. Lemma Let A be a finitely presented Z/p®-algebra and let Spec A — X' 1; be a morphism.
There exists a finitely presented affine Z/p®-scheme Spec B = Spec By [[ Spec Bo [ - - - [ [ Spec Bs and a
scheme-theoretically surjective morphism Spec B — Spec A such that the composite Spec B; — X 1

corresponds to an étale (i, I')-module F with “G-structure and B;-coefficients which is frameable and
of a certain cohomology type.

Proof. See the remarks in Definition 8.2.2 and Proposition 9.1.2. O
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10.1.2. Definition An étale (¢, I')-module with “G-structure and A coefficients is said to be basic
if it is frameable and of a certain cohomology type. By abuse of notation, we say the corresponding
morphism Spec A — Xy 1 is basic.

10.1.3. Coarse moduli space Let X be an algebraic stack. The coarse moduli sheaf of X is the
sheafification of the presheaf

XC : Spec A +— {isomorphism classes of objects of X'(Spec A)}.

We say XC is the coarse moduli space of X if it is representable by an algebraic space.

10.1.4. Definition Let “P be a parabolic subgroup of G, with unipotent radical U and Levi subgroup
Ly, Write 1 = Uy ¢ Uy € --- C U, = U for the upper central series of U. Write ad’ : ’L —
GL(U;/U;-1) for the adjoint action. A morphism Spec A — Xy rp/y, is said to be U-basic if the
composition

dS
SpeCA — XK,LP/Ui — XK,LL a—> XK7GL(U5/US_1)

is basic for 1 < s < n.

10.1.5. Lemma Let A be a reduced, finite type Z/p® algebra, and let Spec A — Xk 1p/y, be a U-basic
morphism. Write X4 for

SpeCA X XK,LP/Ui_l‘

XK,LP /U;

The image of X4(F,) in (Spec A)(F,) is a closed subset of (Spec A)(F,), and thus determines a closed
subset Z of Spec A. Equip Z with the induced reduced scheme structure and write Z = Spec A/I.
Then Spec A/I — X 1py, factors through a basic morphism Spec A/I — X 1p/y, -

Proof. Since Spec A — X 1p Ju, is U-basic, the cohomology of Herr complexes
H*(C*(ad"))

is a locally free coherent sheaf over Spec A. Write Z for Spec Sym(H?(C*®(ad’))). The morphism
Z — Spec A is a vector bundle of rank r. The formation of the generalized cup product (Definition
9.4.4) is compatible with base change, and thus (via the functor of points interpretation of schemes)
defines a morphism p : Spec A — Z by Lemma 9.4.5. We can check that p is a closed immersion,
using, for example, the Noetherian valuative criterion for properness. Write Zy = Spec A for the zero
section of the vector bundle Z over Spec A. The set Z is the intersection of Zy with the image of p,
and is thus a closed subset of Zj.

It remains to show the morphism Z = Spec A/I — X 1py, admits a lift to Xx rp,y, . We adopt
the notation used in Definition 9.4.4 and work with framed étale (¢, I')-modules. The morphism
Spec A/I — X rpy, can be presented by an object ([¢:], [vi]) € F;,LP/Ui (A/I). Let ([¢i—1], [vi-1]) €
wF}(,LP/Ui_l(A/I) be an arbitrary lift of ([¢;], [vi]). Since A([¢i—1], [vi-1]) € B%(,Herr(adfm]a adp, 1) by
Lemma 9.4.5 and the definition of Spec A/I, there exists an element ([¢.], [v2]) € O}{,Herr(adl['dq,}’ adf%])
such that d([¢z]a ['72]) = A([¢i—1]7 ['71‘—1])' The pair ([(bi—l][qsz]ilv ['71'—1]['72]71) € F;,LP/Ui_l(A)’ and

thus defines a basic morphism Spec A/I — Xg 1p/y, - O
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10.1.6. Corollary The coarse moduli sheaf of the stack X4 = SpecA ~ x X rp/y, , considered
K,Lp/u;

in Lemma 10.1.5 is representable by a finite type scheme. Indeed, after possibly replacing Spec A by

a Zariski cover, there exists a commutative diagram of scheme morphisms

(X4)¢ = Spec A/T x GP™

~N

Spec A
Proof. Since Spec A — X 1py, is U-basic, the cohomology of Herr complexes
H'(C*(ad"))

is a locally free coherent sheaf over Spec A. After possibly replacing Spec A by a Zariski cover, we can
assume H'(C*(ad’)) is free of rank m. Tt is also harmless to replace A by A/I. Let {x1,...,2,} be
a basis of H'(C*(ad®)). As in the proof of Lemma 10.1.5, we will freely use the notation introduced
in Definition 9.4.4.

The morphism Spec A — Xy 1pp, is presented by a pair ([¢4], [vi]) € F). Lp/u; (A). Each xj, can be
presented by a pair ([¢}], [y}]) € Zl(C"(ad[m], adf%])). Lemma 10.1.5 shows that there exists a lift

Spec A — Xy 1p,y, ,, which is presented by a pair ([¢;-1], [vi-1]) € F}, (A). We construct a

K,LP/U;_
morphism

f:Spec A x GE™ 5 (x4)¢
sending (t1,...,ty,) to

([fi-a) TT [t via] [T 1E62])
k=1 k=1

It is clear that f is a sheaf-theoretic bijection. O

10.1.7. Corollary X4 is isomorphic to the quotient stack [(X4)¢/H(C*(ad"))].

Proof. Morphisms in the category X4 are morphisms in Xy rp,y,_, that are sent to the identity
morphism in Xy rp,y,; thus they are conjugations by unipotent elements in U1 /U;. Calculation
shows the stabilizer subgroup of the group unipotent conjugations is identified with H°(C*(ad?)). O

10.1.8. Proposition Let Spec A — X 1;, be a basic morphism. The fiber product

Spec Ared X Xgip
XK,LL 7

is representable by a finite type reduced algebraic stack X4 p over SpecF. Moreover, the morphism
Xa,p — X Lp is relatively representable by basic morphisms.

Proof. Combine Lemma 10.1.5, Corollary 10.1.6 and Corollary 10.1.7. O
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10.1.9. Lemma If there exists a reduced finite type Z-algebra A and a surjective morphism Spec B —
Xk 1, then there exists a reduced finite type Z-algebra B and a surjective morphism Spec B — Xk rp.

Proof. By Lemma 10.1.1, there exists a scheme-theoretically surjective, basic morphism Spec A —
Xy 1y, By Proposition 10.1.8, Spec Ajeq X X zp is a finite type algebraic stack over Z/p®. Choose
; X ;

K,LL
a smooth cover Spec B of Spec Areq X Xj rp and we are done. O
K,LL

10.2. The representability of A,
The only non-formal part of the proof is to construct finitely many Noetherian closed substacks of
X1 whose Fy-points jointly exhaust the F,-points of Xr.

10.2.1. Theorem (1) The reduced Ind-algebraic stack Xig ,.q is an algebraic stack, of finite presen-
tation over [Fy,.

Assume either a =1 or E/Q, is a tame extension.

(2) Xr admits a nice obstruction theory in the sense of [EG23, Definition A.32].

(3) Xig is a Noetherian formal algebraic stack over Z/p®.

Proof. By Lemma 7.3.9, it suffices to show the representability of Xp 1 = X1, . By the independence
of the splitting field (Proposition 7.2.5), we can assume G is a split group and G =La.

(1) We apply induction on the dimension of G. The base case in our induction is when G is a torus
(Lemma 7.3.2).

By induction, we assume for all proper Levi subgroups L of G, XLy, is an algebraic stack of
finite presentation over F,. By [L23], if a continuous homomorphism Galx — G(F,) does not factor
through any proper P, it must factor through S where S is an elliptic tame torus of G. For each
stable conjugacy class [S] of elliptic tame tori, choose a scheme-theoretically dominant morphism
Spec Bg — Xig 1eq- By Lemma 10.1.9, for each geometric conjugacy class of proper parabolic P of G,
we can choose a surjective morphism Spec Bp — Xy Lp. Write

Spec B := (H Spec Bg) 11 (H Spec Bp),
S P

which is a finite type (=finitely presented) Z/p"-affine scheme. Recall that Xig = lim Xig, is a

m

directed colimit of algebraic stacks of finite presentation over F, (see 6.1.5 for the Ind-presentation),
where all transition maps are closed immersions. By [EG21, Lemma 4.2.6], the morphism Spec B —
Xrq factors through one of Xig ,,,. Write Z for the scheme-theoretic image of Spec B in (Xig p,)red-
By the definition of scheme-theoretic image, Z < XL 14 is a closed immersion. Let Spec A — Xig 1eq
be a morphism where A is a reduced finitely presented Z/p®-algebra. By the definition of Spec B,
Z XX, Spec A — Spec A is a surjective closed immersion of reduced finitely presented Z/p*-affine
scheme, and is thus an isomorphism. Since X1 req 18 limit-preserving, Z < Xig 1oq 18 an isomorphism.

(2) It is Proposition 8.1.5.

(3) By (1) and Theorem 7.1.2, X1 is, when regarded as a locally countably indexed algebraic stack
(see [EG23, Proposition A.9]), Ind-locally of finite type over Z/p* ([EG23, Remark A.20]). It follows
from (2) and [EG23, Theorem A.33] that X% is locally Noetherian and hence Noetherian. O
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10.2.2. Corollary If G splits over a tame extension of Q,, then Xi is a Noetherian formal algebraic
stack over Spf Z,.

Proof. Tt follows from Theorem 10.2.1 and Proposition [EG23, A.13]. O

10.3. Some functorial properties of X
We record some standard functorial properties in this subsection which will be used frequently in a
subsequent paper to calculate the dimension of Xr.

10.3.1. Definition Let X and )Y be Ind-algebraic stacks that are of Ind-finite type. A morphism
f: X — ) issaid to be of strongly Ind-finite type if we can write X = h%m X and Y = hﬂ Y where

m m
transition maps are closed immersions such that f(X,,) C ), and f is of finite type when restricted
to each A,,.

10.3.2. Lemma Let f : /G — “H be an L-homomorphism. Then the canonical morphism
Xig — Xy
is of strongly Ind-finite type.
Proof. See Paragragh 6.1.5. (|

10.3.3. Lemma Let G, G2 and G3 be connected reductive groups, together with L-homomorphisms

Gy — G5 and 'G5 — 'G5. Let H be a reductive group such that “H = Gy x G,
LG3
There is a canonical isomorphism

XLGl X XLGQi)XLH.
LG3

Proof. By the previous lemma, there is a commutative diagram

Xy — Xig,

L

R ——

So there is a morphism Xiy — Xrg, X  AlLg, by the definition of fiber product. It remains to show
LG3
it is an isomorphism. The Lemma follows from Theorem 2.7.3 and Theorem 7.1.2. U
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A. Drinfeld’s descent theory and twisted affine Grassmannians

A.1. Descending G-torsors Let R be a ring which is not necessarily noetherian.

A.1.1. Lemma (1) Let M; — My — M3 be a sequence of R((u))-modules. Let R — S be an fpqc
ring map. Assume 0 — M ®p(u)) S((u)) = M2 @p(w)) S(w)) = M3 ®pg()) S((u)) — 0 is a short
exact sequence of finitely generated projective S((u))-modules, then 0 — M; — My — M3 — 0 is a

short exact sequence of finitely generated projective R((u))-modules.
(2) The same is true for R[[u]].

Proof. (1) By [EG21, Theorem 5.1.18], each of M; is finitely generated projective. By Lemma 2.5.4, it
suffices to show that if f : Spec.S — Spec R is surjective, then each closed point of Spec R((u)) is con-
tained in the image of f. Let p be a maximal ideal of R((u)). Then po := {Leading coefficient of f|f €
p} is a proper ideal of R. Since Spec S — Spec R is surjective, ppS # S. Hence pS((u)) # S((u)), and
Spec S((4)) Xspec R((u)) SPec R((u))/p is non-empty.

(2) The proof is completely similar to that of (1). O

Let G be a smooth affine group scheme of finite type over O whose connected components all admit
an integral point. For an O-scheme X, let G Torx be the category of G-torsors over X.

Let f Repg(O) be the category of linear representations of G on finitely generated projective O-
modules.

We recall the following theorem of [Lev15, Theorem 2.1.1].

A.1.2. Theorem Let X be an algebraic space over Spec O. Then there is an equivalence of categories
F:GTorx = [/Reps(0), Vectx]®, which commutes with arbitrary base change on X.

Proof. [Lev15, 2.1.1] or [Lev13, 2.5.2] proves this when G is a group with connected geometric fibres
and when X is a scheme. However, the connectivity requirement is only used to guarantee that Og is
O-projective.

The algebraic space case follows formally from the scheme case by descent. O

We fix some notations. Let P be a G-torsor over X. Let r : G — GL(V') be a representation of G.
Set P x9V := F(P)(r). Also denote by P x9 GL(V) the principal bundle associated to P x9 V.

A.1.3. Lemma Let R — S be an fpqc ring map.

(1) The category of G-torsors over Spec R((u)) is equivalent to the category of G-torsors over
Spec S((u)) with descent datum.

(2) The category of G-torsors over Spec R[[u]] is equivalent to the category of G-torsors over
Spec S[[u]] with descent datum.

Proof. Follows formally from Lemma A.1.1 and Theorem A.1.2. a

A.2. The F-twisted affine Grassmannian This main result of this section is an elaboration of
the remark under Propositon 3.8 of [Dri06]. The terminology “F-twisted affine Grassmannian” also
comes from [Dri06].

Let R be an arbitrary ring. Let G be a smooth affine O-group scheme of finite type.

We fix some notations. Write Dg for Spec R[[u]] and D7, for Spec R((u)). Let X be an R-scheme
and let R — S be a ring homomorphism. Write X ®g S for X Xgpec R Spec S.



THE EMERTON-GEE STACKS FOR TAME GROUPS, 1 61

Let P be a G-torsor over D¥%. Define the groupoid Grp over Spec R as follows. Let R — S be a
ring homomorphism. Set Grp(S) to be the groupoid of pairs (T, 7) where T is a G-torsor over Dg and
~ is an isomorphism T'| D 5 P x D3, D%. Note that when P = Gr := G ®o R is the trivial G-torsor,
Grg, is the usual affine Grassmannian.

As a consequence of Lemma A.1.3, the groupoid Grp is stacky. Moreover, because of the framing,
Grp is a setoid.

A.2.1. Lemma When G = GLy, the groupoid Grp is representable by an ind-proper algebraic space.
Proof. Tt is [Dri06, Proposition 3.8]. O

A.2.2. Let R — S be a ring homomorphism. By unwinding the definitions, there is an isomorphism
of groupoids Grpy ), Dy = Grp X Spec R Spec S.
R

Let i : G — GLy be a closed immersion, then there is an obviously defined pushforward morphism
ix : Grp — Gr;, p, where i, P :== P x9 GLy.

A.2.3. Lemma Assume G be a connected reductive group scheme over O. Let R — S be a ring
homomorphism. Then the map | Grp(S)| — | Gr;, p(5)] is injective.

Proof. Suppose |Grp(S)| # 0. Let (T,v) € Grp(S). Since G is smooth, there is an étale cover
Spec S” — Spec S such that T'x pg Dy is a trivial G-torsor over Dgr. Now that Grp Xgpec g Spec S’ —
Gr;, p Xspec g Spec S’ is relatively representable by a closed immersion (see, for example, [Levl3,
Corollary 3.3.10]). By descent ([Stacks, Tag 04SK] and [Stacks, Tag 0420]), Grp Xspec r SpecS —
Gr;, p XSpec B Spec S is also relatively representable by a closed immersion. Hence | Grp(S)| — | Gr;, p(5)]
is injective. g

A.2.4. Lemma The morphism of groupoids Grp — Gr;, p is relatively representable by a closed
immersion.

Proof. Fix (M,vn) € Gry,p(R). Write X for Grp xqr,, » Spec R, An object of X (S5) is a pair
((T,7),a) where (T,7) € Grp(S) and « is an isomorphism i,T = M ®py, S[[u]] which is com-
patible with + and ;.

Define the groupoid Y over R[[u]]-algebras as follows: set Y (B) to be the groupoid of pairs (T, «)
where T is a G-torsor over Spec B and « is an isomorphism 4,7 — M ® R« B- Let R — S be a ring
homomorphism. There is a map X (S) — Y (S[[u]]) which sends ((T,7), «) — (T, «). By Lemma A.2.3,
the map |X(S5)| — [Y(S[[u]])| is injective. It is standard that Y is represented by an affine scheme
(namely, by M <G~ (GLy /G)). The image of X (S) are objects (T, ) of Y (S[[u]]) whose restriction
on Dy is (P xpx, D§, (P — ixP) X pz, D%). By [Levl3, Lemma 3.3.9], there exists a closed subscheme
Spec R/I C Spec R such that | X (.5)] is non-empty if and only R — S factors through Spec R/I. Hence
X = X Xgpec rSpec R/I. By replacing R by R/I, we can assume X (R) # (). Now that there is an fppf
ring map R — S such that P xp« D% is a trivial G-torsor; and X Xgpec r Spec S = Grg X Grar,y Spec S,
which is well-known to be a closed subscheme of Spec S. This lemma is now proved by descent. [

A.2.5. Lemma Let X be a closed subscheme of the ind-scheme Grp. There is a Nisnevich cover
Spec S — Spec R such that X Xgpec g Spec S is a projective scheme over Spec S.

Proof. By Lemma A 2.4, it is reduced to the GLy-case ([Dri06, Proposition 3.8]). O
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B. Tannakian categories

An exact category is an additive category where a class of short exact sequences is specified. An
exact functor is an additive functor which takes a short exact sequence to a short exact sequence.

A monoidal category is a tuple (C,— ® —,I) where C is a category, — ® — : C x C — C is a
bifunctor called the tensor product, and I is an object of C called the unit object. For a pair of
objects (X,Y), the internal Hom Hom(X,Y") (if it exists) is defined to be the object representing the
functor T — Hom(T ® X,Y). For an object X, the dual XV (if it exists) is defined to be the object
representing Hom (X, ).

Let C, D be monoidal categories. A lax monoidal functor from C to D is a pair (F,«) where F' is a
functor from C to D sending I to I, and « is a natural transformation from the bifunctor F(—)® F(—)
to the bifunctor F/(— ® —) satisfying some coherence conditions. F' is said to be a strict monoidal
functor if « is a natural isomorphism. If a strict monoidal functor has a right adjoint functor, then
the right adjoint functor is canonically a lax monoidal functor.

Let C be an exact monoidal category. An object X is said to be an invertible object if the functor
— ® X is an exact equivalence.

Let D, £ be exact monoidal categories. Denote by [D,€]® the category of faithful, exact, strict
monoidal functors D — £. A morphsim « : F' — G is a natural transformation satisfying aagp =
ag ®ap for A, B € D and o = id.

A rigid category is a monoidal category C such that (1) internal Hom always exists; (2) the morphism
Hom(X7,Y1)®Hom(X,Y2) - Hom(X;® X2, Y1 ®Y3) is an isomorphism for objects X1, Y7, X5 and Ys;
(3) the morphism X — (XV)V is an isomorphism. A strict monoidal functor between rigid categories
automatically preserves inner Hom and duality [DM82, Proposition 1.9].

A monoidal category is said to be a symmetric monoidal category if it is equipped with a natural
isomorphism sj g : A ® B — B ® A satisfying the obvious coherence conditions.

B.0.1. Let Z be a scheme. The category Cohyz of coherent sheaves on Z is an abelian symmet-
ric monoidal category. The category Vectz of finitely generated projective Oz-modules is an ex-
act symmetric monoidal category. Let f : Z — Y be a proper morphism. The pullback functor
f* : Cohy — Cohy is a strict monoidal functor, and hence its right adjoint f, : Cohy — Cohy is a
lax monoidal functor. '

B.0.2. Setting and some monoidal categories Let R be a ring. Let Z be an R-scheme. Let
U C Z be an open dominant subscheme. Let ¢ : Z — Z be a morphism which map U to U.
e Define Cohy y , to be the category of coherent Oz-modules F, together with a homomorphism
¢ ¢*Fly — Flu (which we call a p-structure).
e Define Coh%tywp to be the full subcategory of Cohz y , consisting of objects whose ¢-structure
is an isomorphism.
e Define Vectzy,, (resp. VectéZt’U’sp) to be the full subcategory of Cohzy,, (resp. CohéZEUN,)

consisting of finitely generated projective Oz-modules. Note that VectéZt”EL is also a full
subcategory of Vectyz ..

We also call objects of CohéZﬁUﬁp modules with étale p-structure.

NWhen f : Spec B — Spec A is a morphism of affine schemes, the lax monoidal structure of f. is given by the map
M®aN—M®gN.
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Lemma The category VectéZEU’w is an exact, rigid, symmetric monoidal category.

Proof. Since the inverse image functor ¢* is a strict monoidal functor, the tensor product of two étale
¢-structure is an étale ¢-structure. The unit object in VectéZt’UM is the structure sheaf Oz together
with the identification ¢*Oz = Oy Ru-10, Oz = 0O0y.

Moreover, since the inverse image functor ¢* preserves the sheaf Hom, internal Homs in VectéZﬁUW
are representable.
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