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ABSTRACT. Let F/Q, be a finite extension and let G be a connected reductive group with connected
center satisfying p > hs. We write down explicit polynomial equations for the reduced Emerton-Gee
stacks (the Borel and the twisted Borel versions that jointly cover the entire nge d), by introducing
the mod p Weil-Deligne stacks capturing derived structures of (p, I')-modules in reduced families.

This allows us to algorithmically compute the set of irreducible components of X’ G@?e 40 thereby es-
tablishing its equidimensionality, and the existence of crystalline lifts by showing the total number of
irreducible components equals the number of (mod p) crystalline (or potentially semistable) compo-
nents. The last step of the arguments is to interpolate the rigid analytic Weil-Deligne stacks and the
mod p Weil-Deligne stacks to deduce the number of potentially semistable components.

An initial implementation of the algorithms based on Grobner basis establishes the existence of
crystalline lifts in the G = F, case for all F/Qp, and in the remaining G= E¢, E7, and Eg cases for all
but finitely many F/Q,.
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1. INTRODUCTION

Let F/Q, be a finite extension and let G be a connected reductive group with connected center.
The assumption that p > h is in force throughout the paper to enable the Baker-Campbell-Hausdorff
formula and the truncated log¢ hes and XD, -

We make major progress towards the open problem of the existence of crystalline lifts:

Theorem 1.1. (Theorem 16.5) If G = Fy, then all Galp — G(F,) have a crystalline lift.

dirSG; then all Galp — é(fp) have a crystalline

If G is an arbitrary reductive group and [F : Q] >
lift.

An algorithm (c.f. github.com/mocham/A1gEG for the implementation) is presented in Section 15
to resolve the remaining small field cases. Experiments show that a computationally efficient cone
model suffices for our purposes, and thus the bottleneck is the very large number of parallelizable
tasks rather than the computational cost of a single task. A complete resolution of this project seems
realistic given abundant computing resources.

Our method is based on explicit polynomial equations for the reduced Emerton-Gee stacks. The
structure of the polynomial equations yields the following purity result that is worth recording:

Theorem 1.2. (Corollary 6.9) Write B for the Borel of G. If dim Xg?ed < [F : Q) dimG/B, then
Xg?ed is equidimensional of dimension [F : Q,] dim G/B.

As opposed to our earlier expectation, X g?e 4 can have more irreducible components than Xg?e &

Theorem 1.3. (Proposition 1.2, Corollary 15.8) Let G = Fy.

EG EG T - :
o If P # Qp, then Xé,rcd - Xé,rod induces a bijection of irreducible components.

o If F =Qp, then ng’ed 18 still equidimensional but has 4 extra irreducible components compared

EG
to that of Xé,red'

S ) . ) dim & EG EG
On the other hand, if G is an arbitrary reductive group and [F : Q,] > <5, then Xé,red — Xé,red

induces a bijection of irreducible components.

Analysis of the moduli of Weil-Deligne representations in characteristic 0 (that dates back to Kisin
[Kis08]) shows that the (reduced) special fiber of a crystalline stack of regular Hodge type is necessarily
equidimensional of dimension [F': Q] dim G/B. Combining this with the purity result (c.f. Theorem
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1.2), proving and disproving the existence of crystalline lifts both amount to counting the number of
irreducible components.

The starting point of this paper is to mimic Kisin’s approach of analyzing the generic fiber of
the potentially semistable deformation rings using the Weil-Deligne moduli space, and to study the
geometry of the reduced Emerton-Gee stacks by constructing a mod p version of Weil-Deligne stacks
that parametrize pairs (7, N) where 7 is a semisimple Galois representation and N is a monodromy
operator. These ideas are implicit in our previous work [Lin25], where we geometrize the Serre weights
(a mod p notion) as irreducible components of the rigid analytic Borel-valued Weil-Deligne stacks.

Before we explain our methods, we briefly review the past works.

1.1. Past works.

1.1.1. [EG23] initiated the use of the reduced moduli stack of étale (p,I')-modules to study the
existence of crystalline lifts. They solved the GL,-case by induction on n. Let p: Galp — GLy(F,)
be a mod p Galois representation and let @ : Galp — GL,,(F,) be an irreducible mod p Galois
representation together with a fixed lift «, they proved the following criterion via ingenious Galois

cohomology techniques:

() If the locus where dim Ext?(@, —) > n has codimension at least n in ngmred, then

each extension class [¢] € Ext!(a, p) is in the image of Ext!(a, p) — Ext!(a,p) for a

suitable crystalline lift p of p.
The existence of crystalline lifts for GL,, is thus reduced to dimension counting: cut ng'mred into
many strata, and show the obstruction dimension is smaller than the codimension over each stratum.

For general reductive groups, we can try to adapt the strategy to an induction on Levi subgroups:

For a parabolic subgroup P = U M 4 M where U M is the unipotent radical, we can try to lift extension
classes H(Galp, UM(F,)). The issue is that UM is a non-abelian group for other reductive groups, and
HY(Galp,UM(F,)) lacks meaningful algebraic or geometric structures for a similar analysis. The even
more serious issue is that this approach implicitly assumes that a P-valued mod p Galois representation
always admits a P-valued crystalline lift. Even though we don’t know of a counterexample yet, we
see Theorem 1.3 as strong negative evidence for this — a generic F,-point on the 4 extra irreducible
components likely does not have a Borel-valued lift.

Remark 1.4. We did manage to extend the methods of [EG23] to the case of classical groups (c.f.
[Lin25B]). The key is that UM is very close to being an abelian group when M is a maximal proper
Levi. The dimension counting process is much more complicated compared to the GL,-case as each
stratum is no longer an affine space but is rather an affine cone.

1.1.2. Reflections on [EG23]. The main application of the existence of crystalline lifts in their work
is the so-called qualitative Breuil-Mézard conjecture, which asserts that CHtOp(XEgd) is a free abelian
group generated by the Serre weights.

In their work, H!(Galp, UM (F,)) is very structured while CHyop (XFC ) seems to be a structure-less

object. This explains why they exploit H'(Galp, U M (F,)) to calculate CHyqp (ngd).

The situation changes for general reductive groups: H'(Galg, U M (F,)) is now completely structure-
less. However, CHtop(Xg?e d) is a structured object, through its connection to the (rigid analytic)
Weil-Deligne stacks. 7
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1.1.3. In his PhD thesis [Mul3], Muller constructs crystalline lifts for GLy and GL3 using explicit
unramified twists.

His method relies on strict genericity conditions on the relative positions of the Galois cohomology
classes, which are not satisfied in full generality for GL4. Nevertheless, it is powerful enough to show
sufficiently generic Galois representations have a crystalline lift, which is, surprisingly, sufficient from

the perspective of Theorem 1.2 — if XEG is already known to be equidimensional and generic points

red
of Xg?e 4 have crystalline lifts, then all points of Xg?e 4 have crystalline lifts. Indeed, in an early

draft of this paper, we didn’t know that an explicit presentation of the reduced Emerton-Gee stacks
would exist, and we still managed to prove Theorem 1.2 using very indirect methods, and proceeded
to establish the existence of crystalline lifts for Fy using Muller’s methods.

1.2. The strategy.

1.2.1. Insights from rigid analytic geometry. The story begins with our previous work on the rigid
analytic Weil-Deligne stacks. We recall the following theorem:

Theorem 1.5. ([Lin25, Theorem 6]) Let p : Galp — M(Qp) be a potentially semistable representation
whose Hodge type is P~ -dominant. Endow Lie UM(QP) with Galp-action via adp.

Any o' : Galp — P(Qp) such that p' xF M = p is automatically potentially semistable of the same
inertial type, with its possible Weil-Deligne types parameterized by H?(Galp, UM(QP)).

This theorem suggests that if we write X, = .’fﬁ;rys’A’T for the rigid analytic moduli stack of
potentially crystalline Galois representations of Hodge type A and inertial type 7, and write 2p — X,
for the morphism relatively representing the groupoid

(SpA — X;;) = {Weil-Deligne representations (r4, N4) whose M-semisimplification is Dyt (Va)}
where D, is Fontaine’s functor that sends a potentially semistable Galois representation (or a filtered
(¢, N)-module) to a Weil-Deligne representation and V4 is the universal family over Sp A, then fibers
of Wp — X, are precisely the 2-cohomology H?(Galg,UM).

Moreover, if we write Xp = .’{II’JSt’A’T for the moduli of potentially semistable P-valued Galois repre-
sentations, then there is a canonical commutative diagram

Xp WD Wp
Xyr
where WD is the geometrization of the Dy (V4) functor. The morphism WD induces a bijection
between irreducible components of Xp and Wp.

Example 1.6. We consider the case where G = PGLy and F = Qp- Then M =T = Gy, Suppose
7 is the trivial inertial type and that A = —1 (the Barsotti-Tate case). Then X, = [&,,/®,,] where

6m = Sp Qp<Ti1>'
The morphism 2Wp — X, is relatively representable by the Tor presheaf

Sp A - Tor™ T (H2(Galp, U(Q(THY)), A)
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where H? should really be interpreted as Herr complex cohomology. We have

H*(Galp,U(Q(T™"))) = QT H/(T ~ 1)

and thus Wp — X, is relatively representable by

[Sp QT+, Y )/(Y(T = 1)) /] — [Sp QuXT™) /G-
Note that 20p has two irreducible components:

o (the Steinberg component) [Sp Q,(Y)/®,,], and
e (the non-Steinberg component) [Sp Qu,{T*1)/&,,].

On the other hand, the morphism
Xp—>Wp
relatively represents the connecting homomorphism § of the long exact sequence:
+
HY(Galp, U(Qu(T*Y)) @qcrery A — H' (Galp, U(A)) S Tor T (H (M, Q(T*)), A).
It is not hard to see 6 = Dy coincides with Fontaine’s functor.
The example above suggests that the Weil-Deligne construction has an alternative interpretation

as inherent derived structures. This suggests that a mod p Weil-Deligne functor is feasible, at least
for Borel-valued mod p Galois representations.

Notation 1.7. Write XGEG for the Emerton-Gee stacks.
Write

._ yEG
XT T X’f,red,[Fp

for the reduced torus-valued Emerton-Gee stack. Also write

Xy =XE6 x x
BBy yec
T,Fp

q

for the partially reduced Borel-valued Emerton-Gee stack.

1.2.2. Gauge cochains. Once we have obtained a mod p version of the Weil-Deligne stacks Wy, we
are able to exploit the morphism X3 — Wy to write down explicit polynomial presentations of X
for the small-rank groups PGLs and PGL3.

It is crucial that we are able to write down global equations for the small-rank groups, rather than
just local equations — we do need to understand how various strata are glued in a precise manner.

After analysis of the explicit universal families for PGLy and PGL3, we are able to recursively
define a minimal set of 1-cochains in Herr complexes called the gauge cochains for PGL,, such that
the universal family for X Brr, €A be expressed as a linear combination of the gauge cochains where

the coefficients are valued in a multivariable Laurent polynomial ring [, [tfl, ...]. Such a free linear

combination is not automatically a valid étale (¢, I')-module. Nevertheless, the structure of the gauge
cochains makes it easy to write down the polynomial constraints imposed on the coefficients.

The purity theorem (c.f. Theorem 1.2) follows from Krull’s Hauptidealsatz, once the polynomial
equations are written down.

These PGL,-constructions carry over to general reductive groups through the Baker-Campbell-
Hausdorff formula and truncated logarithm maps.
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1.2.3. The cone models. Directly using the polynomial equations to obtain the irreducible components
of X5 is not computationally viable. We make two optimizations:

e First, we can now divide A5 into many small strata and only compute the irreducible compo-
nents of these strata — thanks to the purity theorem.

e Second, over each stratum, we use the theory of Grobner bases to prove that the dimension of
the stratum will not drop after removing the cubic and higher degree terms.

It is a bit surprising that Grobner basis, which is mostly used for concrete computations, can be
utilized to prove abstract theorems.

The algebraic varieties (or stacks) defined by the truncated polynomial equations are called the
cone models.

It turns out that the cone model of each stratum is of dimension strictly smaller than the expected
dimension of X5, unless the cone model is smooth and is strictly isomorphic to the stratum itself, for
the cases covered by Theorem 1.1. We are thus able to compute the irreducible components of X'.

1.2.4. Unramified descent and the non-Borel valued mod p Galois representations. We reduce the non-
Borel-valued case to the Borel-valued case by unramified descent.

Indeed, if we want to write down global equations for open charts near a non-Borel-valued point,
then tame descent is required. Fortunately, we only need equations for (non-open) strata covering the
non-Borel-valued points, for which the unramified descent suffices.

1.3. Final thoughts. Many technical innovations are left out in the previous subsection, mainly
because they are too specialized to be placed in this introduction.

During the preparation of this paper, we feel the notion of “mod p Weil-Deligne stacks” should have
broader applications to the study of Galois deformation theory, integral p-adic Hodge theory, and mod
p (derived) Hecke algebra.

Our ad hoc constructions can probably be explained and vastly generalized by the theory of pris-
matic F-crystals/gauges. We hope to come back to this in a follow-up project.

This paper is divided into three parts:

e Part I is the study of the geometry of mod p Borel-valued Emerton-Gee stacks,

e Part II is the study of the geometry of mod p twisted Borel-valued Emerton-Gee stacks, and

e Part III is the study of an integral version of Weil-Deligne stacks and the existence of crys-
talline lifts.

1.4. Acknowledgements. We thank Yu Min and Yupeng Wang for helpful discussions, especially
Yu for explaining derived algebraic geometry to the author. We also thank Heejong Lee and Toby
Gee for helpful correspondences.

1.5. Use of AI. The original manuscript and the original github.com/mocham/A1gEG implementation
were written entirely by human.

Later, the author used DeepSeek Pro V4 and ChatGPT 5.6 Sol to fix typos and refractor the source
code; the refractoring is done mainly by a DeepSeek agent and the verification/testing is done by a
ChatGPT agent; the appendices are generated by a ChatGPT agent from the refractored source code.

We have instructed the Al to highlight all major changes colored as green, and we retain the coloring
in the arXiv version.
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Part I: The mod p Weil-Deligne stacks

2. GEOMETRIZATION OF THE MOD p LOCAL EULER CHARACTERISTIC

We have Gal(F), . /F) = Ap xI', where Ap is the torsion factor and I' = Z,,. Set Fye = F (e )AF.
We have Er = kp, . (TF)), where kf,, is the residue field of Fiyc.

2.1. Etale (p,I')-modules with coefficients. Let R be a commutative ring of finite type over [Fp
and let F'/Q, be a finite extension. Following the construction of Emerton and Gee, we consider the
period ring

EF,R = (@(E;/Tg) ®[Fp R) [1/TF]

n

An étale (p,I')-module over Ep i is defined as a finite projective Er g-module M equipped with a
semilinear I'-action and a semilinear p-action such that the linearized map ¢*M — M is an isomor-
phism.

2.2. Herr complexes. For an étale (¢,I')-module M over Ef g, the Herr complex Cyfy, (M) is 0 —
0

d dl
M 2 M@ M - M — 0, where the maps are given by:

d?{err(l‘) = ((QOM - 1)%, (fyM - 1):6)
dherr($7y) = (’VM - 1)I - (SOM - 1)y

For any algebra S of finite type over R, let Mg = M Qg , Ers. We define Z', B', and H' as
presheaves on the category of finite type R-algebras. Emphasizing the dependence on M, we write

ZZ(Mv S) = Zi(CI:Ierr(MS)) =: ZIZ;Ierr(MS)v
BZ(Mv S) = Bi(cﬁerr(MS)) =: Bﬁerr(MS)v
H(M, 8) = Hi(Clon(Ms)) = Hipone(Ms).

We note that while Z(M,—), BY(M,—), and H'(M,—) are generally only presheaves of Ogpec p-
modules, with the exception of H?(M, —) being a coherent sheaf over Spec R.

Remark 2.1. For the technical developments of this paper, all presheaves are understood as presheaves
over the big affine site. We warn the reader that the quasi-coherent sheaves over the big affine site
over Spec R do not form an abelian category, despite that they do form an abelian category over the
small Zariski site over Spec R. Kernels, cokernels and images are always taken over the big affine site.

We have the following observation:

Lemma 2.2. Suppose that R is a PID, and that M is an étale (p,I')-module over Spec R. There is
a surjective homomorphism of presheaves of Ogpec p-modules:

HY(M,S) — Torl'(H*(M, R), S).



8 ZHONGYIPAN LIN

Proof. By [EG23, Theorem 5.1.22|, Herr cohomology is represented by a perfect complex P* of finite
projective R-modules representing Herr cohomology and satisfying, functorially in R — S,

P* @Y S ~ Cpope(Ms).
Since R is a PID, the universal-coefficient spectral sequence degenerates to the short exact sequence
0— HYP*)®r S — H(P* ®g S) — Torf(H*(P*),S) — 0.
The base-change identification gives H(P*) = H'(M, R) and H(P* @ S) = H'(M, S), and hence
the claimed surjection. O

The presheaf Torf(H?(M, R), —) is often representable by a finite type affine scheme over Spec R:

Lemma 2.3. Let X = Spec R be an affine scheme, and let F be a coherent sheaf over X of projective
dimension < 1. Then Torf(F, —) is representable by a finite type scheme over Spec R.

Proof. Since pdg(F') < 1, we have a projective resolution:

0—>P1£>P0—>F—>O.

For any R-algebra S, we tensor this sequence over R with S. Since P, is projective, Tor{%(Po, S) =0,
which yields the exact sequence:

O—>Tor{%(F,S) —>P1®RS%>PO®RS—>F®RS—>O
From this, we can identify our functor exactly as the kernel of a map of projective modules:
.F(S) = TOI‘{%(F, S) =~ ker(P1 ®r S > Py®gr S)

We now show this kernel is representable. For any finitely generated projective R-module P, the
functor S — P ®pg S is represented by the affine group scheme V(P*) = Spec(Symp(P*)), where
P* = Hompg(P, R) is the dual module. Let W; = Spec(Sympg(P;)) for i = 0,1. The R-module
homomorphism ¢ : P| — Py induces a natural transformation of functors Wy — Wj.

The presheaf F is the kernel of the map W; — W) in the category of abelian group-valued functors.
Categorically, the kernel of a morphism to a group object is the fiber product over the zero-section:
F =W XWo {O}
where {0} = Spec(R) is the zero-section of the group scheme Wj. O

Example 2.4. Consider X = Spec[F,[t], and let F' be the skyscraper sheaf R/(t) supported as t = 0.
Then F itself is not representable by finite type schemes (or algebraic spaces) over X. On the other
hand, Tor;(F, —) is representable by the union of two axis lines: Spec[F[t, s]/(ts). Indeed, it is the
fiber at the zero section of the vector space scheme morphism
SpecF,[t, s] — SpecF,[t, s], (t,s) — (t,ts).

Even though the coherent sheaf F' is not representable by algebraic spaces. The stacky version of
F is indeed representable by finite type algebraic stacks. Consider the perfect complex

[c' > =[RS R],

supported in degrees —1,0. The strict Picard stack associated to the perfect complex [C~! — C?] is
representable by the algebraic stack

[SpecFp[t, s|/ SpecF,|s]]
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where the action is given by s- (t,s') = (¢,s' + ts). The two stacks [Spec[F,[t,s]/SpecFp[s]] and
SpecFp[t, s]/(ts) are Koszul dual to each other.

Lemma 2.5. Suppose R = F,[t,t 1] and let M be a rank 1 étale (¢, I')-module over R.
If HZ (M) ~ ]_[le R/(t — t;) for t; € F,, then Torf(H?(M, R), —) is representable by a scheme
obtained by gluing
SpecF,[t, t 1, si]/(si(t — t;))

over SpecF,[t,t71].

t=1t t =19 t =13
. O * Y SpecFp[t, t7]
t ¢ : 0 t2 3 P
Spec Fp[s1] Spec Fp[s2] Spec Fp[s3]

FIGURE 1. Illustration of Tory (H?, —)

Proof. This is Zariski local and, after reducing to k = 1, follows from Example 2.4. The resulting
scheme is precisely the union of the axis lines depicted above. O

2.3. Unramified extensions, and destackification. By the local Euler characteristics, for Galois
characters, we have dim H! = dim H® + dim H? + [F : Q,]. Lemma 2.2 and Lemma 2.5 can be
interpreted as a geometrization of the intuition that “H' contains H?”. In this subsection, we make
precise the “H' contains H°” counterpart.

Suppose R = [p[t,t7!], and let M be a rank 1 étale (¢,I')-module over R that parametrizes

[F:Ql+1 xe=1

here y; is a
[F : Qp] Xt # 1, v Xt

unramified Galois characters. We have dim Hfy (xt,Fp) =

[_Fp—ﬁber of M.
From the formula
d%err(x) = ((SDM - 1)'7:7 (7M - 1)33)’
we see that Bjj...(\t,Fp) contains the constant matrices (F,,0) if and only if x¢ # 1. The upshot is
that the constant matrices (Fp,0) © Z},,, are responsible for the dimension jump in H® and H!, via
the dimension drop in B!, when y; = 1:

([:Fp,O) = d%err(ﬂ?p)’ Xt #1
(F,0) " By, =0, Xt = 1.
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Definition 2.6. Let M be a rank 1 étale (p,T')-module over Fp[t,t 1]. We define the modified
complex Cfy,., , (M, S) by setting:
Clierr,+ (M, 8) := Clien(M, 5),
Cierr,+ (M, 8) = (S ®¢,, krye) @ Chiere (M, 5),
Clierr,+ (M, 8) := Clien(M, 5).

The differentials are defined as follows. For degree 0, we set:

d° (f) := (constant term of f, d%err(f )) M is unramified
Hornt ‘ (0, dOHerr(f ) M 1is ramified

where the constant term is evaluated in S ®f, kg,.. For degree 1, the differential is given by
dllierrﬂr(s’ ZL‘) = dIIJIerr(x)'

Here, the “constant term of f” depends on the choice of a basis element v € M§ = S ®r, kg,

Lemma 2.7. Let M be any rank unramified 1 étale (¢,I')-module over R = [F,[t*!]. We have
MT = [Fp[til] ®[Fp kFcyc‘

Proof. M' is a quasi-coherent sheaf whose [_Fp—ﬁbers are all isomorphic to [Fp ®F, kFéyc' So, MT
R®r, kpy, is finite free by Swan’s theorem.

e

Lemma 2.8. Then [Cf,, , (M, S)] is a perfect complex with Hﬂerr7+(M, S) =0and HIQ{GH,JF(M, S)
H (M, S).
Moreover, ker(H,, ;

rank ([F: Qp] + [kr,. : Fp))-

Proof. The perfectness of Cf{err, 4 follows from the perfectness of Cfy,.. It follows from the construction

(M,S) — Torft(H?

Herr

(M, R),S)) is a finite free coherent sheaf of constant

that HI(_)Ierr’Jr(M, S) =0 and HIQ{err’Jr(]\/[7 S) = HE,..(M,S). The rest of the lemma follows from local
Euler characteristic. U

The stackiness of the Borel-valued Emerton-Gee stacks originates from the H° terms. By using the

modified complex [Cfy,, . ], we can uniformly eliminate this stackiness.

3. DESTACKIFICATION AND COORDINATES

Let (G, B,T,{Xa}aen) be a split pinned reductive group over F, and let (é, B, T, {Ya}aen) be the
dual pinned group of G. Assume p > hs, where hy is the Coxeter number of G. In particular, the
truncated log induces an isomorphism

of schemes over [Fp.
Let U < B be the unipotent radical and consider the descending central series

i, _ JHieU k=1
"7 [LieU, LieUy 1] k> 1.
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and let Uy < U be the corresponding connected subgroup. Set Uy := Uy /Uy+1. Because p is a good
prime for G, the descending central filtration coincides with the height filtration, and we have
Uk = H Ua‘/a
ae®(B,T) ht(a)=k
where Uy < G is the root group of root o € ®(B,T). We remind the reader that ht (Y ep Na) =
> nq € Z, and that any positive root can be written as a sum ag + --- + a5 with each «; € A such

that any partial sum aq + - - - + oy is still a positive root in ®(B,T) (c.f. [Hum72, Lemma 10.2.B]). A
consequence of the partial sum property is that

(1) [Lie Uy, Lie Ug] = Lie Ug 1.
Definition 3.1. The k-th truncated Borel-valued Emerton-Gee stack for G is, by definition,
. . ._ yEG EG
try, X := XU/UkaT = XU/U,CHXT X XEG XT,red'

3.1. Destackification. For many technical applications, working with schemes or algebraic spaces is
preferable to working with algebraic stacks. To facilitate this, we recursively construct a destackifica-
tion XB —> XB
First, we fix a total ordering “<” of all positive roots <I>(f?, T)+ that is compatible with heights in
the sense that
a < = ht(a) < ht(p).!

For each a € ®(B,T)" of height h, the notation below is understood in the quotient U/Uj41. More
precisely, we define the successive subquotients

_ _ U/Uhn . U/Unhna
U<y = =———m——, Uiy = ————F—.
[1 g>a U~ [T sza U~
ht(3)=h ht(8)=h

The height-h root groups are central in U /Uy, 1; hence these quotients are well-defined and fit into an
exact sequence

12Uy =2 Ugq 2 Uy — 1.
Thus all root products appearing below are regarded as the corresponding subquotients. For ease of

; — . .— yEG Y
notation, set X<, := XU@NT = XU@NT“ XXJEG XT,red'

Our method of destackification is a natural geometric extension of Definition 2.6. Let o € ®(B,T)".
Let T" —» Gy, = G, be the morphism corresponding to the root a. Note that the unramified
locus of Ag,, , is a connected component. Over the ramified locus X<o — Ag,, ,, we simply define

[k"Fcyc :[FP]

Xga = Xeo X Gy . Write X< un © X<o be the open and closed substack that projects onto
the unramified locus of X¢,. Over the unramified locus, we construct a G,-torsor
Xga,un - Xéa,un

as follows: Consider a morphism Spec A — X<, un corresponding to an étale (¢, I')-structure on a
(U<q x T)-torsor P/, over Spec Ep 4, and set Py := Py xU<e*T (U_, T). The objects of the fiber

product X2, . Xxc, . Spec A are pairs (P}, £), where:

Lwe apologize for the non-standard notation as o < 8 usually means (8 — «) is dominant in the literature.
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o P isa (UcqxT)-torsor over Spec Ef 4 equipped with an identification P/ xU<e NTV(U<OC %T) =
Py.

e {: Py — P/ is a I-stable section of the natural projection P, — P4 . Here, a I-stable section
is the geometrization of the “constant term coefficient” in Definition 2.6.

Relation to the modified Herr complex. For a rank-1 module M over F,[t*!] that is the universal
unramified twist of a Galois character, an element x € M expands as x = >, a,Tp, after the choice
of a I'-stable generator. The constant term ct(z) = ag is the coefficient of T2. A section ¢ as above
corresponds to choosing a I'-stable element whose constant term is prescribed.

Lemma 3.2. We have [Xga/G?[kFcy":Fp]] ~ X<o-

=

. . krgyo:l
Proof. By construction X2, is a pseudo G?[ Feye'Fr]

[kFcyc [FP]

-torsor over X<,. We still need to show that it

is a genuine (Bi9 -torsor over the unramified locus. This is equivalent to the statement that
all P} - P, admits a I'-stable section fppf locally in Spec A. Since P4 is affine and Resg,. ,/4 Ga
is quasi-coherent, the coherent cohomology H 1(PA,ResEF’ A/A G,) = 0, and P/ is indeed a trivial
Resg;, 474 Gq-torsor over Py.

Fix a section &y, and consider the set of all sections {£}. The set {€ — &y} of all sections is an étale
(¢,T)-module My over Er 4, and reducing to the universal case A = F,[t*!], My is the unramified
twist of a rank-1 (¢, I')-module, which always possesses a I'-invariant generator. O

Definition 3.3. We recursively define destackifications X<, for a € 7.

Since Xy = [[[T/T1], set X<q,,, = Xy := [[T, where the disconnected union is indexed over the
set of Serre weights for GL;(kF).

Assuming we have already constructed X .., we define the next stage as:

Xeo = Xcq xx_, X2,

Finally, setting X 5 1= X<amax-
Proposition 3.4. X — X is smooth, surjective, affine, and all its fibers are isomorphic to
Reskpcyc JE, U T.

Moreover, the formation of Xwaiﬁ tautological and does not depend on the choice of the total
ordering on ®(B,T).

Proof. The fiber description follows inductively from the recursive construction: at each step we add

k :F .
a G?[ Feye p]—torsor for the current root, and root groups at the same height commute, so the product
is a torsor for the direct sum, giving the claimed fiber ReskFCyC /F, U xT. The “moreover” part follows

because if a3 and g have the same height, then Ualv commutes with Uag- O

3.2. T-stable normal subgroups. If an algebraic subgroup K of U is stable under the T—adjoint
action, then K =] U,v is a product of root groups. The group K is normal if and only if

aeP Pt
ae®g, Bedt, a+pBed = a+ e dk.

Definition 3.5. Consider the descending central series Lie K7 := Lie K, Lie K}, := [Lie K, Lie K, 1].
Set K}, := Kp/Kp1. Define the K-height so that htx(a) = h < U,v € Kp:

K, = H Uy .

htK(Oé)=h
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Write
AK = {a € (I)K| htK(Oé) = 1}

and call them the K-simple roots. Note that htx need not be additive, unless K is the unipotent
radical of a parabolic.

3.3. Coordinates.

Definition 3.6. If S © & is a subset, write

Ug = H Uyv,

a€esS

for some ordering on S, and is treated as a subquotient of U when possible.
Fix a T-stable normal subgroup K = Ug,, < U. We fix a total ordering “<” on ®x compatible
K

with the K-height. For o, 5 € ®x, we write
>
« > I3
to indicate « is greater than § in the fixed total ordering. Write
Prca={B€Pk:p S a},

Keo = Usp o5
try, K := Uq)K,hthh’

Definition 3.7. We fix a standard Chevalley basis {e,} e for Lie(G). The Lie bracket satisfies
(2) e es] = N 5ea

whenever 8+ 0 = a € ®, where Ng 5 € Z are the structure constants of the root system.

Definition 3.8. Let A be an [ p-algebra. Fix an étale (o, ')-module
J<ar9<a € (K<Oé X T)(EF,A)

satisfying
f<a90(g<oz) = g<a7(f<a)-
Write
f<a = Cf,<afss7 J<a = cg,<ozgSS
where
Cf <a)Cg<a € K<a(EF,A)7 [F,9% € T(EF,A)-
Write

logghé(CfKa) = Z Cf.Bs 10g<hé (cg<a) = Z Cg,8

Pga Pga
where c3,cq5 € Ugv (Ep,a). If o is the smallest root of height (h 4 1), we also write

(trp cf,trp cg) = (¢f<as Cg<a)-
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Theorem 3.9. Choose elements cfq,cga € Uav (EF a). Set

Cf<a = €XPgp, (cf<a +Cfa); Cg,<a *= EXPgpy (¢g,<a + Cga)
Then
(féom géa) = (Cf,éafss7 cg,éagss)

is an étale (p,I')-module if and only if

(Cf,a - gSS’Y(Cf,a)gS871) - (cg,a - fss(p(cg,oc)fSS71) = Da(cf,<a7 Cg,<a)7

where
he .
(3) Da (Cf’<o” Cg<a) = 2 2 E[Cgﬁl’ [697527 ce [Cg#}'nfl ) gSS’Y(Cf,Bn)gSS71]]]
n=1 Blr“ngne(bK ’
Bi<e, Bi+-+Bn=a
h ~
. 1

) 2 —lersilers - leppa s F(cep) f=7 ]

n=1 517"'76”6(1)[(
Bi<a, Bi+-+Pn=a

where the sums range over ordered tuples of positive roots, repetitions are allowed, and for n = 1 the
nested bracket denotes its innermost term.

Proof. Note that U,v is contained in the center of K<,. Write the cocycle equation in logarithmic
coordinates and move the two terms involving cf, and ¢y, to the left. For the remaining terms, use

Ad(expz)(y) = expladz)(y) = ) —(adz)" (y),

m=0 """

which is often called the Hadamard’s Lemma. The root grading implies that the projection to Uy
receives a contribution precisely from ordered tuples of positive roots whose sum is «; all longer terms
vanish because every root occurring here is positive and has height at most h5. Expanding the two
conjugations gives the two nested-commutator sums in Equation 3, with opposite signs. The remaining
linear term is —dhm(c]cu7 Cg,a), Which proves the equivalence. O

Remark 3.10. For ease of notation, write v,(u) := ¢5v(u)g*~! and ¢f(u) := fSp(u) =71
Here are some basic observations:

(Cf,a - 'Yg(cf,a)) - (Cg,a - (Pf(cg,a)) = _d%{err(cf,ou Cg,a)

is the usual differential in Herr complex; the usual cup product in Herr complexes is given by

Cf’ﬂl cgvﬁl Cf7ﬂ2 69752 cf)ﬁl 69762 cgvﬁl cf)BQ
(—=, Ju (==, )= or(—=) = Yo(—=)
s €p €8y €Bo €81 €82 €B; I €8,
and thus
cf?ﬁ c 718 Cf?B C 718
[Cgﬁp'yg(cf”@)] - [Cfﬁlv@f(cg,ﬁb)] = _Nﬁl,ﬁz( : ) - ) Y ( 27 g2 )€ﬂ1+52
€81 B €8y €8y

where Npg, g, is the structural constant.



ALGORITHMIC UNIVERSAL MOD p ETALE (¢,T)-MODULES 15

Definition 3.11. Write
cp = (Cf757 C!]ﬂ) € C'I%Ierr([]ﬁv (EF))7
and

(Cfvﬁl , 69761) U (Cf762 , 69762)

65 +52-
€61 B €8 €8 e

cp, VB, 1=
We also define the higher cup product
(4)
(e, CBar -5 e8] =leg.o1s (g - [eg.8,1, 9°(er8.)9™ ] = lersis [eppos - - [er s fP(cg,) £ I
€ Clenr([Usy , [Usy - -, [Usy_,, Uy I11(EF,a)).

1
So, g Y3y = _m[cﬁvcﬁz]'

Corollary 3.12. Tf (tr, ¢y, try, ¢,) is an étale (¢, ')-module valued in trj, K x T, then it can be extended
to trp 1 K % T if and only if

1

- Z Nspges U cg € 2 D, (trp—1 cg,trp g Cg) + BI?Ierr(Kthl(EF,A))'
5EAK,5+5:a,ht]{(ﬁ):h,htk(a):h+l htK(a):h+1
Proof. Clear from the definitions. O

Corollary 3.13. Suppose htx (a) = h+1. If (¢f,<q, ¢g,<a) is an étale (o, I')-module valued in K-, xT,
then it can be extended to K, » T if and only if

1
— Z Nspgeswceg € D, (trp—q cf,trpq Cg) + BIZJerr(Uon (EF,A))-

0€AK, BEPK hty=h
0+B=a

Proof. Clear from the definitions. O

4. EXAMPLE: PGLy
4.1. The Weil-Deligne stack and the equations. The Borel subgroup B = Bpgp, of PGL3 is
isomorphic to G, x G, = {[S i]} c GLs.
Lemma 4.1. The morphism Xp — Xg,, is relatively representable by the groupoid [Z}.../C3e.]-
Here, [C’%err — C’Il{err — C’%Ierr] is the Herr complex attached to the universal family over Ag,,.
Proof. Unravel the definitions. O

We remark that Xp — Xg,, is not relatively representable by a strict Picard stack as Zﬁerr is not a
coherent sheaf.

Definition 4.2. Denote by Wp for the algebraic stack over A, that relatively represents the presheaf
@)
Tor, Fom (HIZ{W(ER@XG ), R) for each morphism Spec R — Xg,,. Set Wp := Wp xx,  Xg,),-
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Definition 4.3. Let €' © Wg be an irreducible component. We say C is a Steinberg component if its
image C in Xg,, is not an irreducible component. Set

XB(C) =C XWg XB,
XB(C) =C XWpg XB.

Remark 4.4. Equivalently, C is Steinberg if C' = [SpecF,[s]/C,,] and C is non-Steinberg if C' =
[Spec F,[t1]/Gm].

Proposition 4.5. Wpg is equidimensional of dimension 0, and there is a canonical morphism Xp —
F: k :F

Wg. For each irreducible component C' « Wg, C xy, Xp — C is a genuine (B([l Reltlhreye p]—torsor.
Proof. Note that Xg,, is a disjoint union of |G,,/G,,| where G,, acts trivially on G,,, indexed by Serre
weights for GLy. Irreducible components of Xg,, are isomorphic to Gy, and the universal family over
each G,, is the family of unramified twists of a Galois character Galp — [F;.

As a consequence, W is equidimensional of dimension 1 by Lemma 2.5. So, Wg = [Wg/G,,] is
equidimensional of dimension 0. The morphism Xp — Wpg is defined and shown to be surjective by
Lemma 2.2, and clearly descends to Xp — Wg.

Let C < Wpg be an irreducible component. By Lemma 2.8 and Lemma 2.2, Xp(C) — C is surjective

F: k :F F: k :F
and is a pseudo Gt[l Rpl+ ey p]—torsor: we can define a group action (B([l Cpl+ ey Fo] xo Xp(C) =

Xp(C) xc Xp(C). In general, a pseudo G,-torsor does not have to be a genuine G,-torsor. If we can

F: k :F
construct a section C' — Xp(C) fpqc locally, then X(C) — C' is a genuine (B,[l bt loreye Fel 4 orsor.

If C < Wg is not a Steinberg component, then there exists the trivial section C' — Xp(C) that
corresponds to the zero extension classes [*

It remains to consider the Steinberg component [SpecF,[s]/Gy] = Cst © Wp. We complete the
proof by explicitly constructing a local section in flat topology. Cg maps to the cyclotomic char-
acter point in Xg,,; write My, for the étale (o, I')-module that corresponds to the mod p cyclo-
tomic Galois character. Let (cf,cq) € Z'(Meye, Fp) be a trés ramifié cocycle. So, we do get a sec-
tion SpecF,[s] — Xp(Cs) corresponding to the 1-cocycle (s cf,s ¢g) € Z1(Meye F, Fuls], Fpls])-
We don’t know if the composition [SpecF,[s]/Gn] — Xp(Cs) — Cs = [SpecF,[s]/Gn] is an
isomorphism. Nevertheless, it is clear that it induces a surjective group scheme homomorphism
SpecFp[s] — SpecFp[s]. Group scheme homomorphisms SpecF,[s] — Spec[F,[s] are classified by

polynomials s +— ZZ]\L 0 a;sP* for ag,...,an € F,, and they are all finite flat morphisms (except for the
F: k :F
zero morphism). Thus Xp(Cy) — Cg is indeed an fppf (B([l CpltRreye T -torsor, and we are done. [

Theorem 4.6. We have
XB ~ WB X A[F:Qp]—‘r[kFcyC:IFp],

and thus the morphism
WD : X B — WB

is smooth of relative dimension [F' : Q,|, and induces a bijection of irreducible components.

Proof. Note that all irreducible components of Wpg that do not intersect with the Steinberg component
are connected components. So, by Proposition 4.5, it remains to restrict to the connected component
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containing the Steinberg component, which is isomorphic to [Spec Fo[t, _t*1, s]/(s(t —1))/6Gy,] and is
the union of two irreducible components [Spec F,[t,t71]/G,,] and [Spec F,[s]/G:,]. The morphism
Xp xw, SpecFp[t, 7] — SpecFp[t,t ']
is relatively representable by a vector bundle of rank ([F': Qu] + [kF,,. : F}]), and is thus a relatively
representable by a trivial vector bundle by Swan’s theorem (that any finite projective module over G,
is finite free). So,
Xp xw, SpecFplt, t~1] = Spec [Fp[t,t_l] x AF Qo) kreye Pl —. )
which induces a natural morphism
N X Spec Fplt,t—1] Spec [’?p[t? t_lv 5]/(3(t - 1)) — XB XWp Spec [’?p[t’ t_la 5]/(‘9(t - 1))

which is an isomorphism by Lemma 4.8 below. g

Indeed, we have explicitly written down coordinate rings for Xp. For each irreducible component
C = [Spec O¢ /6] © Wi, Swan’s theorem implies X(C) = Spec Oc x AF QI+ kreye o] 1t remains
to understand how the Steinberg component Xp5(Cs) = SpecFp[s] x AF QoI Frey ol i glued to a
non-Steinberg component Xp(C’) =~ SpecF,[t,t 1] x AF QoL kreye ®pl - From the proof of Theorem
1.6, the glued scheme is simply given by

Xp(Cst U C") = SpeclF,[t,t 1, s]/(s(t — 1)) x ARt ey ciFp]

4.2. The universal family over Xp(CsuC"). Next, we write down the universal family for X g(Csu
(") in explicit cocycle systems.

Choose a 2-cochain bstq € Cfior, (U (Epf, #17/(t—1))) such that

[bstd]t=1 =1le HQ(GaIF, ﬂ?p(l)) = ﬂ?p.
Using the embedding B B B
[Fp[til]/(t == [Fp[til],
we treat bgq as a cocycle in Cflm(E F,[Fp[til]). Note that bgq is a 2-coboundary away from the cyclo-
tomic point (¢t — 1):
1

(5) bsta = md%ﬂerr(%td)
for some Cstd € CI%Ierr(UWV (EF,[_Fp[t"'l]))'
Lemma 4.7. If ng is the smallest possible integer, then [csali=1 # 0 € H(Galp, F,(1)).
Proof. If [csta]t=1 = 0, then cgq is a 1-coboundary at ¢t = 1. After conjugation by an element of U ([_Fp)7
we can assume cgq vanishes (as a cochain) at ¢ = 1. Since EF,[Fp[til]/(t —-1) = Erf i+11/-1)> We

conclude that cgq = (t — 1)c’ for some ¢’ € O, contradicting the minimality of ng. O

Herr?
From the isomorphism Xg(C’) = €’ x AR+ EreyeiFs] e obtain global sections
{e1, s py )y 751} © Ziterr« (BRf [e-1])
generating Hll{err’ (B F7[_Fp[t7t—1]). We thus consider the universal cochain

Cuniv = T1C1 + 2262 + -+ + T[FQy |+ [kpye Fpl CIF:Qp] +[kpeye Fpl T SCstds
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which is a cocycle if and only if s(t — 1) = 0. We have thus defined a morphism
SpecFp[t™!, a1, . .. s TIFQp)+ [y Fpl s]/(s(t — 1)) - Xp(C' U Cy),

which induces a bijection of [Fp—points by Lemma 4.7, and is an isomorphism away from the ¢ = 1
locus.

Lemma 4.8. We must have ng = 1 and Spec F,[t¥1, 21, ... s TF:Qu]+[

Cu).-

Proof. Put R = Fp[t*'], u =t —1, and d = [F : Q)] + [kp,. : Fp]. On the connected component
under consideration the perfect modified Herr complex splits, in the derived category of R-modules,
as a free summand of rank d in degree one and the two-term resolution

[R5 R]

of its degree-two torsion. This follows from Lemma 2.8, the fact that H? = R/(u), and Smith normal
form over the PID R. The relative derived vector space represented by this complex therefore has
classical coordinate ring

1 8]/(s(t=1)") = Xp(C'u

kFCyc:[Fp

Rlx1,...,xq,s]/(su).
The universal cocycle constructed above induces this identification: the free summand gives the z;,
while c¢gq is the generator dual to the resolution and gives s. Thus its differential is exactly su, not
su™; in particular ng = 1. This computes the completed local ring at the crossing and the ordinary
coordinate ring simultaneously, proving the claimed isomorphism without inferring a singular local
ring from tangent spaces alone. O

4.3. The universal family over Xpg(Clyiyv). Now, let Ciiy be the (non-Steinberg) irreducible com-
ponent of trivial inertial type.

We have Xp(Ciriv) = SpeclF [t 2y, ... 7$[F:Qp]+[kFcyC:[Fp]]' Let cyn € Zéerr(EF7[Fp[ti1]) be an un-
ramified cocycle with [cyn] being nontrivial cohomology class in Hy
from t = 1. So, Hlli
global sections

1¢ y orr Lhen cyp is a coboundary away
(Epf,[1£17)/F pcun is a finite free F), [t*1]-module of rank [F : Q,]. We can choose

err

{Clv v ’C[F:Qp]—i-[kpcycz[Fp]} c ZII{err,-ﬁ-(EF,U?p[t,t_l])
such that
e {[c1],-- -, [e[riq, )]} form a basis for HI}Ierr(EF’[F‘p[til])/[’T_p[cun]
e {|cn],-.., [c[F;Qp]Jr[kFcycz[Fp]]} form a basis for Hll{err,Jr(ER[—pp[til]) and that

L4 C[F:Qp]+l lifts Cun-
The universal family is thus of the form

univ

1
MM = mier e TR oy ] CTFQ ]+ ke 5] € e (BR O, )

5. ExAMPLE: PGLg

Write B = U » T = Bpgr, for the Borel of PGL3.
Let 01, o be the simple roots and v = §; + do be the highest root. So, U = U51V X U52v x Uyv and

T ~ Gm,1 x G2 where G, ; = Gy, acts on Usy by the weight 1 character for i = 1,2. Write G,, 5 for

the image of G, nd G Gmi x Gpp = T.
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Consider the morphism

WD x WD
_—

XB g XU51 ><IGm,1 X XU52>QGm72 WU51><J@m’1 X WU52 ><I(Gm’27

which we denote by WD. Let C; « Wus. 6, be an irreducible component, 7 = 1, 2.
—~ 1
Set C' = C x Cy and Xg(C) := WD (C). For ease of notation, we assume F' = Q.
5.1. The case where both (7 and (3 are non-Steinberg. To simplify discussion, we assume

neither Cy or Cs intersects with the Steinberg component.
We have

XUJiXGm,i(Ci) = Spec ”?p[ti7t;l][x5i717x6i72]'
The parameters x;1, x;2 correspond to the parametric 1-cocycles
1
C5;,1,C5;,2 € ZHerr(EE[Fp[tiil])'

If HZ

Herr

(U~ (EF’[*FP[tI_rligl])) = 0, then we have
XB(C) = (Xus, 96,1 (C1) X XUy, 26,,2(C2)) XX, , XU, %6, (C12)
~ SpecFp[t1, t; 1[ws, 1,75, 2] x SpecFplta, ty 1 [ws,1, 25, 2] X AZ,

where C1s is the image of
C]- X 02 - X@m,l x X@m,Q - X@m,-y‘

So, we assume HE  (U,v) # 0 at t1 =ty = 1. We write

bsta € Clzierr(UWV (EF,[F‘p[tli17t2il])) Cstd € C'I%Ierr(U"fV (EFy[F‘p[tlilytzil]))

for suitable base change of the cochains defined in Eq. (5).
We fix 1-cochains ¢ [11], ¢y [12]; Cy,[21]s C,[22] Such that

_ gl
(6) Co1yir Y Coajip — ail,izbstd = dHerr(C’y,[’hiQ])
where a;, ;, € [Fp[tfrl, t;ﬂ] are unique scalars, which we can normalize to ensure ay x € {0,1} < Fp:

Lemma 5.1. (1) We can normalize cs, j to ensure a11 = 1,a12 = ag; = az = 0.
(2) The left hand side of Eq. (6) is a coboundary.

Proof. (1) We can assume [c;,,1] # 0 are non-trivial Herr complex cohomology classes and [c5, 2] = 0
are trivial Herr complex cohomology classes. By local Tate duality, a;; is pointwise a unit over
Spec F,[t71,t31]. Thus ayy € Fp[t!,t51]* and is of the form #£'£52 Fx. We can renormalize cs, ; to
make aj] = 1.

(2) Since HZ_, = Fp[t7't31)/(tita — 1) = F,[t*'] and BE,,, is the image of dl,., it suffices to
show the left hand side of Eq. (6) (which we denote by cppug) is a coboundary mod (¢t — 1). We
have

[CLHS] mod (tltg — 1) € HI%Ierr(EF,[F‘p[tlil]) =~ U?p[til]

is fiberwise 0 over SpecF,[t{']. So, we are done as F,[t*!] is reduced. O
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The universal family we set

univ

Csi = To1,168,1 T T51,2C5,,2
univ
Coy = T53,1C05,1 T X55,2C55,2
univ
Cy = SyCstd T T§;,1%65,1Cy [11] T L51,1%55,2Cy [12] T T51,2T55,1C [21] T T61,2762,2C [22]-

where S, %5, 1,25, 2, Tsy 1, Ts, 2 are free parameters. Write ™V € X¢,,:(Oxg,_.) for the universal

rank 1 étale (¢, I')-modules. Then

univ ., univ univ ,univ univ
X1 X2 X2 G Gy
univ univ

X2 Cs,

1

is a valid étale (o, T')-module if and only if
sy(tita — 1) + x5, 125,71 = 0.
Lemma 5.2. We have
Spec ﬂf_p[ti—rl,t;—rl,x(ghl, Ts, 25 Toy 15 Toy.2, Sy1/(5y(t1ta — 1) + 5, 125,,1) ¥ A2 S Xp(C)
Proof. The morphism is defined through the explicit universal family, and is clearly an isomorphism.

O

5.2. The case where (] is Steinberg and (5 is non-Steinberg. We omit the completely similar
details. The answer is
XB(C) = SpecFy[s, t5', 25,1, 5,2, T30, Ty 2, 591/ (55 (b2 — 1) + @6, 12551 + T5, 2T5,,2) ¥ A2,

We also leave it as an exercise to the reader how the explicit presentations of various irreducible
components Xp(C) are glued to each other.

6. WEIL-DELIGNE STACKS AND GAUGE COCHAINS
We return to the setup of general reductive groups and keep the notation of Section 3.

6.1. Weil-Deligne stacks. Consider the morphism
H §:T — H Gm.s
0eA 0eA

where G, = G, 5 is the multiplicative group that acts trivially on Usv for § # ¢’ € A and acts by the
root 6 on Usv .
We have the following change of group morphism

X or = | [ Xse 06,50
[ {=FAN

which we also denote by [[,ca @ by abuse of notation. By Definition 4.2, we have a canonical Weil-
Deligne stack Wy, «6,, ; fitting in the diagram:

XU&V XG5 WUgv XG50

~

Xo

m,8
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Definition 6.1. Define

Wy = Xy x [ [Wuss %6,
51;[A Cm,s deA

Lemma 6.2. Wy is an algebraic stack of finite type over [_Fp, and is equidimensional of dimension 0.
Moreover, there is canonical morphism

try WD : tr; XB — WB

whose fibers of irreducible algebraic stacks of constant dimension [F : Qp|#A. In particular, trqy WD
induces a bijection of irreducible components.

Proof. Note that Xy =~ XgmdimT is equidimensional of dimension 0, and that fibers of Xy — [ [ ,ca X6, 5
are irreducible of constant dimension 0. The lemma now follows from Proposition 4.5. O

6.2. Gauge cochains. Let C5 be an irreducible component of the destackification Wy, ST for
each € A. Write -
s = Spec [Ep[t;*rl] non-Steinberg .
SpeclFp[ss]  Steinberg

Write Spec R := Spec Fplts' : Cs non-Steinberg]. If a = Y 5.0 msd for mg € Z, then set tq := [[#5*
and G, o := SpecF,[t1].

For each v € @, let CY, be the unique non-Steinberg component of Wy, «G,,.., that intersects with
the image of | [scp Cs. We fix an isomorphism

XUav XNGm. (C&) = C; x Spec [’T_p[l'%l, ce ,wa’[F:Qp]Jr[kFcyC:”:p]],

where the free parameter z,; corresponds to a fixed parametric cocycle
Cayi € Zﬁerr,+(Uav (EFyR))
We make the convention that
1
[Ca,[F:Qp]Jrl] =0¢€ HHerr(UOéV)
unless C, has trivial inertial type, in which case we arrange it so that
1
(7) [Ca,[F:Qp]-l-l] =0¢€ HHerr(UCW)
away from the locus ft, = 1 and is a nontrivial unramified class at t, = 1. We also assume
[caira,]+i] = 0 € Hij(Uav) for j > 1.
If « = v+ 8 and C, intersects with the Steinberg component, then the matrix
J=Jg~ = ([cpil v [Cw])i,js[F:Qp] € Mat[F:Qp]x[F:Qp](R/(ta -1))
which is pointwise a unit. So, det(J) € t% F.
Remark 6.3 (Torus coordinates). For two roots o and 3, consider the tautological isomorphism
Folta']l — B3, tar— ts.
We group the roots according to whether this identifies their universal rank-1 modules, and pair two
groups when their universal modules are dual under local Tate duality.

The coordinates are normalized so that ¢, = 1 is the trivial or cyclotomic point. If two universal
modules are dual, then their specializations at t, = tg = 1 are also dual.
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Lemma 6.4 (Normalization of cup products). The cocycles may be chosen so that
To.y = Itpa,] € Mat(r,1x[r:0,1(Fp)-

Proof. If the two groups are distinct, choose bases independently so that the perfect pairing has the
prescribed matrix, and transport these choices through the tautological isomorphisms. The resulting
pairing matrices have entries in [_Fp.

In the self-dual case, the pairing is alternating and nondegenerate. We can thus normalize it so
that (cs; U cg ;) is a aniti-diagonal anti-symmetric constant matrix.

We apply coloring to the set of roots whose universal modules are tautologically identified with that
of B. Color 3 by white; color v by black (or white) if o = 8’ + ~ satisfies H,,,(Uav) # 0 and that /8’
is white (or black).

No root can be both white or black, as it violates the alternating property of local Tate duality. We
transport to the white roots the chosen cocycles and transport to the black roots the dual cocycles. [

We denote by cq sta and b, sta the cochains in Eq. (5) after substitution ¢ — ¢,.

Definition 6.5. We recursively define finitely many 1-cochains €z, = {ca¢} © Cll{err’Jr(Uav (ErRr)),
EeEyfork=1,... hx

e
We set
= L2, [F Q] + [kRy. : Fplistd}  Cy intersects with the Steinberg component
T2, L [F Q]+ (ke Bl otherwise
and Q:Ea,l = {Ca7§|f € Ea,l}-
Suppose €z, , is already defined. For each sequence of roots 31 + -+ + s = « and elements
8¢, € €z, )., we choose an element ¢, ¢, ¢, £, € Cﬁerr7+(Uav (EF,r)) such that

e, ¢ ce] = {aa,[&,...,is]ba,std — dll{err(cay[&@,wgs]) C\, intersects with the Steinberg component
1,61 ) s,6sd T

_d%Ierr(Ca,[fl,ﬁz,...,ﬁs]) otherwise
where aq . € R is the unique scalar that makes the equation hold, and [*,...,*] is the higher cup
product defined in Definition 3.11. We set
Eakt+1 = Ear V{[&1, -, &l & € €y
and

€z, i1 = {Ca €€ Eaprn)-
We call elements of €=, , the gauge cochains.
6.3. Universal families. We recursively define universal families over
X<a(C) = X<a xx,; X5(C),

where C' = (Cs : 0 € A) is the fixed irreducible component of Wg.
Suppose

cgmv c Cll{err,Jr(UrBV (EF,OX<Q(C)))

are the universal coordinates such that eXPgp,, (ZB o €g) corresponds to the universal family for

univ

X<a(C) using the notation of Theorem 3.9. Let pg¢ € Ox_, () denote the coefficient cg ¢ in s
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Recall that the higher cup product [*,...,*] is defined as in Definition 3.11. We set
[F:QP]+[kFcyC:|}_P]

univ univ univ
Co =( E E{Cﬁl yooe ’Cﬁm ) + g La,iCa,i
BrttPfm=a i=1

SacCastd Cao intersects with the Steinberg component
0 otherwise

where {sq,Za.1,- - ,wa,[F:Qp]Jr[kFcyC:[pp]} are the new free parameters and {*,...,*} is the multilinear
map that expands

{8181+ B} 1= Ca,lé1,s€m]”
Lemma 6.6. If Cy intersects with the Steinberg component, then expy,, (2<a ¢p) corresponds to
the universal family for X_,(C) (in the notation of Theorem 3.9) if and only if

1 m
Ta = Sa(ta - 1) + Z %aa,[ﬁl,...,fm] H Mﬂj,&j = 0.
BrttBm=ab1,bm j=1
Proof. Combine Theorem 3.9 and Lemma 4.7. O

Corollary 6.7. There is an isomorphism
X<o(C) = {

X<a(CO)[sa]/(ra) x AF @]+ krey Tl intersects with the Steinberg component
X_o(C) x AFCoI+[FreyeiTs] otherwise.

Proof. Follows immediately from Lemma 6.6. O

Corollary 6.8. If all irreducible components of X_,(C') have dimension > d, then all irreducible
components of X<,(C) have dimension > d + [F : Q] + [kr,,. : F}].

Proof. Tt follows from Krull’s Hauptidealsatz (cf. [Stacks, Tag 0EPZ]). O

Corollary 6.9. All irreducible components of X have dimension > [F : Q,]#®*.

If there is a stratification of X5 by locally closed substacks such that each stratum has dimension
< [F: Qp|#®T, then the irreducible components of X 5 are precisely the closure of the top-dimensional
strata.

Proof. Argue inductively using Corollary 6.8. O

7. FINE STRATA AND CONE MODELS
7.1. Minimal normal subgroups.

Lemma 7.1. Let ' c é([_Fp) be a subgroup. Let K1, Ko < U be T-stable normal subgroups. If there
exists an element b; € B(F,) (i = 1,2) such that b;Tb;* < (K; x T)(F,). Then there exists b e B(F))
such that bUb~' < (K n Ky) x T(F,).
Proof. We argue by induction on the descending central series of U.
Recall the filtration Uy < U, where LieU; = LieU and Lie Uy = [Lie U, Lie Uy_1] for k > 1. Let
- U,
U = k .
(K1 n K2 0 Up)Up 41
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We prove by induction on k that there exists by, € B(F,) such that bel'b, ' < (K10 K2)Uy) % T([Fp).
For k = 1, this is trivial since Uy = U.

Assume this holds for some k. Replacing I' by bxI'b, !, we may assume I' < (K1 N K2)Uy) » T(F,).

Pass to the quotient By := B/(KnK3)Uj.,. The image of I in By, takes the form v = (¢(v), t(7)) €
Up, T, where ¢ : T' — U

Write the image of b; in By as b; = uit; € By(F,), with u; € Uy(F,) and t; € T(F,). Since K; x T is
T—stable, replacing b; by u; preserves the hypothesis, so we may assume b; = u; € Uk([Fp).

Because Uy, is central in U/(K1 n K2)Uj 1, conjugation by an element u € Uy(F,) acts by:

(1))@ 1) = (c+ (1 Du, ).
Define the index sets of missing roots for each subgroup at height k:
U, :={ae®" | ht(a) =k, a ¢ Pg,}.

The quotient decomposes as Uy, = @ae\plu% Uyv. Expanding ¢ = > ¢ and u; = > u;q, the conju-
gation action changes coordinates independently via cq > ¢o + (1 — (t))uq.

Because conjugating v by u; maps it into K; x T, the resulting a-coordinates must vanish for all
roots not in K;. Therefore:

ca(7) + (1 — aft(y)))uiq =0 forall ae ¥,.

We define our conjugating element u € U(F,) explicitly:

U = Z U, o + Z UL, -

aE\I/Q ae\Pl\\IJg
Conjugating ~ by this u zeroes out the a-coordinates across all of U1 U Wy:
e For o € Wq, the new coordinate is ¢q(y) + (1 — a(t(7y)))ug,e = 0.
e For a € U;\Wy, the new coordinate is ¢ (y) + (1 — a(t(7)))ui,o = 0.

Since all coordinates in the support of U, vanish, uI'u—" lies in the trivial subgroup of U}, meaning
it is contained in ((K7 N K3)Ug41) % T'(Fp). This completes the induction step. O

In particular, for each Galois representation, p : Galp — B (F,), it makes sense to define the minimal
T-stable normal subgroup K < U such that a é—conjugate of p factors through K x T.

Lemma 7.2. Suppose K is the minimal normal subgroup of U such that p : Galp — B([Fp) factors
through K x T, up to é—conjugate.

Write the composite Galp — (K x T)(F,) — (K » T)([_Fp) as cp™ where p* : Galp — T([_Fp) is the
semisimplification, and that ¢ = > (41 Ca € ZY(Galp, K1(F,)) where each [c,] € HY(Galp, Unv (Fp)).
We must have [c,] # 0 for each .

Proof. If ¢, is a coboundary, then we can conjugate p such that p factors through | | Btafedy Uy X T,
which contradicts the minimality of K. O

7.2. The fine stratification. By Corollary 6.9, we don’t need to compute the full X3 — the com-
putation of a suitable stratification suffices.

Definition 7.3. A fine configuration is a tuple (K, ¥, ¥s) where K is a T-stable normal subgroup
of U and ¥y, Uy < &T are subsets satisfying
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e 0,eVy,a—Bed®t =a— By, and
e 0eVy,feVga+fedt = a+ e Vs
Define

D@mwgz{zni

i

n; € Z)(), ZZ n; > 0,
a =Y. nio; for some ae Yo and a; € Uy

The minimal degree of (¥g, ¥5) is the extended positive integer

min'D(\I/o,\Ifg), D(\I/(), \I/Q) * I,

deg (W, Ty) =
eg( o, ¥2) {+w, D(To, Ts) = 2.

Lemma 7.4. Let p* : Galp — T(F,) be a Galois representation such that
H*(Galp, Uy (Fp)) # 0 <= a € ¥y,
H(Galp, U, (Fp)) # 0 <= a € V.

Put 6 = deg(Vg, Vo). If § < +0, then

[F(up) - FT[ 0
and b1 b1
[F: Q] = ged(p — 1,9) Z )

Equivalently, [F : Q)0 = p—1. If § = +c0, the hypotheses impose no field-degree bound through the
minimal degree.

Proof. Let €: Galp — [F; be the mod p cyclotomic character and put

m = #€(Galp) = [F(up) : F.
By local Tate duality, the character on Uy (F,) is € for every a; € Vo, whereas the character on
Uy~ ([_Fp) is trivial for every a € Wy. /
Suppose that
o = Zniai, o€ \Ifo, o; € ‘1’2.

Evaluating p* on this identity gives
1= Ezi i

Thus m | Y}, n;. Taking a relation realizing the minimum gives m | §. Since also m | p — 1, we have
m < ged(p — 1,9).
Let E = F n Qp(pp). Then [E: Q] = p—;Ll. As E c F, it follows that
p=t_  _p=1l
m ged(p —1,0)
The final inequality follows from ged(p — 1,9) < 6. O

[F: Q] = [F: Qp] =

Definition 7.5. Denote by
XKXT<\I’> - XKNT
for the locally closed substack whose [_Fp—points are described in Lemma 7.4.
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Theorem 7.6. (1) We have

_ .. . . : cd
X, T<‘Il> = SpecF, Ta,l, ,xa,[F.E,l,]Jr[kFCyC.[FP],Sa « K /I
. ts : 0e A

where I is generated by

Sa : a ¢ WUy
To i a€e WUy htg(a) > 1
ta —1 : ae¥yu Uy
Here, r, is defined in Lemma 6.6.
(2) Write
Tg:= (2,1, -, Tg [F:Q,)+1,58)
[F:Qp]
By -y i= ), Tl T [RQu1415y T To [F:0,]4155-
i=1
We can write r, as
1 R
Ta = Sa(ta - 1) + Z 7N575x5 5+ Qa

BeEP K ,0EA K, 0+ 8=
where ), has monomials divisible by -, ;, %+, 4, for 1 < ht(vy;) < htx(a)—1, and Q, does not depend
on g, sg for htg(8) = htx(a) — 1.

Proof. (1) It follows from Lemma 6.6.
(2) It follows from the normalizations in Definition 6.5. O

Definition 7.7. Denote by
XKxf“<\Il> < XK><1T<\IJ>
the quasi-affine open subscheme where

(:E571,...,IE57[F:QP]) #0 deAg — Wy — Wy
(:C571, .. 'afE:S,[F:Qp]-i-l) #0 0 A Nn¥y— Yy
(.7:571,...,1}5’[}7:@17],85) #0 0e Ag NPy — Uy
(1‘571, e T [FiQp]+1 s5) #0 0 € Ag n Wy n Wy

Denote by X3 K]{¥) = X for the locally closed image (c.f. Remark 7.8) of XKN'__F<\I]>'
We call {X3[K(¥) < X : (K, ¥, ¥s)} the fine stratification of X.

Remark 7.8. For applications, it makes no difference to treat Xp[K|(¥) = X as the scheme-
theoretic image of X, (V).

To be more precise, if we write X'3[ K]{¥) c X for the scheme-theoretic image of X
Ap[KI(W) € X is Xp[KKY) = Uprg e X [KICY)-
Lemma 7.9. We have
dim X5 [K](P) = dim X #{(¥) — #{a € &' — Ox|a € o} — [kp,. : Fpl#Px.

K><1T<\P>’ then

Proof. The difference in stabilizers contributes to #{a € ®+ — ®x|a € Vy}. O
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7.3. Cone models.

Definition 7.10. The cone model of X, #(¥) is the affine scheme

N I P TR S o F.1,8 : aed
XK7T<\IJ>COHQ := Spec [Fp a,l a,[i-g;{]-&-[kFcyc.[Fp] a e AK /Icone
6 .

where I°°"¢ is generated by

Lo [F:Qp)+kpeye Tp) a ¢ Yo
Sa : a ¢ Uy
fa : O[E\IJQ,htK(Oé) > 1
to — 1 : aePyu Uy

Here, fo = Z,Beq)K,&eAK,&—i—ﬁ:a Nps7p - Ts.

Theorem 7.11. We have
dim X, T<\I/>C°ne > dim X T<\I/>

Proof. Fix the torus coordinates. Consider the bipartite graph whose source vertices are the height-1
roots, whose target vertices are the height-2 roots occurring in the cone equations, and whose edges
are

0 — « — o — 0 has height 1.

By Theorem 9.6, successive contractions give a matching containing every target vertex.

Choose the affine chart and the order associated with this matching. First fix all coordinates of
the unmatched height-1 roots, together with all coordinates other than x5, for the matched height-1
roots.

In reverse contraction order, the equation attached to the target matched with ¢ has the form

Usxs1 + V5 = 0, us € RX,

where us and vs depend only on coordinates already fixed or previously determined. Thus zs; is
determined uniquely. After all matched coordinates have been determined, fix the remaining free
height-1 coordinates. This eliminates all height-2 equations. The coordinate blocks belonging to
height-2 roots have not been used and remain free.

The rest of the proof follows from the theory of Grobner basis. We use the height-block elimination
order: variables of larger K-height precede every monomial in lower-height variables, and within each
height block we use degree-lexicographic order. Thus x4 ; > so > 23, > sg if htg(a) > htg(5). Let
L c R be the specialized cone ideal and let I < R be the specialized ideal of the full equations. The
ideal L is generated by homogeneous linear forms (as the height 1 and torus coordinates are fixed). If
q is the rank of their coefficient matrix, Gaussian elimination gives independent forms ¢1,...,/¢, with
distinct pivot variables z1,...,2,. Hence

dimR/L = dim R — q.

Apply the same ¢ row operations to the corresponding equations r,, = fo + Q4. This gives elements
gi,...,9q € 1. For a relation of K-height h, the form f, is linear in the height-(h — 1) block and Q,
is independent of that block. Induction down the height blocks therefore gives

gi = z; + (nonpivot linear terms in the same block) + (terms in lower-height blocks),
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so LT(g;) = 2. Let J = (g1,...,94) < I. Since the leading monomials z; are distinct variables, they
are pairwise coprime, and Buchberger’s product criterion shows that the g; form a Grobner basis for
J. Consequently

dimR/J =dim R — ¢ = dim R/L.
Finally J c I, so additional equations, including equations produced by dependency rows among the
fa, can only decrease dimension. Thus

dim R/I < dim R/J = dim R/L = dim R/I®"°,
which is exactly the desired dimension inequality. No equality of initial ideals and no Grobner basis
for the full ideal I is required. O

8. EXAMPLE: Fy

In this paper, we use the following notation for roots: for example, if A = {d1,--,04} is the set of
simple positive roots, then we denote &1 + 262 + 263 + 264 by 1222, and denote by do + d3 + d4 by 0111.
The root system for F, is shown in Figure 3.

We have the following theorem:

Theorem 8.1. If G = F}y, then
dim X[ K[ < [F: Qpl# 2™

for all fine configurations (K, Wg, ¥2). As a consequence, X5 is equidimensional of dimension [F' :

Qp#2™.
(1) If F # Qp, then the irreducible components of X' are precisely the closure of the strata

Xp[UI(Wo(C), U2(C))
where C' © Wp is an irreducible component and that
Uy (C) = {a € ®H|U,v is pointwise the cyclotomic Galois character over C'}

Uo(C) = {a € d1|U,v is pointwise the trivial Galois character over C'}.

(2) If F = Qp, then in addition to the irreducible components X5 [UKWo(C), ¥2(C)), X have 4
extra irreducible components, listed below:

D T — g ' Ty
I {0010} {0010} {0001,0011, 0100, 0110, 0120}
11 {0010} {0010} {0001,0011, 0100, 0110, 0120, 1000}
0001, 0011,0100, 0110
111 {1000, 0010} {0010, 1000} {01207 1100, 1110,1120}
0100,0110,0111, 0120, 0121, 0122
IV | {1000,0001,0011,0010} | {0001,0010,0011,1000} {1100’11107 111 1120,112171122}

TABLE 1. Extra components for Fy

In each of the cases listed above, we have ¥y = A and thus X, #(V) = X +(¥)°" is smooth.

Proof. Everything is explicitly computable. There are 105 possibilities for K. The maximal cone
estimate shows that the inequality is automatic when [F : Q,] = 2. For F' = Q,, the 4862 fine pairs
give precisely Configurations I-IV. See Appendix A. d
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Part II: The combinatorics and the twisted Weil-Deligne stacks

9. POSET GRAPHS
The set of positive roots ®T has the structure of directed graph: two positive roots «, 8 are connected

by a directed edge if and only if « — 8 € A.

Definition 9.1. For each integer h, write B(®*, A, h) for the induced subgraph of ®, consisting of
vertices of height either h or h+1. So, B(®*, A, h) is a bipartite graph. We will also call B(®™, A, h)
the associated bipartite graph of height h.

Example 9.2. Root systems of type A,,, B,, C,, and G2 have a very convenient feature (see Figure
2): their associated bipartite graphs in each height is a tree! In other words, have no loops or cycles.

®)

MO (W)
NN/

11

1 (@

(A) G2

FIGURE 2. Root poset for Go, B4 and Cy

Example 9.3. As is illustrated in Figure 3, we see that
B(D5,,A,2) = B(Py,,A,3)

are isomorphic bipartite graphs, and they are both isomorphic to the cyclic graph C_"G.

Indeed, we can give an exhaustive list of all cycles in associated bipartite graphs:
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(A) Dy: B(®+,A,2) = Cg (B) Fy: B(d+,A,3) = C

FiGURE 3. Root poset for Dy and Fy

Height range | Fy | Eg FEy Eg
2,3] Cs Cs Ce
[3,4] Co | Cs Uk, Co Cy Ur, G | Cg Urc, Co
[47 5] Cﬁ CG
[5, 6] . Cs Uk, Cs Uk, Cs
[87 9] CG CG
[9,10] Cs Uk, C
[14,15] Ce
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We remind the reader of the following very standard notion:

Definition 9.4. A bipartite matching for a bipartite graph, is a collection of edges {8; — «;|i € I}
such that {a;, 3;} consists of exactly 2#1I vertices.

The following notion is less standard.

Definition 9.5. Let ‘B be a directed graph. We say B is contractible if there exists a vertex v € B
such that there does not exist any edge v’ — v pointing to v, and that there is exactly one edge v — v’
coming out of v, and we say B — {v,v'} is a contraction of B.

We say a directed bipartite graph is a cycle if it is connected, not contractible, and non-empty.

Theorem 9.6. For every reduced root system, the bipartite graph
B(PT,A, 1)
contracts to isolated vertices.

Proof. The height-2 roots are the sums of adjacent simple roots. Thus B(®*, A 1) is the barycentric
subdivision of the underlying Dynkin diagram, which is a tree. Successively remove its leaves. |

Proposition 9.7. If ® is a simple reduced root system, then each B(®*, A h) contracts to, up to
isolated vertices, one of

g, Cs, Cs VK, P3, Cs Uk, Cs, C UK, Cs Uk, Cs.
where Pj is the chain o < o — o with 3 vertices.
In the next subsection, we deal with situations where 8 is not contractible to points.

9.1. Admissible bipartite matching. For each bipartite graph, we will attach to it an algebraic
variety that we call the discriminant variety:

Definition 9.8. Let B be a directed bipartite graph with source vertices B¢ < ®* and target
vertices B — T, Set
Ay = {a — Bla € B B e B} n ot
and write G2® = Spec Fp[zs,2;5'|6 € Ag]. Note that we don’t require B to be an induced subgraph
of ®*, and we only require that the vertices of B can be interpreted as positive roots.
The discriminant variety Dg is defined as the closed subvariety of

Go® x SpecFplys, B € BT

defined by the equations
> Nsa-pta—pys =0

p—a
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for each o € B, where N, € Zo are the standard structure constants defined in Eq. (2).
We say the graph B is admissible if Dy — GL® is smooth of relative dimension #B57¢ — #Btar,

0

Example 9.9. Consider the cyclic graph 66: @ . Write 1 = ag — B2, 6o = a3 — (1,

and 63 = as — f1. If a, are of height A + 1 and S, are of height h, then AC*a = {d1,02,03} = A. Then
the discriminant variety is given by the equations

N52513351y52 + N5152x52y51 =0

N53§21’52y53 + NB253x53y52 =0
N5153$53y51 + N5351x51y53 = 0,

Nﬁ152 T§qy Nﬁz51 X§y 0
whose (relative) Jacobian matrix is 0 Ng,s,w5, Ngys, s, |- So, Cj is admissible if and only
Np,55%s, 0 Npys, 76,

if Ng,s, Ny, Ng,55 + Ng,5,Npys5 Npgs, # 0. Indeed, this value is always equal to one of {2, —2, 3} across
all root systems, and is non-zero if p > 3.

Theorem 9.10. All induced subgraphs B < B(Pt, A h) such that B contains all height h roots are
admissible.

Proof. For type ABCG, B(®*, A, h) is always a chain, and thus ®p — G5 is not only smooth, but
also a vector bundle; by elimination of variables. The remaining types follow from Appendix B. [

Corollary 9.11. X3[UK¥) = XB@I/} is always smooth of dimension
[F: Qy]#®" — (dimspang ¥y — dimspang (Vs N A)).
Write Wy [UJ(¥) = Wy for the image of X3 [U](¥), then Xp[UKV¥) — Wy[UJ(¥) induces a bijection

of irreducible components.

Proof. The Jacobian matrix
0rg,
(a$571
is of full rank by Theorem 9.10. The full-rank Jacobian gives smoothness by [Stacks, Tag 01V9]. On
the stratum under consideration every x5, for 6 € A is invertible, and the full-rank Jacobian minor
is a monomial in these variables. Ordered by height, each cone equation is therefore linear in a new
variable with unit coefficient. Successive elimination identifies every fiber over Wx[U(V¥) with an
affine space of constant dimension. Counting the eliminated variables gives the displayed dimension
formula. The morphism is consequently smooth and surjective with geometrically irreducible fibers,
and hence induces a bijection on irreducible components. O

)ae‘yg’ht>27ﬁe¢+

Corollary 9.12. For each irreducible component C' = Wy, X3(C) contains the top-dimensional
irreducible component XB<\IJO(C), Uy (C)).
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On the other hand, If (¥, W2) is not of the form (Vo(C), ¥2(C')), then X'3[U]{¥) is nowhere dense
in Xp.
Proof. Combine Corollary 9.11 and Corollary 6.9. (|

Theorem 9.13. If [F : Q] > #®* +2, then each X';5(C) is irreducible. As a consequence, X5 — Wj
is generically smooth and induces a bijection of irreducible components.

Proof. We always have the trivial upper bound
dim X 50 < ([F : Q)] + [kp. : Fp] + 1)#Px + dim T

by Theorem 7.6. So, if [F : Q,] = #®* + 2 and K # U, then dim X3[K|{¥) < [F : Q,]#®". The
theorem now follows from Corollary 9.12. O

There are only finitely many F'/Q, cases left, thanks to Theorem 9.13.

9.2. K-restricted posets. Recall that K c U is a T-stable normal subgroup.

Definition 9.14. We attach to ®x the structure of a directed graph: there is a directed edge f — «
if and only if « — 8 € Ag.

Similar to Definition 9.1, we write B(®Px, Ax,h) for the induced subgraph of ®x consisting of
vertices of K-height either h or h + 1.

Example 9.15. Consider G = Fy, &y = & — {0010,0001,0011}. The root poset structure of ®x
is illustrated below (each row has roots of the same K-height, and two vertices are connected with a
directed edge if their difference is a root of Ag):

FIGURE 6. The full root poset

FIGURE 7. The graph B(®x, Ak, 4)
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FIGURE 8. The graph B(®x, Ak, 3)

“eee o

FIGURE 9. The graph B(®x, Ak, 2)

660

FIGURE 10. The graph B(®x, Ak, 1)

As is illustrated in Figure 6, the poset graph ®x may have directed edges connecting non-adjacent
K-heights. In other words, K-height is not additive. In this paper, edges that skips layers will not be
relevant to us anyway, and we may as well redefine the directed tree structure as 8 — « if and only if
htg (o) —htg(8) =1 and a — 5 € Ak. All that matter are the bipartite graphs.

10. TWISTED BORELS AND RELATIVE ROOT POSETS
We recall the structure theorem for mod p Galois representations established in our earlier work:

Theorem 10.1. ([Lin22, Theorem 4]) If p : Galp — CVJ([FP) is a semisimple Galois representation,
then, up to conjugation, there is a Levi subgroup M < G with a maximal torus 7' M such that
e the connected centralizer of p(Ir) in M is equal to T,
e there is an elliptic Weyl group element w € Ny (T [)/T such that p factors through T'(F,){w) :=
(T(F,),wy < M.
Once a Levi M is chosen, the maximal torus T < M is uniquely determined.

Proof. The only part not explicitly mentioned in [Lin22, Theorem 4] is the ellipticity of w, which is a
consequence of the uniqueness of T O

Remark 10.2. In other words, the image of p is generated by two elements s € T([_Fp) and t €
N (T)(F) such that
e s is a reqular semisimple element of M, and

e the action of w on the root lattice of M does not have eigenvalue 1,
e tst™! = 59, where ¢ is the size of the residue field of F.
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Here, s is the image of a generator of the tame quotient of Iy, and ¢ is the image of a Frobenius
element. oo 5

Note that we embed N (T')/T" < M through the canonical Tits representatives (which does
not need to be a group homomorphism); indeed, the Tits representatives generate a group of or-
der 2F04(N M(T) /T) for some integer ky. The order of w in this paper is interpreted as the order of
the Tits representative of w (we remark that it is a standard fact that the order of w in M and the
order of win N M(T ) /T are either equal, or differ by a factor of 2).

We don’t necessarily have T(w) = T x (w).
Setup 10.3. Let M < G be a proper Levi. Let w € NM(T) be an elliptic Weyl group element.

Let Uy, := B n M, which is the unipotent radical of the Borel By, = B n M.

Let UM = ker(U — Uy ), so that UM s M is the parabolic subgroup for M.

Write A, © A for the simple positive roots of M.

Write @, for the roots of M.

Write ®M+ < &+ for the positive roots that appear in UM,

Let 5* : Galp — T(F,){(w) be an elliptic Galois representation.

2

Definition 10.4. A w-relative root & = {w)c is a w-orbit of roots {«a, wa, w?a,...}. The w-relative

root group is the product
Ua = Uwya := | [ Unra~ -
The structure theorem imposes the following very strong constraint:
Lemma 10.5. Set @ — a = {a — &/|a, &’ € }. If H*(Galp, Uy(F,)) # 0, then (& — o) n @, = {0},
Proof. Write m for #a and let F,,/F be the unramified extension of degree m. Then as a Galp, -
module, Uy(F,) is a direct sum of Galois characters x, x%,- - , qu_l where x : Galp, — [F; is the
adjoint action on Uyv. If
H*(Galp, Ua(F))) = H%(Galp, Us(Fp) V(1)) # 0,

then at least one of {x, x4, -, qu_l} must be the cyclotomic character, and thus they must all be
the cyclotomic character. This implies each quotient y/ qu is the trivial character. If & — ar contains a
nontrivial root 3 of @/, then the action of p*(Ir) on the root group Ugv is trivial, which contradicts
the setup that p is an elliptic Galois representation (which implies p(IF) < T contains a regular
semisimple element of M). O

Example 10.6. We first consider the case where G = GL; and that M = GL, x GL3:
1 2 3 4 5

1 1100|1110 1111
T
N
2 0100 |U1107 0111
3
4
5
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Say p** = p; x pa where py : Galp — GLa(F,) and p2 : Galp — GL3(F,) are irreducible Galois
representations. We have Homgai, (p1(1), p2) = 0 as they are irreducible Galois representations of
different rank. The single six-element w-orbit is drawn above. Note that 1111 — 1100 = 0011, which
is a root for GL3 M.
On the other hand, consider G = GLy:
1 2 3 4

1 110 | 111
ﬂ{%

2 010 | 011

3

4

There are two w-orbits: {110,011} and {111,010}. The difference 110 —011 is not even a root. Neither
is the difference 111 — 010 = 101. This shows that both

H*(Galr, Ugyi1o(Fp)) and H?(Galr, Uyoio(Fp))
can be non—trvivial. Nevertheless, they cannot be non-trivial simultaneously, as 110 — 010 = 100
is a root of M. This observation can also be confirmed by local Tate duality — nonvanishing of
H*(Galp, UM(F,)) implies p1(1) = p2, and by Schur’s lemma, we have Homga, (p1(1), p2) = F.
Lemma 10.7. (1) If H*(Galp, Uy(F,)) and H?*(Galp, Uy (F,)) are both nontrivial, then
(avd)—(aud)) nd; ={0}.
(2) If HY(Galp,Uq(F,)) # 0 for i = 0,2, then it is equal to F,.
Proof. (1) Clear. (2) It follows from Frobenius reciprocity. O
Definition 10.8. Let oo = > 5.1 160 € 1. Define

htM(oc) = Z ng, andht . (a) := 2 ns.
6¢A]C{ 6EANI

The descending central filtration for U M ¢oincides with the ht™ filtration: if we write
;  [LieuM k=1
LieUM = {7 ;
[LieUM LieUM,] k>1,
then y L
oM =uMiult, = 11 Ugv .
aeq)]\u/fﬂhtM(a):k

Since w preserves the height htM , each U, ,é\/[ is a product of w-relative root groups.

10.1. Relative root posets. Recall that ®* is a directed graph, whose directed edges  — « are
precisely positive roots «, 3 such that o — 8 € A. We can similarly equip ®M* with a directed
graph structure whose directed edges 8 — « are positive roots a, 8 satisfying o — 8 € ®M* and

htM (o — B) = 1.
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Definition 10.9. The w-root poset

Bt = dM+ .= oM+ jyy

is by definition the quotient graph of M+ by the cyclic group action of {1,w,w?,---}. Write

A=A = (g e dt M (o) =1},

and call it the w-relative simple roots.

Denote by B(®*,A,h) € &* for the induced bipartite subgraph consisting of w-relative roots a
with ht™ (a) € {h, h + 1}.

We say a w-relative root o is non-obstructing if (o — a) n @, # {0}. We say a set S of w-relative
root is non-obstructing if (| yes @ — Uges @) N © 57 # {0}.

We say an induced bipartite subgraph B < ®* is non-obstructing if the set of target vertices Bt
is non-obstructing.

Definition 10.10. Let 8 < &' be an induced bipartite subgraph. The associated absolute bipartite
graph B, is by definition the directed bipartite graph such that

e the source vertices of 9B,;,s are the absolute roots contained in the w-relative roots that are
source vertices of B,

o the target vertices B, are the absolute roots contained in the w-relative roots that are target
vertices of B,

e the graph structure of B, is given by the induced subgraph structure of ®*.

Theorem 10.11. (1) If G = F, then all cycles in B(&*, A, h) are non-obstructing.
(2) If G = Eg,E7 and Eg, then all cycles € in B(PT,A, h) are either non-obstructing or have
admissible associated absolute bipartite graph €,p.

Proof. This follows from Appendix B. O

Example 10.12. (w-root poset graphs for Fy) We will only show the rank 1 Levi cases here: there
are four rank 1 Levi’s, corresponding to the four simple roots; and each rank 1 Levi has a unique
elliptic Weyl group element. The non-obstructing w-relative roots are colored by gray.
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(1342-2342) 2342
2342 1342
; 2342

1232

1242
1220-1222 1221

1121

1231 1222-1242

1120-1122

0120-0122
1110

& ‘ 0100-0120 ‘ 1000

(A) w-root poset for Mio00 (B) w-root poset for Mo100 (€) w-root poset for Moo1o (D) w-root poset for Mooo1

0011 0120 1100-1120

0001 0010

11. UNRAMIFIED DESCENT

Let F,,/F be the unramified extension of p-adic fields of degree n coprime to p. Then Er, /Ef is
also an unramified extension. As a consequence, Ep,/Ep is a finite étale extension. Let A be an
[,-algebra.

Lemma 11.1. Ep, /Ep is necessarily an unramified extension of degree n.

Proof. Recall that I'r = Galp, ,.\r = Zp X Ap, and Ep = (kF(upx‘)((T]’;)))AF = kF(upw)AF (Tr).
Here, k- is the residual field of F'. Note that F'(y,=)>F /F is a p-power extension, and thus F, (py= )2F /F (e )AF
is unramified of degree n. O

Let M be an étale (p,I')-module over Ef 4. Then M ®g, , Er, 4 is an étale (p,I')-module over
Epr, 4, together with Galois descent data:

Proposition 11.2. Write o for a generator of Gal(Eg, /Er). There is an equivalence of categories

étale (¢, I')-modules (M', ¢ppr, yarr) over Ep,

{étale (¢,T")-modules (M, ¢ar, var) over Ep 4} = together with o : 0*M' = M’
that commutes with ¢, and 7, and satisfies the cyclic cocy

Proof. Because Ep, /Ef is a finite étale Galois extension with Galois group Gal(Eg, /Er), standard
Galois descent establishes the equivalence at the level of underlying modules. Furthermore, since
F,/F is unramified, the action of Gal(Eg, /Er) commutes with both the absolute Frobenius ¢ and
the cyclotomic Galois group I'. Thus, the descent datum naturally respects the (¢, I')-structure. O

Corollary 11.3. Let M be an étale (¢,I')-module over Ex 4. Write M’ := M ®g,. Ep,.
(1) The map ¢ — ¢® 1 induces an embedding

leierr(M) - Z%IEIT(M,)'
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(2) opp induces a semilinear action of Gal(Eg, /Er) on Z%{err
with the fixed points.
(3) The trace tr,,, =

(M') such that Zj;,. (M) is identified

[Epi > o, induces a section

ZHerr(M ) - ZHerr(M)
of the embedding in part (1).

Proof. We have Cpy,..(M') = Cfi,,(M) ®k, Er,. The map ¢ — c¢® 1 respects di;..., proving (1).
Because the semilinear action of oy, on M’ commutes with ¢ and I', it extends to the Herr complex.
The fixed points of Zj.,, (M’) under this finite group action recover exactly Zj, (M), establishing
(2). Finally, because the degree [Efp, : Er| divides n, which is coprime to p, it is invertible in the
coefficient field F,, making the trace map in (3) a well-defined idempotent projecting Zj,..(M’) onto
Zﬁerr(M)' |:|

Remark 11.4. Since Galp — Gal(F,,/F) has no (tautological) splitting, we do not have an analogue
of Corollary 11.3 for Galois cohomology. The action of Gal(F,,/F) on H'(Galg,,Resp, /p V) does not
lift to an action of Gal(F,/F) on cocycles Z!(Galg,, Resg,/p V).

The non-liftability of the Gal(F,,/F)-action to cocycles indeed carries over to the setup of Herr
complex cohomology. There is no linear action of Gal(F,/F) on Z}  (M’) lifting the action on
Hﬁlerr( M"): for any (hypothetical) linear action &, the power 6" will never be the identity map, rather
0™ —1id is a nontrivial coboundary. If one systematically corrects this coboundary, one will always end
up with a semilinear action. Such a correction is impossible to do for Galois cocycles, as the coefficient
module V is not large enough to absorb the twist.

One of the advantages of the Herr complex is that it enables us to lift linear (inflation-restriction)
Galois actions on cohomology groups to semilinear actions on cocycle groups.

Theorem 11.5. Let y : Galp — [_F;; be a Galois character, and let ¥, denote its restriction to
Galp,. Let Xcyc denote the mod p cyclotomic character. The full cohomology group H YGalg,, xn)
decomposes as an Fp,[Gal(F,/F)]-module as follows:

Fp[Gal(F,/F)|®lF ] Xn 2 Fp, Fp(1),
Fp[Gal(F,/F)|PF%] @y, Yo = Fp, Xn 2 Fp(1),
(GalF“X’n) = _ P _ _ B _
Fp[Gal(F,/F)]|PF®] @ (y @ xok), Xn =Fp(1), Xn 2F
FplGal(F,/F)|PF ] @y @ (Y @ Xqk), Xn = Fp = Fp(1).

Proof. Since the order of Gal(F,,/F) is prime to p, the group algebra F,[Gal(F,,/F)] is split semisimple.
A representation over this algebra is entirely determined by the dimensions of its isotypic components.

Let ¥ : Gal(F,,/F) — F be a character, which we inflate to Galp. Because H(Gal(F,,/F),—) = 0
for ¢ > 0, the inflation—restriction exact sequence yields an isomorphism of the Y¥-isotypic component:

The local Euler characteristic formula states that

dim HY(Galp, Y®971) = [F : Q] + dim H(Galp, y ® 971) + dim H*(Galp, (Y ®97) Y (1)).
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Because the character Y ® 9! is one-dimensional, each H'-term is either 0 or 1. Specifically,
dim H%(Galp, Y ® 9 1) = 1 if and only if Y ® 9! = F,, which occurs exactly when ¢ = . Note that
this case is possible if and only if ¥, = [_Fp.

Similarly, dim H°(Galp, (Y ® 9~1)V(1)) = 1 if and only if y ® 9! = F,(1), meaning 9 = y ®>‘<gylc.
This case is possible if and only if ¥, = F,(1).

For any character 9 not meeting these conditions, the H° terms vanish, giving a baseline dimension
of [F : Q,]. The regular representation [,[Gal(F,/F)] contains exactly one copy of every character
¥. Thus, the uniform dimension of [F : Q,] across all isotypic components contributes precisely
Fp[Gal(F,/F)]OF ] to the overall structure.

The only deviations from this regular baseline are the extra dimensions arising from non-zero H°
terms. If y, = [_Fp, the cohomology group gains one extra copy of the character ¥ = y. If x, = [_Fp(l),
it gains one extra copy of the character 9 = y ® )_(C_ylc Summing the baseline regular representation
and these specific anomalous one-dimensional pieces yields the four cases. O

Corollary 11.6. Write M’ = Mg, = for the rank 1 étale (¢,I')-module over Ep g 141 that is the
universal unramified twist of y,. Then, we have

N o ) o[t [Gal(F, /F)] O]
Hﬁerr(M) = {[l?p[t"‘l][Gal(Fn/F)](-B[F:Qp] @y

>
3 3
([N
naMnal
SRS

So,
Hjry, 4 (M) = Fp[t][Gal(F, /PPl @ (F, [151]x @, ki, o)

as a Fp[tT!][Gal(F,,/F)]-module in both cases.

Proof. By Lemma 2.2, Hll{err(M’) does not have the cyclotomic terms, compared to Theorem 11.5.
When Y, is trivial, there is the unramified cocycle (1,0) € Z_..(M’) (c.f. Subsection 2.3), which is a

Herr “
coboundary over the locus (¢ # 1). Quotienting out by [(1,0)], we obtain a finite free F,[t*!]-module
whose isotypic parts have the same rank by Theorem 11.5.

Write Hpo. (M')y for the d-isotypic part of the (maximal) finite free quotient Hp

Herr
H. 1
Herr

(M'y of

err,tf

(M'). Choose a basis {vk’ﬁ},[{i:l » for each isotypic part. Set
C;g :szkﬂg, k= 1,...,[F H Qp]
v

Note that we have the projection operators

satisfying
es(cl) = Vk.o-
The upshot is that

[F:Qp] _
Higeret(M") = @ Fp[tH][Gal(F,/F)]¢}. O
k=1

Note that
kF, cye = FplGal(kr, .. /Fp)] = [Fp[Gal(Fn/F)]ea[kFcycz[Fp]
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by the normal basis theorem. Thus
Hijery (M) = F[51][Gal(F, /F)| UG riye )
as a F,[t*1][Gal(F,/F)]-module. So, we get the following corollary:
Corollary 11.7. There exist cocycles
S i by € Zitere,+ (M)
such that . .
{07 - cjlo? € Gal(F,,/F),1 < i <[F: Q] + [kr,. : Fpl}
(M'). So,

: 1
forms a basis for HHerr’ n

n—1
{ii= Y oidlli=1,-  [F: Q) + [k, : Fyl)
7=0

forms a basis for Hll{err7+(M).

Example 11.8. Let F' = Q, and Fy = Q2.

Let x : Galp, — [f;; be a character of order p?> — 1. For arbitrary scalars a,b # 0 € FX

»s We can

construct an irreducible Galois representation p,j, : Galp — GL2(F,) such that pa’b|GalF2 = (X Xp>

&1
c2 | We remark
1
that the conjugation action of p,4(Frob) on Ext!(F,, pap) is not necessarily idempotent. Indeed,
pmb(Fron) acts by scalar multiplication by ab.

Next, we convert the Galois representations to étale (¢, I')-modules. Write Dp(—) for the Fontaine
functor from Galois representations to étale (¢, I')-modules over Ep. Then Dp(p, ) is an étale (¢, I')-
module over Epg = Epg . We have

and pq p(Frob) = (b a). We form a 3-dimensional Galois representation Pab

Dry(paplcar,) = Dr(pap) ®epe, Bp, f, = Dr(pas) @, Fp2,

and is equipped with Galois descent data 7 : @ y(€ Dr(pasp) ®F, Fp2) — 2 ®yP. The descent data 7
is always idempotent: 72 = 1.

Over the unramified extension Fy = Q,2, the restricted Galois representation decomposes as a
direct sum of the characters y and x?. Correspondingly, the étale (p,T')-module splits as M’ :=
Dp, (pa,b|Ga1F2) = M}, ® M,. The 7-action on

ZI%Ierr(M/) = Z%Ierr(M),() @ ZI%Ierr(M)/@’)

exchanges the two isotypic factors.
Let {01, 92,7 = 61 + 2} be the positive roots of GL3. We have
M = Uy (Bp, 5,)
My = Usy (Ep, 5,)
So, if
{C62,15 €522 €852,3: €024} © Zitenn,+ (Usy (B, 7, [at1 541]))
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: 1 _
forms a basis for Hy,,, . (Usy (Ep, 7, [a+14+17)), then
{ } € Zitere 4 (Uy (B, )
TCy,15TCs5,2, TCs5,3, TCsy,4 Herr,+\“Y 7Y FFy [at! pE1]
: 1 _
forms a basis for Hy,,,  (Uyv (Ep, 5, [q+1,521)))- Moreover,

{(052,17 7—05271)7 (052,27 7—05272)7 (652,37 7—05273% (652,4’ 7—05274)} - ZI%Ierr,-i—((UéQV DUy~ )(EF,[Fp[ail,bil]))

forms a basis for Hllierr,+((U52V @ Uy )(Epf, [az1 p+17))- Here, we always choose {cs, 3,¢s,,4} to be the
unramified cocycles.

Example 11.9. Now consider G = PGLj:
1 2 3 4 5

1 1100 | 1110|1111
. 4.
N
2 0100|1107 0111
3
4
5

Consider the Galois representations of the form

X * Ok * a; * %
P o % * as * * *
p|In = w ) p(FI‘Ob) = as
wP a4
WP’ as

Set R = [Fp[alil i =1,2,3,4,5]. The order of w is 6. So, assume I' = Q, and Fg = Q6. There is one
w-relative root containing the six positive cross-block roots:

o = {1100, 0110, 1111, 0100, 1110, 0111}
Note that Fp is the splitting field of this relative root. Let c1100,1, - - -, €1100,m be cocycle representatives
for an R-basis of Hﬁlerr’ 2 (Un100(EFs,r)). Write o for a generator of Gal(Fg/F') and 7 for the induced
semilinear action on U,. By Shapiro descent, the universal cocycle for Zj,, . (Ua(EpR)) is

=

m 8]
univ __ . J . 1
Co | = Z T Z 77¢1100,i € Zherr,+ (Ua(BF Rz ,....2m]))-
i=1  j=0

12. TWISTED DESTACKIFICATION AND TWISTED WEIL-DELIGNE STACKS

Setupu 10.3 is in force in this subsection. We also keep the notation of the previous section. Let
K < UM be a T{w)-stable subgroup. Write K = HQE@K Uy,. Write Ag © ® for the set of relative
roots occurring in Lie K /[Lie K, Lie K|. Write n for the order of w in the Weyl group.

Lemma 12.1. If p > hy, then pt (#Nx(T)/T).
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Proof. Tt is a standard fact. See, for example, [Hum90, Theorem 3.9]. O
As a consequence, p t n.

12.1. Destackification of X;

Tw)® ‘We have

Xy = LITAT]
is a disjoint union of [T/, T]. Unlike the untwisted case, the T-action on 7" is non-trivial. We set
Xy = [1T.

12.2. Destackification of XKM“’(w}

We recursively build destackifications X¢q for Xeo = Uca T in a manner similar to the

. We fix a total ordering on ®g compatible with K -height.
procedure of Subsection 3.1, with the only difference being that sections { : P4 — P’y are required to
be both I'-stable and Gal(F,,/F')-stable.

Proposition 12.2. The morphism X<, — Xgqo is smooth, surjective, affine, and has fibers are
isomorphic to ReskFCyc /Fp UM 5 T.

Moreover, the formation of X, tautological and does not depend on the choice of the total ordering
on ®g.

Proof. Similar to Proposition 3.4. O
12.3. Twisted Weil-Deligne stacks. For each relative root e € 7, set Gme = | [aeq Gm,a- Let
WUmem@(w) - XUQNGm,m<’LU>

be the morphism relatively representing the presheaf

OX G atw (172
R Tory ™" (Hyere(Brox, ) R)-

Note that
(8) Torfxﬁm““> (HE oy (E FOxg, o) B) = Tor?XG’"”" (HZ,, (B FuOxg, )" R)Cal(Fn/F),
Lemma 12.3. We have
W s16m a(wy = WEUaxGma *Xey 6m.a X@m7a<w>)Gal(F"/F).
Proof. Follows from Eq. (8) O

Set
WUm >4®7n,a<w> = XGm,a<"~U> XXGm7m<w> WUQXIGm,a<’w>
for the destackified Weil-Deligne stack. We add a subscript F' to W or X when the ground field must
be emphasized. Note that each connected component of

WE UaxGm.a X Xpy 6m.a S Omalw)

is of the form Spec [_Fp[tlil,--- ,t,:—rl,sl,--- ,Sp']; the Gal(F,,/F)-action fixes the t,-parameters and
permutes the s,-parameters.
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Definition 12.4. A connected component of Wiy, 46, o¢wy 18 €ither of the form
G,
or of the form

Grm.als]/(s w)

where u € Og,, , is the equation defining the closed subscheme of G, that acts on U, via the
cyclotomic character Fp-pointwise when restricted to Galp, .
We call Gy, o/(u) x SpecFp[s] < Gpyals]/(s u) the Steinberg component.

12.4. The bsq and csq cochains. Let o € o be any absolute root. Write F/F for the splitting field
of a; so d = #a.
Let SpecFp[tZ!, sal/(salta — 1)) © Wg, U, %G be the connected component containing the
Steinberg component. Set R := &), e, Fplta!, sal/(sa(ta — 1)).
Recall that there exists a cochain
1
C,a,std € C(Herlr,—',-(UvCMv (EFn,R))
such that
1
dHerr(c/a,std) = (tOé - 1) Ia,std
and that [b7, ;4] generates HZ, . (Uy~ (Ep, r)). Note that
ba,std = 2 Jjbi)c,std
cieGal(F,/F)
generates HI?IQH(U&(E F,r)), by Frobenius reciprocity. The a-coordinate of bq gtq is
ba,std = Z Ujdb:x,std € CI%Ierr,—&-(UaV (EdeR))7
oideGal(F, /Fy)

which is a coboundary if and only if H3, (Ux(EFrr)) = 0. Set casta 1= 2 oI eGal(Fn/F) o-jcix,std'
12.5. Gauge cochains. Set

WK@(@ = H W 4G aw) X XT<w>-

aed ac® Xom,m<w>

Let C c WKxi“(w) be an irreducible component, and set R = O¢. Write
0(C)

i

{a€ ®|HY o (Ua(Er g)) is finite free of rank 1}

(€)= (Ue(EFR))
Wy (C) = {a € & |Hf oy (Ua(EFR)) is finite free of rank 1}
To(C) = {a € & | Hier,(Ua(ErR)) # 0}
Us(C) = {a € 8" |Hje,(Ua(Err)) # 0}.

We fix a representative a € o once for all. For each «, we choose a set of cocycles
1
{cix,lv Tt 7C,a,n[F:Qp]+n[kFCyC:[Fp]} « ZHerr,-‘r(U’C!v (EFn,R))

which is stable under the semilinear Gal(F,,/F)-action and forms a basis of Hfllerr,+(UaV (ER,.R)). Set

!
wI -t

R
c i=0'¢y,
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for 1 <i <n([F:Qp) + [kr,. : Fp]) and 0 < j < #a =: d. Also write

/ /

jdo  — ,
07 Coi = Cogid(s)-

Definition 12.5. We recursively define finitely many 1-cochains €z, = {ca¢} < Cﬁerr#(Ua(EF’R)),
fEEwk for k = 1,...,hé.
We set

~ L2 [F Q] + kR, Bl std} e Ty(C)
—el {1,2,...,[F: Q] + [kr.y. : Fpl} otherwise

and €z, = {ca¢l € Eq,1}, where
Cm7§ = Z O'jclaé.
cieGal(F,/F)

Suppose €z, , is already defined. For each sequence of roots 1 + -+ + Bs D @ and elements
cg, i € C= denote by

Bik?
[631,§17 Tt 635765]01

the a-factor of

[051,517 s 7Cﬁs,§s] € C%Ierr,+(( H Usv )(EF,R))'
BeP1+++Ps

We choose an element cq, ¢, ¢,....¢,] € Cﬁerr’+(Uav (Ep.r)) such that
[CB £ CB é— ]O! — am7[£17"'755]bm75td - dll{err(cm7[£17§27"'7fs]) e @2(0)
1,617 ° " 55858 .
—dherr(cav[&@’“_?gs]) otherwise
where aq » € I is the unique scalar that makes the equation hold. We set
Eoé,kJrl = Ea,k ) {[{1, B 7£k‘]7£i € Q:Eﬂi,k}
and

Q:Ea,k+1 = {ca,£ : 5 € Ea,k+1}~

We call elements of €=, , the gauge cochains.

Lemma 12.6. If all irreducible components of X_o(C) have dimension > d, then all irreducible
components of X<q(C) have irreducible components of dimension = d + ([F : Qp] + [kr,,. : Fp])#o.

Proof. Completely similar to Corollary 6.8. O

12.6. The fine stratification.
Definition 12.7. For subsets Wy, W5 < & such that Wy is not non-obstructing, denote by
XKNT<w><W> < X g i(w)

the locally closed subscheme where H;  (Uy) is finite free of rank 1 if and only if o € ¥;, for i € {0, 2}.

err
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Theorem 12.8. (1) X KNT@O@I@ is a (possibly empty) union of certain connected components of

= [Tats s T [F Q] hp Fplsa ¢ @€ Pk
S I]._ P cyc I
pecte = N
where I is generated by
Sa : a ¢ Wy
Ta : o€ Wy htg(a) > 1
( - 1) : o€ Ua\:e\llou\lfg o
Tai = Uﬂ#o‘x&,i : <j#Ha<n 1 <i<[F:Ql+ [k:Fcyc ()

Here,

1
To = Z m' a[glv ’gm H’UIﬂjis]
Bit--+Bm=aul1,....&m Jj=1
unlv

where fig. ¢, is the coefficient before cg, ¢, in the universal cochain cg,
(2) We can normalize it so that

1
ro = Z §N5,5$3,1$5,1 + Qo
BeBed e ,6ebeA i 6+ B>

where Qg does not depend on xg; for htg(f) = htg(a) — 1.

Proof. Completely similar to Theorem 7.6. O
Definition 12.9. Write funiv, guniv e (KNT<w>)(EF’OXK>4T<w><W>) for the universal étale (¢, I')-module
satisfying . .
funlvgo(gumv) _ Uan (fHIllV)
Set
10g<h (funw(fumV)ss 1 gunN( umv ss— 1 Z c
= Y (0
aedy
Denote by
X wtwy © Xreutiuwd

the quasi-affine open subscheme where [cg] # 0 € H

Corollary 12.10. (1) If the Jacobian

Us) for 6 € Ak.

BI'I‘(

g 0T
51'371
is of full rank, then XKNT@))(W} is smooth. Write WK T<w><\ll> C Wiy for the image of
X KNT<w><‘§Iﬂ> then all fibers of X KNT<w><‘§Iﬂ> KNT<w><W> are irreducible of dimension [F' :
Qp #UQG@’K

(2) Write r for the corank of J. Then all fibers of X KxT<w><@]> — WKXJT(w><W> are of dimension
at most [F: Qpl# Upep, @ + 7

Proof. Completely similar to Corollary 9.11. O

It turns out that for the twisted situation, we don’t even need the full power of the cone model.
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Theorem 12.11. Let C < WUMNT<’U]>

(1) WUMmT(@ is equidimensional of dimension 0.

(2) If [F: Q) = #P" + 2, then each Xt sy

is generically smooth and induces a bijection of irreducible components.

be an irreducible component.

(C) is irreducible. As a consequence, X}y wy

Wisa xT{(w)

(3) If G' = Fy, then part (2) holds without the [F : Q,] = #®* + 2 assumption.

Proof. (1) Let

Sc:=Ta(C)nA
be the relative height-one orbits on which C' is Steinberg. A relative height-one root has coefficient
one in a unique simple-root direction outside A ;; and coefficient zero in every other omitted direction.

Since w € W, this direction is constant on each cyclic orbit, giving a map

T:Sc— A=Ay
We only need this map on S¢, not a bijection on all of A.

The map 7 is injective. Indeed, argue contrapositively. In a fixed omitted direction, the relative-
height-one slice is connected by Levi root strings. The root-string decomposition under the cyclic
action has the following dichotomy: either one cyclic orbit contains adjacent roots whose difference is
in @, or two distinct cyclic orbits in that direction contain such an adjacent pair. Thus two elements
of S¢ with the same image under 7 would make Sc non-obstructing. This is impossible because
Sc € Wy(C) and the fine stratum requires Wo(C') to be not non-obstructing.

Each é € S¢ contributes one Steinberg additive parameter, so the additive dimension gain is #S¢.
On the multiplicative side, all relative roots in one omitted direction impose one torus condition after
quotienting by the characters 6 — wd. Conditions in distinct omitted directions are independent, as
their images are distinct fundamental-coweight coordinates modulo the Levi character lattice. Hence
the multiplicative dimension loss is #7(S¢). Injectivity gives

#SC = #ﬂ-(SC)a
so the additive gain exactly cancels the multiplicative loss. More additive gains would force two
elements over one omitted direction and hence violate the non-obstructing constraint. Therefore
every allowed component has dimension zero. Over F},, the restricted actions on U,sv and Usv need
not be trivial but are equal, so the indicated torus quotient is compatible with the root-group factors.
(2) Follows from Corollary 12.10 and Theorem 10.11.

(3) By Part (1), it remains to show when K # U M the corank of J = (222} does not exceed

69:&1
# U e—dmWe g

0{6@@*’7@’[{

We also have
spang{aja € ¥y U Wo}

spang{d — wdld € A}
Since every term is easily computable by linear algebra, Part (3) follows from enumeration of all
configurations of (K, ). O

We remark that part (1) of Theorem 12.11 does not have to be true for general K: in general, Ag
may have more elements than A — A 3.
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Part III: The p-adic formal Weil-Deligne stacks

13. GEOMETRIZATION OF THE p-ADIC LOCAL EULER CHARACTERISTIC

We use the integral and rigid moduli theory of [Lin25, Lemma 11 and Theorems 10-12]. For the
twisted version, sections are additionally required to be Galois-stable. There is no other difference in
the construction.

Lemma 13.1. Let X = SpfR where R = Z,(T". The presheaf over X defined by S > Torf'(R/(T), S)
is representable by the formal scheme Spf(R{Y)/(TY)).

Proof. First, compute the functor F(S) = Torf(R/(T),S). Since T is a non-zero-divisor in R, we
have a free resolution:

05>R-LR—>RIT)—0

Tensoring with an R-algebra S, we get the complex:
0555 95-5/TS—0

The first homology group is ker(S s ) = S[T]. Thus, F(S) assigns each S its T-torsion submodule,
S[T7].

To represent this functor, consider the p-adically complete R-algebra A = R(Y)/(TY"). A continuous
R-algebra homomorphism ¢ : A — S is determined by y = ¢(Y) € S. This requires Ty = 0
in S. Because A is a Tate algebra, any such y gives a continuous map. This yields a bijection
Hompg (A, S) = S[T]. O

Consider the moduli stack X%gi:le of potentially semistable rank 1 étale (¢, I')-module of trivial

Hodge type and tame inertial type over A FZ, Here, Af 4 is the usual thickening of Ep 4. All
such étale (p,I')-modules correspond to unramified twists of Teichmiiller lifts of a mod p Galois
representation. So, we have

0,tame 0,7 = =
Xﬁém = H XF,Gm = H [Spf Zp<Ti1>/ Spt Zp<Ti1>]a
TEF; TGF;
and admits a destackification
Xpame = ] SpfZ,(T*1).
TEF;
Write M%tme for the universal étale (p, I')-module over R = A 7,771y Write Mcyc for the cyclotomic
étale (p,I')-module over A7 . Consider the presheaf
§ o Torf (H e (M2 @ M), S) = Torf(Z(THY/(T — 1), ),
which is representable by
Spf Z(T*1, Y)/(Y (T — 1)).
The formal scheme Spf Z,{T*1,Y)/(Y (T — 1)) has two irreducible components
Spf Z,(T*') U Spf Z,(Y")

with special fiber
Spec F,[T*!] U SpecF,[Y]
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and generic fiber
Sp Qu(T™) U Sp QY.
Lemma 13.2. If G has connected center, then there exists a cocharacter A € X, (T) such that
N6 =-—1
for all § € A.

Proof. Recall that “having simply-connected derived subgroup” < “having fundamental weights”.
Dualizing both sides, we get “having connected center” < “having fundamental coweights”. Take A
to be the negative sum of fundamental coweights. O

We fix such a cocharacter A once for all. Let w € NG(T )/T be a Weyl group element of order n,
that is elliptic in a proper Levi M c G. Let

XLT Gaan ad Gm(OFn) = O;;n
be the Lubin-Tate character. Write XﬁT for the composite

AOF,)
— 5

Fix a lift 0 € Galp of a generator of Gal(F,,/F). We define the Galois representation Ny (x7r)
Galp — T(Z,){w) by setting:

1=0

n—1
Nu(xtr)(go®) = (H ’wiXﬁT(UiQUi)wi> wk.

Lemma 13.3. Let §¥ € A — Ay and set § :={w)-0Y. we have
H*(Galp,Us(Z,)) = Z,.

Proof. Write F,, for the splitting field of §. By Shapiro’s Lemma, we have an isomorphism of coho-
mology groups:

H*(Galp,Us(Z,)) = H*(Galg, ,Usv (Z,)) = H*(Galg,,, Z,(1)) = Z,. O

Definition 13.4. Write ), € X*(Resg/q, T) for the Hodge type of Ny, (xip)-
Write

A tame
UM 5 Tlw)
for the moduli stack of potentially semistable Galois representations of Hodge type )\, and tame
inertial type. Write
Ay tame
UM 5 T{w)
XAUi,tame

for the rigid generic fiber of U )y’

Next, we construct the integral Weil-Deligne stack.
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s X2 o he the morphism that

Definition 13.5. Let R = OXAw,tame. Define WUNIXIT@LO Foud

T{(w)
represents the presheaf
S H Tor{%(HI%Ierr(Uﬁ(AFyR))’ S)
SeA

for the rigid generic fiber of %/, whose representability follows from unram-

Write ;5 W s Py
ified descent of prime-to-p degree. Note that the special fiber of #/ (w) is precisely WUMxT@;)'

We recall the following theorem from our previous work:

Theorem 13.6. ([Lin25, Theorem 3]) xrwtme gy induces a bijection of irreducible

UM s T(w) UM xT(w)
components.
Proof. This is used as the external input [Lin25, Theorem 3]. O
Corollary 13.7. The special fiber of Xiij’éj’;a;e N is equidimensional of dimension [F : Qp]#(I)M , and
w
its number of irreducible components is at least as many as the number of irreducible components of
Wi T ¢wy”
Proof. Note that irreducible components of W, W e () and 20, W sy AT€ precisely the special fiber

and the rigid generic fiber of irreducible components ¢ of the p-adic formal stack %,y T )’

Consider
Ay, tame ( ) — Ay tame
UAZI ><IT<’UJ> UN[ ><’f<w> WU]\;I 1T (w)
whose rigid generic fiber :{éﬁtjr;; >(‘€) is of dimension [F : Qp]#@M and non-empty by Theorem 13.6.
w
. Ay, tame . i Ay tame C 1. Ay tame
Since XU Yo <w>(<€) is a closed sub-formal scheme of XU W sy the Zariski closure ) of %U A <w>(‘€)
in A2 g contained in A2 (¢). Take Y to be the schematic closure of the indicated
UM T w) UM T w)

nonempty rigid component, with its p-power torsion removed. It is then Zp—ﬂat by construction.
A nonzero flat, topologically finite-type formal scheme over the complete DVR (all stacks descend
to a DVR) cannot have empty special fiber: otherwise p would be a unit on its coordinate ring,
contrary to adic completeness. Hence Y ® [, is nonempty. Flatness and Krull’s Hauptidealsatz give

dm(Y®F,) =dimY —1=[F: Qp]#éM . This argument is applied separately to every €. So, there

exists at least one irreducible component of X’ A;@I’ta{ne ® [Fp that maps onto C' := € ® [Fp and does not
UM xT{w)
map onto other irreducible components of WUMxi“(w)'
The equidimensionality follows from the Krull’s Hauptidealsatz argument applied to the entire stack
Ay tame
UM T {w)’ O

Theorem 13.8. If the number of irreducible components of XUNINT<w> does not exceed the number

of irreducible components of W have a potentially semistable

UM 5T {w)
lift of regular Hodge type A, and tame inertial type.

The condition is satisfied in the following cases:
e G and w arbitrary and [F : Q] = #0142,
. é=F4andw¢1,or

then all Fp-points of XU”MT@;)



ALGORITHMIC UNIVERSAL MOD p ETALE (p,T)-MODULES 51
e G=F;and F # Q.

Proof. Combine Theorem 12.11, Theorem 9.13, Theorem 8.1 and Corollary 13.7. O

14. THE QUALITATIVE BREUIL-MEZARD CONJECTURE

Lemma 14.1. The scheme-theoretic image Y of each

XUy — XEC
has dimension at least dim X 5(U).
Proof. Tt suffices to show for each Spec [_Fp — Y, the fiber

SpecF, xy XB<\I/>

huas dimension (at most) 0. Suppose this [_Fp—point corresponds to a Galois representation p : Galp —
B(Fp), then this fiber embeds in Autx(p)/ Aut(p) = {1}, as p is maximally non-split:

Sublemma 14.1.1. Let g =tu e B wherete T andu € U, such that logéhé U= eqp+ Ua- Ifus #0
for all simple roots 6 € A, then Zx(u) < B.

Proof. Let z € Zé(u) By the Bruhat decomposition, we can uniquely write z = bwv, where:

e beB ,

e w is a representative of a Weyl group element,
e velU,=Unuw U wcU.
Lz = u. Substituting the Bruhat decomposition of z, we get:

1

Since z centralizes u, we have z—
(biw) TLu(biw) = v = W (b ub)w = vuv

Let u; = b~'ub. Because b € B, the conjugation action of b preserves U and its lower central series.
Specifically, the induced action on the abelianization U/[U,U] = | [sca 85 is given by non-zero scalars
on each simple root space. Therefore, u; is also regular unipotent, meaning logu; has a non-zero
component in gs for every § € A.

On the right side of the equation, let us = vuv™!. Since both v and u are in U, us € U.

We now have the equality @ ~'uiw = uo. Passing to the Lie algebra, this gives:

Ad(w 1) logus = logus

Assume for the sake of contradiction that w # 1. By the standard properties of the Weyl group,
there exists at least one simple root § € A such that w1(§) < 0 (i.e., it is a negative root).

Because u; is regular unipotent, logu; has a non-zero component X5 € gs. Under the adjoint action
of 11, this component is mapped to Ad(w )Xy, which is a non-zero element in the negative root
space g,,-1(5)- This contradiction forces w = 1. g

O
Proposition 14.2. If

e G is arbitrary and [F : Q) = #P" +2o0r
. é=F4andF;ﬁQp,
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then XéE(;’e q is equidimensional and its irreducible components are in bijection with the irreducible

components of Wpy.

Proof. By Theorem 13.8, XG]??Q 4 is contained in the special fiber of X G%“tame

of dimension [F : Qp]#®". Here the crystalline stack is a closed substack of the integral Emerton-Gee
stack by its scheme-theoretic-image construction. Conversely, Theorem 13.8 gives a closed immersion
from the reduced Emerton—Gee stack into the reduced special fiber of this crystalline stack. The two
opposite closed immersions identify these reduced substacks. Hence XEG . is the reduced special fiber

, which is equidimensional

,rec

of the indicated crystalline stack and is equidimensional of the same dimension; in particular, there
are no additional lower-dimensional irreducible components. By Lemma 14.1, the image of X3(C) in
XgG is a top-dimensional irreducible component for each irreducible component C' = Wy. We remark

that X 5(C) is always irreducible, despite that X5(C) may not be. O
Lemma 14.3. The morphism
X o [KIY) — XgG
factors through [Xp A[KKK¥)/[1seq, U ) ]-
So, its scheme-theoretic image has dimension < dim X} #[K](¥) — #Vq.

Proof. Note that X, #[K]|(V¥) is clearly stable under the conjugation action of the negative root
group action of U_g)v for € ¥y. 0

Corollary 14.4. When G=F,and F = Qp, the top-dimensional irreducible components XGE?Q 4 are

in bijection with the irreducible components of W.

The only possibilities for the non-top-dimensional irreducible components are the scheme-theoretic
image of X'3[K](V¥) for the configurations (K, ¥) listed in Table 1.

We don’t know whether XEG is equidimensional yet.

,;red

Proof. Combine Lemma 14.3, Theorem 8.1, and the proof of Proposition 14.2. O

15. ROTATION BY NEGATIVE ROOT GROUPS

In this section, we treat the 4 extra components of X5 for G=Fyand F = Qp-

ID BT — Dy T, Ty
I {0010} {0010} {0001, 0011, 0100, 0110, 0120}
II {0010} {0010} {0001,0011, 0100, 0110, 0120, 1000}

111 {1000, 0010} {0010, 1000} {0001’ 0011, 0100, 0110}

0120,1100, 1110, 1120
{0100, 0110,0111, 0120, 0121, 0122}

IV | {1000,0001,0011,0010} | {0001,0010,0011,1000} | § 70" 110 1111 1120, 1121, 1129

The goal is to prove the following:

Proposition 15.1. (Theorem 15.6) There exists a Zariski dense substack U < X, +(¥) where
(K, ¥g,¥s) is one of the four configurations above, such that for each [Fp—point of U corresponding to
p: Galp — (K » T)(F,) c B(F,), there exists
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e a deformation

p: Galp — B(F,[e])
e an element p € Fp[[e]], and
e a root dpor € Yy

satisfying

p = exp(—pe_s,,)pexp(pe_s,,) mode
and p[2] is a F,((e))-point of X = X5[U].
Remark 15.2. The proposition is reduced to Theorem 15.6 which is proved towards the end of this
section. The insight here is that, even though these X3 [K](¥) are not in the closure of X, their
scheme-theoretic image in XgG is in the closure of the scheme-theoretic image of X 5 in XgG.

The key observation is that o < Ag. Write
Vi = 1 Ugv
Oée(q’-'—*@}()UAK

so there is a short exact sequence
- U
1-> K-> Vg — I -1

Lemma 15.3. Propo§ition 15.1 is equivalent to the same statement after replacing K x T and B
by K1 x T and V x T There exists a Zariski dense substack U = Xy +(¥) where (K, ¥, V) is
one of the four Conﬁgurations above, such that for each F,-point of U corresponding to p : Galp —
(K1 » T)(F,) © (V x T)(F,), there exists

¢ a deformation .

p: Galp — (V x T)(F,[e])

e an element p € Fp[e]], and

e a root dor € Uy
satisfying

p = exp(—pe_s,,, )pexp(pe—_s,,) mode

and that p[l] does not factor through any proper T-stable normal subgroup of V' x T.

Proof. By Nakayama’s lemma H?(Galg, Uy (Fple]])) = H?(Galg, Uy (F,)) = 0 for each a € @ —
Ak. O

It is clear that

X () = Speclp[t5!, Ta1, Ta2,85 : 0 € Aya € Ag,BE Us]/(ta — 1 : € Ug U V).

Example 15.4. (Configuration I) We work out the first row of the table:

@ @ @
RO

& 5 & ®
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where Wy roots are colored by red and the Wy root is colored by green. It is harmless to assume
Ta2 =0as UVoNnAg = J = [ca2] =0€ HY(Galp, Uy (Fp)); the variable z, 2 only plays the role
of framing. We can also remove the roots 1000, 1100,1110,0111 as they are not dominated by the Wy
roots, and replace V' by Hae{OOOl,OOl0,0lO0,00l1,0110,0120} Uav. Write 24 1= 24,1

The universal family of X (W) is given by

univ
coo10 = 0

univ

€001 = Z0001€0001,1 + 50001C0001,std

univ
Coo11 = £0011€0011,1 + S0011€0011,std

univ

€0100 = 20100€0100,1 + $0100€0100,std

univ

Co110 = £0110€0110,1 T 50110€0110,std

univ

€0120 = 20120€0120,1 + $0120€0120,std -

Set 0ot := 0010. Let p be a free parameter. We replace p by

Pu = exp(pe—oo10)p exp(—pe—ooi0)

where e_gp19 is the standard Chevalley basis element. Note that p* exp(ue_go10) = exp(pe—_po10)0™.
Also note that

2
eXI>(,LL670010)60120 eXP(—uBfoom) = ep120 T M[efoom, 60120] + %[670010, [670010, 60120]]

2
= €0120 — M€0110 — K €0100
eXI>(,L6670010)60110 eXP(—MBfoom) = eg110 + 21€0100

eXP(M&0010)60011 eXP(—MBfoom) = €0011 — M€0001

This transforms the universal coordinates according to the rule

univ ___univ univ
o110 = co110(4) = cprio — KCH120
univ .__ _univ univ 2 _univ
o100 — co100(4) =¢G00 + 2HC110 — K CH120
univ .__ _univ
coo11 = coor1 (k) = coort
uni ( ) univ univ

v R
Cpoo1 > Co001\H) ‘= Cpooo1 — MCooil-
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Next, we construct the universal e-deformation

coot0(€; 1) := €(boo10rCo010,1 + b0010uC0010,2)
= cooo1 (1)

:= co100(1)
:= coor1(p) +
:= cor10(p) +
(1) +
=1

=1

=1+ e)Xgo10

)
)
)
)
) = co120(pt
)
)
)

t1000(€, 1t) = t1000

where O(g?) is the linear combination of the gauge cochains having coefficients divisible by 2 coming
from (higher) cup products, and Ago1g is a free parameter.

We plug the universal e-deformation into the explicit equations in Lemma 6.6. Clearly all the
equations are satisfied mod . Note that there are 4 free parameters \, 11, boo10r, boo1ou (mod €2), and
three equations {roo11, 70110, 70120} We add one more equation that A\gp10 = 1 so that the number of
parameters matches the number of equations. The mod £? terms of the equations (= “* mod £2) are
given by

(—20001)boo10r ¢ + (—250001)boo10uit + (220001)booror + (250001)b0010u + (—S0011

)

(220100)booror 4> + (250100)bo010uit® + (—420100)bootor e + (—450100)bootoutt + (—220100)booror + (—250100)bo010u + So1104 + (—So0110)
(—220110)boo10r 1 + (—250110)boo10uit + (220110)boo10r + (250110)bo010u + (—250120)

1

Ao010 —

whose Grobner basis can be calculated explicitly:

#2 _9 —20001 5010050120 — 95000155110 + -+ 2011050001 50110 + L01105001150100
2X00015010050120 — woomS%no — -+ + Z01105000150110 — £01105001150100 ’
booior + —420001.500015010053120 + 2900001800015(2)110 50120 + *** + T011050001 500115310 — T011058011 5010050110
8%001 $01005011050120 — 8Z0001Z0100500015011050120 + * * * — 4201002011050001 001150110 + 4r§m $00015001150100
42000150001 50100 9(2)120 — 220001 5000153110 50120 — *** — 2011050001 ¢ 5001150110 + Zo110 5’(2)011 5010050110
8T0001 $01005011050120 — 8Z0001Z010050001 5011050120 + * * * — 4Z0100Z011050001 5001150110 + 496011050001 5001150100 ’
bOOlOu 4320001 9()1()()50120 - 2T0001 q0110 50120 — - 1‘%1105()()()1 001150110 + 3:0110 9001150100 i
8T0001 501005011050120 — 8Z0001Z0100500015011050120 + ** * — 4T01007011050001 5001150110 + 496011080001800118’0100
—423001 5010058120 * 278001 5311050120 + ** * + 311050001 5001150110 ~ TF1105501150100
817(21001 501005011050120 — 8Z0001Z0100500015011050120 + * * * — 4Z0100Z011050001 5001150110 + 4.10%1103000180011 50100
Aooto — 1

The results above are overwhelming both to compute and to decipher. We simplify the procedure
using the following lemma:

Lemma 15.5. Let Spec A be an irreducible affine variety over F, and let B = A[s1,..., 8m]/(f1,- -, fm)-
Let g : Spec(B) — Spec(A) be the induced morphism of affine schemes. Suppose there exists a point

p € Spec(B) such that the Jacobian matrix J = (25;)1
<i,j<m

g(Spec(B)) contains an open neighborhood of g(p). In particular, after replacing both Spec A and
Spec B by non-empty open subschemes, Spec B — Spec A is étale and surjective.

is invertible at p. Then the image
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Proof. Let Up < Spec(B) be the principal open subscheme where the determinant of the Jacobian
matrix J is invertible. By hypothesis, the point p lies in &/p. The morphism g restricted to Up is étale
and thus has open image. d

By Lemma 15.5, we are allowed to assign random values to x, and s,, and check the invertibility of
Jacobians and the existence of solutions after specializing to that particular set of values of {x., s.}.
For example, if we set

50001 =2 Xoool =2 Soo11 =4 Too1t1 =6 Sow00 =4
Zol00 =9 So110 =7 Zoil0 =3 So120 =7 Toi20 = 1’

then the Grobner basis becomes

G = {u* —2p — 15, boo1or bootou + 1/16p — 1/16, Aooto — 1}

and the Jacobian matrix is

2u—2 0 0 0
0 100
J:
L 010
0 001

which has determinant

det(.J) = 2(u — 1)

which is clearly non-trivial modulo G.
By the Newton’s method or the multivariable Henselian’s lemma, if a polynomial equation has a
solution mod ¢ and the Jacobian is a unit mod ¢, then the equation has a solution in F,[].
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Require: A configuration (K, ¥) such that Wy Ak, and a root d,.t € ¥q for rotation.
: Write down the universal fa.unily pY for X Ry T
“univ

1
2: Set (i)  explie s, ) 0™ explic_s,,).

3: Write to (1), Sa(ft), Za,i(pe) for the parameters defining p(u).
4

: Set
ts(u) ¢ Yo
tsle, 1) =
(& 11) {1-{-&7\5 0 e vy

L Sba,i o€ \Ifo

Sa(€, 1) = salp),
and treat
{)\*, H, b*,*}
as the free variables.
5: Plug ta(e, 1), sale, 1), Ta,i(e, p) into the equations {= : a € Wy, ht(a) > 1} and write P,
for the constant terms (with respect to ¢).
6: G « Grobner basis of {P, : a € ¥, ht(a) > 1} U {D 5As — 1} over the function field of
XK'1 T
7. if G = {1} then > There is no mod ¢ solution.
8: Report failure!
9: end if
10: Glayg < Grobner basis of {P, : a € WUy, ht(a) > 1} U {D 5 As — 1, Jacobian of {P,}}.
11: if G = Gayg then > Jacobian is not a unit.
12: Report failure!
13: end if
14: Report success.

ALGORITHM 12. The Rotational Deformational Test

Theorem 15.6. Each of the Configurations I-IV pass the Rotational Deformation Test (c.f. Algorithm
12) by using the following rotation roots:

(I, 11, IV) 8,0t = 0010,
(1) 6,0r = 1000.

Proof. This follows from the exact computation in Appendix C. We remark that for Configuration IV,
there are three choices 0,01 € {1000,0010,0001}, but only 0010 works; similarly for Configuration III,
there are two choices 0,01 € {1000,0010}, but only 1000 works. O

Remark 15.7. We don’t exclude the possibility that for more complex groups like Eg, we need to
rotate using multiple roots {0t} < Wo.

Corollary 15.8. When G = Fy, Xg(;’e 4 is equidimensional of dimension [F : Q,]#®" and has irre-

ducible components identified with the irreducible components of W.
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16. THE EXISTENCE OF CRYSTALLINE LIFTS

We use the integral fixed-type stacks of [Lin25]. The crystalline stack is obtained by imposing the
closed condition N = 0 on the stack of Breuil-Kisin—Fargues Galp-modules. Thus the proofs of [Lin25,
Proposition B.5.10 and Theorem B.6.3] apply without change.

Lemma 16.1. Fiz a bounded Hodge type and inertial type. The morphism from the stack of crystalline
Breuil-Kisin—Farqgues lattices of that type to the integral Emerton—Gee stack is proper. Its scheme-
theoretic image is Z,-flat, and a geometric point of its special fiber belongs to the image if and only if
the corresponding residual representation has a crystalline lift of that type.

Proof. This is the N = 0 case of [Lin25, Proposition B.5.10 and Theorem B.6.3]. The only difference
is that we use the closed crystalline substack. O

Lemma 16.2. Suppose G = PGLy. There exist finitely many Hodge types {),|s € S} such that the
special fiber of the crystalline stack | J,cg XS&’I‘ZZ” contains all irreducible components of XEgLQ red-

Here, Ti.iv stands for the trivial inertial type. The lemma also holds after replacing G by its Borel.
Proof. This is [EG23, Theorem 6.4.4]. O

Lemma 16.3 (Borel crystalline assembly). Let C < Wy be irreducible. There is a regular Borel
Hodge type A\ with trivial inertial type such that the crystalline special fiber contains the component

X5(C).
Proof. Apply Lemma 16.2 to the simple roots and choose a sufficiently regular common Hodge type.
Then use [Lin25, Corollary 5 and the proof of Lemma 19]. Finally apply Lemma 16.1. O

Corollary 16.4. Suppose G is arbitrary.
(1) There exist finitely many Hodge types {\,|s € S}, such that the special fiber of the crystalline

Ag s Ttriv

stack | J,eqg 5 maps surjectively on the Weil-Deligne stack W.
(2) The special fiber of the crystalline stack | g gs’miv contains X 5(C) for all irreducible com-

ponents C' < Wp.

Proof. (1) Apply Lemma 16.3 to every irreducible component of the finite-type stack Wy and take the
finite set of resulting Hodge types. Each component is dominated by the indicated crystalline special
fiber, giving the asserted surjection.

(2) The reduced special fiber of | . ¢ gs’mi“
components of the special fiber of the corresponding X's-stack that maps surjectively onto Wy.

For each irreducible component C' © Wy, there exists a unique irreducible component Cy of

is a union | Jeeg, C of (top-dimensional) irreducible

X5 (necessarily of the form X 5(C)) satisfying the condition that Cx — C'is scheme-theoretically
dominant. Thus Cy € S¢ for all C' by part (1). O
Theorem 16.5. If G = Fy, then all Galp — G(F,) have a crystalline lift.

If G is a reductive group satisfying the standing hypotheses and [F : Qp] > dirgé, then all Galp —
Cv;([_Fp) have a crystalline lift.

Proof. First suppose that the semisimple rank is at least two. Since dim G = 2#PT + rank Cvl the
strict inequality [F : Q,] > dim G/2 implies [F : Q,] = #®T + 2. Proposition 14.2 then shows
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G
;red
Corollary 16.4 places each of these components in the special fiber of a crystalline stack. Every point

lies on an irreducible component and hence in that special fiber; by the pointwise characterization in
Lemma 16.1, it has a crystalline lift.

For a rank-one factor the same assertion is Corollary 16.4, based on Lemma 16.2; for a torus it is the
corresponding rank-one character statement. For a general reductive group, choose the Hodge type
factor by factor using fundamental coweights and take their Cartesian product. This construction is
compatible with the central torus and therefore gives a single Hodge type for the original group.

When G = Fy, use Corollary 15.8 in place of the large-degree application of Proposition 14.2, and
conclude in the same way from Corollary 16.4. O

that every irreducible component of XG}? is one of the components dominating a component of Wy.
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APPENDIX A. BOUNDED CONE AND Fj; STRATA ALGORITHMS

This appendix gives the exhaustive certification. Root data are generated from the Fy Cartan
matrix. The reviewed fine-pair list is checked directly and reconstructed when absent. Roots are
coefficient tuples in Bourbaki order, and all rank calculations are exact.

A.1. Field-degree bound. For each of the 105 downward-closed complements K, the program builds
the complete grouped cone matrix for the largest possible target set. An integral nonzero minor certifies
its rank. The resulting dimension estimate is affine in d = [F' : Q,] and is automatic for d > 2. The
contents of all witness minors have prime support contained in {2, 3}, so the estimate is unchanged in
the standing range p > 12.

Require: The F,; Cartan matrix.
1: Generate @1, its root order, and all 105 complements K.
2: for each K do
3 Build the full grouped cone matrix at Wy = &1,
4: Find an integral maximal nonzero minor and its bad primes.
5 Solve the resulting affine dimension inequality for d.
6: end for
7: Return the largest exceptional degree range.

ALGORITHM 13. A priori field-degree bound
Thus only d = 1 requires enumeration.

A.2. Fine pairs. At degree one, a candidate level set is a subset S © ®* on which a linear functional
can satisfy f(a) = 1 for every o € S. Every such S contains a linearly independent subset with the
same affine span. This gives exhaustive small seeds and avoids scanning all 224 subsets. We keep the
resulting list of 4862 fine pairs.

( A

Require: @7, the degree bound d = 1, and the reviewed pair list P.
1: if P is absent then
2: Generate the independent affine-consistent seeds.

B Expand them by BFS, stopping at affine inconsistency or the degree bound, and write
the resulting canonical list P.

4: end if

5: for (¥g, ¥s) € P do

6: Recompute the difference lattice, ¥, and the closure axioms.

T Regard the pair as a terminal BFS state; do not generate children.

8: end for

9: for each independent subset of the required degree do

10: Check that its fine pair occurs in P.
11: end for
12: Return P.
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ALGORITHM 14. Fine-pair certification and fallback BFS
There are 4862 distinct fine pairs. All 3002 relevant independent subsets occur in this list. The cutoff
is sound because adjoining a root to Ws strictly increases minimal degree.

A.3. Exhaustive classification. We apply the cone calculation to the 105 possibilities for K and
the 4862 fine pairs. Exactly four cases have ¢ = 0; these are Configurations I-IV. All integral rank
witnesses remain nonzero for p > 12.

For the four displayed grouped cone matrices the tuples (#variables, #relations, rank, dimension) are

(28,17,17,11), (29,17,17,12), (30,14,14,16), (32,8,7,25).
Relations with the same target are one summed equation, never separate ideal generators. The im-

plementation details and reviewed data are available at https://github.com/mocham/Al1gEG/tree/
main/code/v4.


https://github.com/mocham/AlgEG/tree/main/code/v4
https://github.com/mocham/AlgEG/tree/main/code/v4

We describe separately the absolute and non-Borel computations. In both, a source-leaf contraction
removes a source of valency one together with its unique target; isolated sources are discarded. A
surviving Jacobian with r target rows and ¢ = r source columns is tested by enumerating the (;f)
source-column subsets. Success means that one corresponding determinant is a nonzero monomial in

ALGORITHMIC UNIVERSAL MOD p ETALE (¢,T)-MODULES

APPENDIX B. ROOT-POSET CYCLE ALGORITHMS

the simple-root variables.

B.1. Absolute root posets. The absolute routine applies the following finite test independently at

each height.

Require: An exceptional root system ® and its Chevalley constants.
1: Construct the directed root poset and its bipartite height layers B(®*, A, h).
2: for each height h and each target selection 7" do
B Retain the full source layer and only edges ending in 7'
4: Repeatedly contract source leaves.
5: if the graph contracts to the empty graph then
6: Record a trivial certificate and continue.
i end if
8: Form the Jacobian J, g3 = Ng o 3Ta—3-
9: for each set C of #T source columns do
10: Compute do « det Jo.
11: if d¢ is a nonzero monomial then
12: Record C' and d¢ and continue with the next target selection.
13: end if
14: end for
1l53 If no witness was found, report failure.
16: end for

ALGORITHM 15. Absolute admissibility test

For the exceptional types the numerical summary is:

Type | target selections failures

Fy 48 0
Eg 138 0
Er 384 0
Eg 1196 0
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The nontrivial determinants, up to orientation-dependent signs, are:

Type ‘ height ‘ Jacobian minor

Fy 3 320001 2001071000

Es 2 220000107001000L010000

Es 3 32000001 7000010 001000010000 100000

E; 2 —22000010000100000100000

E; 3 —32000001070000100L0010000L0100000 1000000

E; 4 20000001 70001000Z00100000100000

E; 8 —22000000170000010L0000100L0010000

Eg 2 —22000010000010000001000000

Eg 3 —3200000100700001000L00100000L01000000T 10000000

Eg 4 2:£00000010700010000C00100000L01000000

Eg 5 —5Z00000001700000010L00000100L00010000L00100000L01000000 10000000
Eg 8 —220000001000000100L00001000L00100000

Eg 9 3200000001 Z0000010000001000L00010000L00100000L 10000000
Eg 14 | 220000001020000100000010000L01000000

For D,,, all cycles are isomorphic to 66. With the standard ordering Ap, = {01,...,0,}, they are
given by

n—2 n—2 n—2
Bi= D> 6, Ba= ) 6i+0u1, Bs= D, 8i+0n,
i=n—h—1 i=n—h i=n—h

and their Jacobian coefficients are 2 or —2.

B.2. Non-Borel root posets. Theorem 10.11 already has the correct disjunction: a relative cycle
is either non-obstructing or its associated absolute graph is admissible. Thus the non-obstructing
condition is applied before any absolute Jacobian test.
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Require: A Levi M , an elliptic Weyl element w, its relative root orbits, and the non-obstructing
singleton and pair relation.
: Construct the w-relative root poset and its bipartite height layers.
: Remove individually non-obstructing targets.
: for each relative height layer do
Contract source leaves.
for each target subset T' containing no non-obstructing pair do
Restrict to T' and contract source leaves again.
if the graph contracts to the empty graph then
Record the contraction and continue.

end if

Replace every relative source and target by all absolute roots in its w-orbit.

Add every absolute edge whose target-source difference is a positive root, and con-
tract source leaves.
12: if the absolute graph is nonempty then
13: Apply Algorithm 15, testing combinations of absolute source columns.
14: end if
15: end for
16: end for
17: Report failure if any surviving absolute graph has no monomial maximal minor.

PRISTreRRE

—_
o=

ALGORITHM 16. Non-Borel cycle test
The computation generates all exceptional Levi/Weyl configurations from the Cartan matrices and
covers:

Type ‘ configurations failures

Ey 19 0
Eq 68 0
Ey 145 0
Eg 304 0

Consequently all Fj relative cycles are non-obstructing or contractible, and every surviving E-type
associated absolute graph is admissible. The reviewed data are available at https://github.com/
mocham/Al1gEG/tree/main/code/v4.


https://github.com/mocham/AlgEG/tree/main/code/v4
https://github.com/mocham/AlgEG/tree/main/code/v4
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APPENDIX C. CHARACTERISTIC-UNIFORM ROTATION CERTIFICATES

The computation is over Q and records enough integral data to spread each smooth point to every
characteristic p > 12.
For a rotation root d,ot and « € Wy, the code follows the complete string o + ndyot. At step n it

multiplies the current coefficient by N_s, . a4né../n- Thus, for Configuration I,

2
€0100 F> 0100 + 2/4C0110 — 17 C0120, €0001 > Coo01 — HCpO11-

Require: (K, Vg, Vs) and a rotation root dyet.
: Generate all Chevalley constants and root-string substitutions.
: Form the divided e-deformation equations over Q.
. for the deterministic sequence of small rational specializations and points do
Evaluate every equation exactly.
Evaluate the square Jacobian determinant exactly.
if the equations vanish and the determinant is nonzero then
Factor all denominators, required nonzero coordinates, and the determinant; record
their prime support and stop.
end if
end for
10: Fail unless the recorded bad primes are all at most 12.

N DT RRE

ALGORITHM 17. Rational rotation witness
The exact output is:

Configuration ‘ Orot ‘ det J ‘ bad primes
1 0010 432 2,3
11 0010 704 | 2,3,5,11
II1 1000 15360 2,3,5
v 0010 | 895795200 2,3,5

Every equation evaluates to zero at its recorded rational point. Inverting the displayed finite set makes
that point a smooth section, so reduction gives a smooth point in every characteristic p > 12. The
reviewed data are available at https://github.com/mocham/A1gEG/tree/main/code/v4.


https://github.com/mocham/AlgEG/tree/main/code/v4
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APPENDIX D. COMPUTATIONAL SOURCE

The implementation and reviewed data are available at
https://github.com/mocham/AlgEG/tree/main/code/v4.

The code generates the root systems, Chevalley constants, order ideals, elliptic Weyl orbits, and twisted

configurations used in the preceding appendices. The fine-pair list is checked as in Algorithm 14; it is

reconstructed from first principles only when the reviewed data are absent.

The precise source map, commands, runtimes, certificate formats, checksums, and artifact inventory

are recorded in

https://github.com/mocham/AlgEG/blob/main/code/README . md.


https://github.com/mocham/AlgEG/tree/main/code/v4
https://github.com/mocham/AlgEG/blob/main/code/README.md

68

[EG23]

[Hum72]
[Hum90]
[Kis08]
[Lin22]

[Lin25]

[Lin25B]
[Mu13]

[Stacks]

ZHONGYIPAN LIN

REFERENCES

M. Emerton and T. Gee. Moduli stacks of étale (p,T')-modules and the existence of crys-
talline lifts. Annals of Mathematics Studies 215. Princeton University Press, 2023. ISBN:
9780691241357. DOI: 10.1515/9780691241364.

J. E. Humphreys. Introduction to Lie Algebras and Representation Theory. Vol. 9. Graduate
Texts in Mathematics. Springer New York, 1972. po1: 10.1007/978-1-4612-6398-2.

J. E. Humphreys. Reflection Groups and Cozxeter Groups. Cambridge Studies in Advanced
Mathematics 29. Cambridge: Cambridge University Press, 1990. 1SBN: 978-0-521-43613-7.
M. Kisin. “Potentially semi-stable deformation rings”. In: Journal of the American Mathe-
matical Society 21.2 (2008), pp. 513-546. DOI: 10.1090/S0894-0347-07-00576-0.

Z. Lin. “Crystalline Lifts and a Variant of the Steinberg—Winter Theorem”. In: Documenta
Mathematica 27 (2022), pp. 2441-2468. pOI: 10.4171/DM/X33.

Z. Lin. “Extensions of de Rham Galois representations”. In: (2025). To appear;
arXiv:2309.05773v2. arXiv: 2309 . 05773 [math.NT]. URL: https://arxiv.org/abs/
2309.05773.

Z. Lin. Heisenberg varieties and the existence of de Rham lifts. arXiv:2309.00761v2. 2025.
arXiv: 2309.00761 [math.NT]. URL: https://arxiv.org/abs/2309.00761.

A. Muller. “Relevements cristallins de représentations galoisiennes”. PhD thesis. Université
de Strasbourg, 2013. URL: https://theses.hal.science/tel-00873407.

T. Stacks Project Authors. The Stacks Project. 2026. URL: https : // stacks . math .
columbia.edu.


https://doi.org/10.1515/9780691241364
https://doi.org/10.1007/978-1-4612-6398-2
https://doi.org/10.1090/S0894-0347-07-00576-0
https://doi.org/10.4171/DM/X33
https://arxiv.org/abs/2309.05773
https://arxiv.org/abs/2309.05773
https://arxiv.org/abs/2309.05773
https://arxiv.org/abs/2309.00761
https://arxiv.org/abs/2309.00761
https://theses.hal.science/tel-00873407
https://stacks.math.columbia.edu
https://stacks.math.columbia.edu

	1. Introduction
	Part I: The mod p Weil-Deligne stacks
	2. Geometrization of the mod p local Euler characteristic
	3. Destackification and coordinates
	4. Example: `3́9`42`"̇613A``45`47`"603APGL2
	5. Example: `3́9`42`"̇613A``45`47`"603APGL3
	6. Weil-Deligne stacks and gauge cochains
	7. Fine strata and cone models
	8. Example: F4

	Part II: The combinatorics and the twisted Weil-Deligne stacks
	9. Poset graphs
	10. Twisted Borels and relative root posets
	11. Unramified descent
	12. Twisted destackification and twisted Weil-Deligne stacks

	Part III: The p-adic formal Weil-Deligne stacks
	13. Geometrization of the p-adic local Euler characteristic
	14. The qualitative Breuil-Mézard conjecture
	15. Rotation by negative root groups
	16. The existence of crystalline lifts

	Appendices
	Appendix A. Bounded cone and F4 strata algorithms
	Appendix B. Root-poset cycle algorithms
	Appendix C. Characteristic-uniform rotation certificates
	Appendix D. Computational source
	References


