A DELIGNE-LUSZTIG TYPE CORRESPONDENCE FOR TAME p-ADIC
GROUPS

LIN, ZHONGYIPAN

ABSTRACT. We establish a “matrix simultaneous diagonalization theorem” for disconnected reductive
groups which relaxes both the semisimplicity condition and the commutativity condition. As an ap-
plication, we prove the following basic results concerning mod p Langlands parameters for quasi-split
tame groups G over a p-adic field F":
o All semisimple L-parameters Galr — “G(F,) factor through the L-group of a maximal F-torus
of G;
e All semisimple mod p L-parameters admit a de Rham lift of regular p-adic Hodge type;
e A version of tame inertial local Langlands correspondnece; and
e A group-theoretic description of irreducible components of the reduced Emerton-Gee stacks away
from Steinberg parts.
We also propose generalizations of the explicit recipe for Serre weights (after Herzig) and the geometric
Breuil-Mézard for tame groups.
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In this paper, we present (without proving) novel extensions of both the explicit Serre weight con-
jecture and the Breuil-Mézard conjecture. Prior to stating these conjectures, we establish foundational
results concerning mod p Langlands parameters for tame groups, such as the classification of elliptic
Langlands parameters, the construction of their de Rham lifts, and a version of tame inertial local
Langlands correspondence. The conjectures we formulate interpolate the respective conjectures for
ramified general linear groups Resg/q, GLy, (as discussed in [EG23] and [LLHLM?22]) and unramified
reductive groups (as discussed in [GHS] and [FLH]).

To set the stage, let us denote by F' a finite extension of Q, with residue field kr. Write Galp :=
Gal(F*/F) for the absolute Galois group of F', and Wy for the Weil group of F. Let G be a quasi-split
group over F' which splits over a tame extension L of Q, (so F'is also a tame extension of Q). Write

LG = G x Gal(L/F) for the L-group of G.

1.1. Motivation In [Se87], Serre formulated a precise conjecture predicting the minimal weight of
mod p Galois representations arising from modular eigenforms. He also posed a question regarding
the potential connection between the weight recipe and a “mod p Langlands philosophy,” as well as
whether the weight recipe generalizes to encompass general reductive groups (Question 3.4, loc. cit.).

Subsequently, extensive research has been conducted on the Serre weight conjectures, with references
available in the introduction of [GHS]. The modern version of Serre weight conjecture seeks to classify
congruences of Hecke eigensystems in the cohomology of locally symmetric space associated to a
reductive group G, with coefficients in local systems induced by different weights of G.

Since the formulation of the Serre weight conjecture for unramified groups in [GHS], substantial
progress has been made in verifying cases of the conjecture beyond GL,,, particularly for groups such
as GSp, ([Lee23]) and the unramified quasisplit unitary group U ([KM22]). These accomplishments
motivate further investigation into mod p Langlands parameters and their associated moduli stacks.

In this paper, as well as in the companion paper [L23C], we undertake a systematic classification
of mod p Langlands parameters and explore their lifts in characteristic 0.

1.2. Mod p Langlands parameters An L-parameter g : Galp — LG(I_Fp) is said to be parabolic if
it factors through a parabolic subgroup LP(]FP), and is said to be elliptic if otherwise. Here 1P :=
P x Gal(L/F) C 'G and P is a Gal(L/F)-stable parabolic subgroup of G. An elliptic L-parameter is
semisimple in the sense that its image is a completely reducible subgroup of G(F,).

The first main theorem we prove is the following characterization of elliptic mod p L-parameters.
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Theorem A. (Theorem 5./.1) If p : Galp — LG(]F'p) is semisimple, then there exists a mazximally
unramified maximal F-torus S of G such that p admits a factorization

= _ L; —
Galp % LS(F,) -5 'G(F,)

where 1j is the mod p Langlands-Shelstad L-embedding. Moreover, if p is elliptic, then S is an elliptic
torus.

The immediate consequence of the mod p Langlands-Shelstad factorization theorem is the existence
of de Rham lifts p : Galp — %G(Z,). Indeed, to construct a de Rham lift of p, it suffices to construct
a lift of pg, which can be done via the p-adic Local Langlands Correspondence for algebraic tori (see
[Ch20]). In Section 5.2, we discuss the p-adic Hodge-theoretic refinement of the LLC for algebraic tori
and prove the following.

Theorem B. (Theorem 5.5.1) If p : Galp — LG(F,) is semisimple, then there exists a potentially
crystalline lift of p of reqular Hodge type.

If G is a ramified group, then there is no semistable or crystalline L-parameters; therefore potentially
crystalline lifts are the best we can hope for. Theorem A plays a pivotal role in [.23], where it is used
as a crucial input for establishing the Noetherian formal algebraicity of the Emerton-Gee stack Xrq
which is the foundation of many recent developments such as [LLHLM23] and [FLH].

We delve into the theory of parabolic/non-semisimple Langlands parameters in the companion paper
[L23C]. For classical groups, a parabolic mod p L-parameter is an iterated Heisenberg-type extension
of elliptic L-paramaters. Based on Theorem B, we reduce the general existence of de Rham lifts to
a question about the dimension of certain closed substacks of the reduced Emerton-Gee stacks, and
answer this question affirmatively for unitary groups using the geometry of Grassmannian manifolds
in loc. cit.. So, for tamely ramified unitary groups, Theorem B holds for any L-parameter p, not just
semisimple ones (see Theorem 5, loc.cit.).

1.3. Parahoric Serre weights and the qualitative Breuil-Mézard conjecture In this subsec-
tion, we briefly discuss implications of the existence of de Rham lifts.

The Emerton-Gee stacks The Emerton-Gee stacks are a version of moduli stacks of L-parameters
that enables us to apply the powerful machinery of geometric representation theory to the study of
Galois deformation rings. They are first constructed for GL,, in [EG23], and then generalized to
general tame groups in [L.23].

The GL,-case In [EG23], the irreducible components of the reduced Emerton-Gee stack Xqr,, req are
shown to be in bijection with isomorphism classes of irreducible Fp—representations of the finite group
Resp/q, GL(Fp). An irreducible F)-representation of the finite group Resp/q, GL(F;) can be inflated
to an irreducible F,-representation of the compact group Resr/q, GL(Z,), which is a superspecial
parahoric subgroup of GL(F'). The subgroup Resg;q, GL(Zp) is also a maximally bounded subgroup
of GL(F).

The tame group case In general, a parahoric subgroup of G(F) is not necessarily a maximally
bounded subgroup of G(F'). We fix a superspecial parahoric G° of G(F) and let G D G° be the
maximally bounded subgroup containing G°. Write G for the reductive quotient of G°, which is a
connected reductive group over the finite field k. We call isomorphism classes of irreducible IF‘p—
representations of G° parahoric Serre weights. A Serre weight is defined to be an isomorphism class
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of pairs (0,0) where o is an irreducible Fp—representations of G and o0 C 0 is an irreducible IF‘p-
representations of G°. By abuse of notation, we write o for the pair (o, 7).

Conjecturally, for each Serre weight o, we can attach to it a finite union of irreducible components
of XL yeq Which we denote by C(c), such that

Xrgrea = UsC(0)

and C(c) NC(d") is nowhere dense in Xig ,.q if & 2 0'. Moreover, if G has simply-connected derived
subgroup, we cojecture that each C(c) is an irreducible component of Az oq. This is the natural gen-
eralization of the so-called qualitative Breuil-Mézard congjecture, see [EG23, Section 8.1]. The content
of the qualitative Breuil-Mézard conjecture is that Xig ,cq is equidimensional of the same dimension
as the special fiber potentially semistable/crystalline deformation rings and its irreducible components
admit a group-theoretic parameterization. (In the literature, the qualitative Breuil-Mézard conjecture
sometimes refers to a stronger statement, see [LLHLM23, Theorem 1.4.5], which further claims that a
certain transition matrix is upper triangular. See Subsection 1.7 below for details.) If o is a parahoric
Serre weight, we can define a closed substack C(0) = U(,.7C(d). We will postpone the construction
of o — C(o) for regular parahoric Serre weights to Subsection 1.7 because we haven’t introduced the
necessary notations yet.

For classical groups, the qualitative Breuil-Mézard conjecture follows from the existence of de Rham
lifts of regular Hodge type, see [L.23B]. In loc. cit., we prove the qualitive Breuil-Mézard conjecture
for unitary groups; in particular, for even unitary groups, the irreducible components of X 4 are
in bijection with Serre weights (which, in this particular case, coincide with parahoric Serre weights).
We also note that the association o — C(o) is constructed for all parahoric Serre weights in loc. cit.,
not just the regular ones.

1.4. Simultaneous diagonalization of matrices Before we proceed to formulate the conjectures,
we digress and explain the proof of Theorem A.

Characteristic p versus characteristic 0 coefficients The characteristic 0 coefficient version of
Theorem A essentially follows from the work of Borel-Serre on solvable subgroups of compact Lie
groups ([BS53]). Some variants of the argument can be found in the literature; see, for example,
[Kall9b]. However, these results make use of the assumption that the image of semisimple/elliptic p

consists of semisimple elements, which is not true in characteristic p. For example, consider Ind%i 1:

Galg, — Galy(IF2), which is semisimple but sends a Frobenius element to P 1] (a unipotent element

10
of Ga12 (Fg))
It is also not helpful to consider embeddings /G < GLg4, because the property of being a completely
reducible subgroup is not well-behaved undering embeddings for disconnected groups. For example,
consider

Z/ 3— GLQ (F3)
- 11
Lo [6 1]
Z/3 C Z/3 is a completely reducible subgroup (because it is the full group), but its image in GLg(F3) is
not completely reducible. As a consequence, even proving p is tamely ramified is not straightforward.
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We managed to reduce Theorem A to the linear algebra problem (see below). The author does not
know of an elementary proof of Theorem A for low rank ramified unitary groups.

A linear algebra problem A familiar fact from linear algebra is that two diagonalizable matrices
X and Y are simultaneously diagonalizable if and only if they commute with each other, that is,
XY =YX.

We can reinterpret the simultaneous diagonalization theorem from the perspective of algebraic
groups. First of all, the center of GL; does not play a role in a diagonalization problem, so we can
assume X, Y as elements of SL;. Matrices X and Y correspond to inner automorphisms Int(X), Int(Y")
of the algebraic group SL;. Now, X is a diagonalizable matrix if and only if there exists a Borel
B C SLy and a maximal torus T' C B such that the Borel pair (B,T) is Int(X)-stable. Two matrices
X and Y are simultaneously diagonalizable if and only if there exists a Borel pair (B, T) of SLy fixed
by both Int(X) and Int(Y). The simultaneous diagonalization theorem follows from the following
standard linear algebraic group fact: two commuting semisimple elements are contained in a maximal
torus ([St68, Corollary 8.6]).

In this paper, we need a generalized simultaneous diagonalization problem. Instead of inner auto-
morphisms, we allow for outer automorphisms; and instead of the commuting relation, we only impose
the metacyclic relation; finally, we relax the semisimplicity assumption. We prove the following;:

Theorem C. (Corollary 2.5.7) Let H be a connected reductive group over an algebraically closed field
and let 7,0 be two automorphisms of H. Assume

(MC) oro~! =79 for some integer q,

(WS) 7 is a semisimple automorphism and (o, T) is a pseudo-completely reducible subgroup of Aut(H).
Then there exists a Borel pair (B,T) of H such that T is both o- and T-stable while B is T-stable.

Here (MC) stands for metacyclicity and (WS) stands for weak semisimplicity. We remark that by
forming the semi-direct product H' := H x (o, T), we can instead insist that both ¢ and 7 are inner
automorphisms of H' while allowing H' to be a disconnected reductive group.

1.5. A tame inertial local Langlands correspondence The second application of the factorization
theorem (Theorem A) is tame inertial Local Langlands Correspondence. Recall that G denotes the
reductive quotient of a superspecial parahoric of G. An inertial Deligne-Lusztig datum is a pair (S, x)
where S is a maximal torus of G and y is a character S (kF) — ]F}f. Computation shows that geometric
conjugacy classes of inertial Deligne-Lusztig data and of tame inertial types Ir — LG(I_Fp) admit the
same combinatorial parametrization, and thus there exists a set-theoretic bijection between these two.
However, such a bijection depends a priori on certain choices and its arithmetic significance is not
clear. Using the Langlands-Shelstad factorization, we give a theoretic explanation of this bijection
and show it is compatible with (indeed determined by) the LLC for algebraic tori.

Theorem D. (Corollary /.5.5) There exists a natural bijection
{Inertial Deligne-Lusztig data (S, X)},a(F,) = {Tame inertial types Ir — LG(FP)}/@(FP)

The theorem above is a natural extension of the Deligne-Lusztg duality for finite groups of Lie type
to quasi-split tame p-adic groups, and we call it the Deligne-Lusztig correspondence. It is the starting
point of the generalization of the Gee-Herzig-Savitt recipe for Serre weights for unramified groups to
tame groups; we will elaborate on this topic in the next subsection.



6 CONTENTS

1.6. Explicit Serre weight conjectures, after Herzig In this subsection, we present a general-
ization of Herzig’s explicit Serre weight recipe.

By the non-abelian Shapiro’s lemma ([L.23, Proposition 1]), working with the F-group G is equiv-
alent to working with the Qp-group Resp/g, G. Assume G is a quasi-split tame group over Q, in
the rest of the introduction for simplicity of notation, without loss of generality. Recall that G° is a
superspecial parahoric of G, and G is the reductive quotient of G°.

For technical simplicity, we assume both G and G admit a local twisting element and G has a
simply-connected derived subgroup. Since G is the generic fiber of G°, we denote by 7ng, a local
twisting element for G; and since G is the reductive part of the special fiber of G°, we denote by 7,
a local twisting element for G. By restricting to the maximal unramified subtorus of a maximal torus
of G, we can regard 7gq, as an element of the character lattice of G.

For each tame inertial L-parameter 7 : Iy, — “G(F,), we define

W¥(r) == R(JH(V(DL™}(7)) ® W (wo(115, — m,))))-

Here R is Herzig’s involution operator and V is the reduction mod p of the Deligne-Lusztig induction
functor (with a sign modification). See Subsection 6.3 for other unfamiliar notations and clarifications.

Remark

e Our definition is inspired by the work of [LLHLM22] for Resg/q, GLq-

e When G is unramified, ng, — nr, = 0 and thus W’(7) recovers the definition found in [GHS,
Section 9.

e DL} (7) is only well-defined up to geometric conjugacy while the input for the Deligne-Lusztig
induction needs to be well-defined up to rational conjugacy. As a consequence, the composition
V o DL~! is ambiguous (it is a multi-valued map).

L-packets We want to elaborate on the last bullet point of the remarks above. To resolve the
ambiguity for V o DL™!, [GHS] considers only the mazimally split rational conjugacy class of DL,
which is unique after imposing certain technical assumptions on G, indeed, for sufficiently generic
tame types 7, maximal splitness of DL™1(7) is automatic ([Her09, Proposition 6.20, Lemma 6.24]),
and therefore so is the uniqueness of the rational conjugacy class (under certain technical assumptions).

From the perspective of the Local Langlands Correspondence, an L-parameter should correspond
to an L-packet of admissible representations, rather than a single admissible representation. When G
is an unramified p-adic group, the maximally split rational conjugacy class of DL™1(7) is expected to
correspond to the generic constituent of the L-packet. For more general groups, there can be multiple
generic constituents in L-packets. In generic situations, we expect the various rational conjugacy
classes of DL™1(7) to correspond to the various generic constituents in the corresponding L-packet.

The reader may want to interpret W7 (7) not as a set, but rather as a packet of sets where DL~ (7)
ranges over all rational conjugacy classes.

1.7. The geometric Breuil-Mézard conjecture: the potentially crystalline case

We refer to [L23B, Section 2.4, 2.5, 2.6] for the definition of the potentially crystalline stacks X’ féys’)"T
of Hodge type A and tame inertial type 7. Roughly speaking, a Hodge type is a conjugacy class of
cocharacters A of G. Since cocharacters of G are identified with characters of G, we regard A as an
element of the character lattice of G.
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Denote by V(A —1g,) the (restriction to G° of the) irreducible algebraic representation of highest
weight A —ngq,. For a finite-dimensional representation R of G° over a finite extension of Q,, write R
for the semisimplification of the reduction mod p of a G°-invariant lattice of R.

The natural generalization of [LLHLM23, Theorem 1.4.5(1)] is the following conjecture.

Conjecture 1. If A is reqular dominant and T is a sufficiently generic tame inertial type, then

Ccrys,\,7 __ U
XLG,red - Co

oceJH(V(DL™1(1))®V (A-ng,)

Write [X. LCgISF’A’T] for the cycle class of X féy;:)"T in the Chow group of X ,.q- The conjecture above
s p P ’

has the following refinement generalizing [EG23, Conjecture 8.2.2].

Conjecture 2. For each parahoric Serre weight o, there exists an effective top-dimensional cycle Z,
on Xig req such that

A = S VDL (1) © V(A - ng,) : 012,

for all regular A and tame inertial types 7.

We don’t have evidence for the conjecture except that it agrees with the ramified general linear
case Resp/q, GLn ([EG23]) and the split group case ([FLH]). However, since the method of [FLH] is
purely local and group-theoretical, and it seems plausible that the arguments of [FLH] generalize to
general tame groups once the corresponding players are correctly defined.

Finally, we explain the construction of o — C(c). There exist natural bijections between the
following objects:

(1) equivalence classes of regular parahoric Serre weights,
(2) geometric conjugacy classes of regular based inertial Deligne-Lusztig data of niveau 1,
(3) @(Fp)—conjugacy classes of regular inertial L-parameters Ir — LB(F,) where B = B x
Gal(L/F) is a Borel of 'G.
The bijection (1) < (2) follows from Proposition 6.2.5; and the bijection (2) < (3) follows from
Theorem D. So, we identify (1), (2) and (3) implicitly in the rest of this subsection. A regular
parahoric Serre weight o of niveau 1 admits Herzig’s presentation (1, iy ) (see 6.2.1).

Definition 1. C(o) is defined to be the closure of Fp-points of X1 rea corresponding to L-parameters
p: Galg, — “G(F,) that factor through a unique Borel B such that ,5\1(@? : Iy, — "B(F,) has Herzig’s
presentation (1, —wo(s) — 1F,)-

The reader can verify that our definition is consistent with [EG23, Definition 5.5.1] for Resp/q, GLn.

1.8. Future directions Before we finish the introduction, we raise the following natural questions
that are not addressed in this paper.

Question A How about wildly ramified p-adic groups?

If p > 5, then any connected reductive group over a p-adic field F' is isogenous to a product of
groups of the form Resg,/p G where G is tame over K. The Weil restricted case follows from the tame
case by non-abelian Shapiro’s lemma (see, for example, [L.23, Section 7.2]). So it remains to consider
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the p = 2,3-case. It is probably approachable by a case-by-case analysis, and we expect the most
complicated case to be related to the triality.

Question B How about the mod I (I # p) analogue?

To study mod [ Langlands parameters, we need a further generalization of Theorem C, which allows
T to be a non-semisimple automorphism. We expect generalizations of Theorem B-D to hold under
some mild assumptions on the prime p.

Question C How about crystalline lifts of semisimple mod p Langlands parameters? Can we formulate
a conjecture relating crystalline lifts and Serre weights?

When G is a split group, crystalline lifts of semisimple L-parameters are constructed in [L.22]. When
G is ramified, crystalline L-parameters do not exist. So it is an interesting question whether crystalline
lifts exist when G is unramified and non-split.

The reason that crystalline L-parameters do not exist for ramified groups is probably simply because
the naive definition of crystallinity is incorrect. Similar issues arise when people study the Satake
correspondence for ramified groups, in which case unramified L-parameters do not exist; nonetheless,
we can still define “spherical” L-parameters for ramified groups (see [Zhul5]). Similarly, we say a
p-adic L-parameter is “crystalline” if it is potentially crystalline and its corresponding Weil-Deligne
representation is “spherical” in the sense of [Zhul5, Definition 6.3]. It seems an interesting question
to explore analogues of the crystalline lift aspects of the Serre weight conjectures.

1.8.1. Acknowledgements The author thanks Bao Le Hung for many inspiring conversations. The
author is grateful to Tasho Kaletha for helpful correspondence and sharing the manuscript of his
book. The author thanks Florian Herzig for his interest in this project and for his correspondence.
Many ideas in this paper originate from the author’s thesis research and the author thanks his PhD
supervisor David Savitt for introducing the subject to the author. Finally, the reader will find the
influence of the work of Emerton-Gee, Gee-Herzig-Savitt and Le-Le Hung-Levin-Morra to the author.

1.8.2. Notation and conventions Write F' for the maximal unramified extension of F inside a fixed
separable closure F*®. For each finite extension E of F', denote by kg the residue field of £, and denote
by Og the ring of integers of F.

We denote — ®z — by — ® —, and denote Homg,,(—, —) by Hom(—, —).

Write Q, /Z for the prime-to-p divisible subgroup of Q/Z. Note that Q,//Z is isomorphic to IF‘; as
an abelian group.

2. Metacyclic actions on reductive groups

Contents
2.1 Extending pseudo-parabolics of disconnected groups . . . .. . ... ... ... .... 8
2.2 Complete reducibility for disconnected groups . . . . . . . .. ... ... ... ..., 11
2.3 Simultaneous diagonalization of metacyclic actions on reductive groups. . . . . . . .. 13
2.4 Semisimple conjugacy classes in disconnected groups . . . . . . .. ... ... ... 16
2.5 f-twisted semisimple conjugacy classes . . . . . . . ... oo 18

2.1. Extending pseudo-parabolics of disconnected groups
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2.1.1. Dynamic methods We recall the definitions in [L.22, 2.3]. Let H be an algebraic group over
aring k. Let f: G,, — H be a scheme morphism. Define the following functor on the category of
k-algebras

Pu(f)(4) = {g € H(4)|lim f(1)g (1) exists.}

where A is a general k-algebra. We call f a fake cocharacter. Here “a limit exists” means the
scheme morphism G,, — H, defined by t — f(t)gf(t)~!, extends to a scheme morphism Al — H.
Note that Py (f) is not representable in general. We define similarly Ug(f) by setting A — {g €
H(A)|limyo f(t)gf(t)~" =1}, and Zy(f) by setting A — {g € H(A)|fg = gf}.

2.1.2. Definition Let H be an algebraic group over an algebraically closed field. A fake cocharacter
f: Gy — H is said to be relevant if the functor Py (f) is representable by a linear algebraic group.
In particular, all maximal tori of Py (f) are conjugate to each other, by an element of P (f).

The reason we introduce the notion of fake cocharacters is because of the following powerful tool:

2.1.3. Lemma Let M — G be two possibly disconnected algebraic groups over an algebraically closed
field k. Write M° for the neutral component of M. Let A\, i : G,,, = M?° be two relevant cocharacters
of M°. Assume Pyjo(A\) = Pygo(u) =: P.
(1) There exists a relevant cocharacter f : G,, — M®° such that Pg(f) = Pg(uA) as a functor. In
particular, the fake cocharacter uh : G,, — M?° is relevant.
We have Pyr(A) N Pa(p) C Par(pA) = Pu(f)-
Moreover, if M° is a reductive group, then Pyro(\) = Ppo(u).
(2) The limit
lim A()(OA@) " u(t) !
t—0

exists in the sense of subsection 2.1.1, and lies in P.
(3) Let u be an element of P. The limit

lim A(E)upa(t)u A1) " ju(t) !

exists in the sense of subsection 2.1.1 and lies in P.
(4) Now assume A is a product of cocharacters A1, ..., Ag such that Py ();) = P for all i. (1), (2)
and (3) remain true (for example, Pg(puA; ... As) = Pa(f) for some cocharacter f: G,, — M°).

Proof. Since all maximal tori in P are conjugate to each other and the image of a cocharacter is
contained in a maximal torus, there exists an element x € P such that (zAz~!)u = p(zAr=1). Write
¢ for zAz1.

(1) We have

Lim () A(E)gA(E) ™ (1)~ = Lim p(t)a ™ € () wga ™ €(8) " ap(t)
= }g%(u(t)flu(t)_l) (&g ) ) ) - (p)apt) )

= lim pu(t) ™ ()™ -l p ()8 (D zg™ () ()" - lim p(t)ap(t) ™

Since x € P, limy o u(t)zp(t) ! exists. So we have Pg(u)) = 27 Pg(ué)xr = Pg(x ™ uéx). Note that
f =2~ 'uéx is a cocharacter.
It is obvious that Pyr(A) N Par(p) C Par(pA) = Pa(f).
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Next we consider the “moreover” part. Since pu& = £u, we can regard p and & as elements in a
cocharacter lattice X, (M°,T) where T is a maximal torus containing both p and £. Since Ppso(u) =
Pyro(X) = Ppro(€), pand £ lie in the same Weyl chamber (the Borel case) or the same wall of Weyl
chamber (the non-Borel case). The cocharacter u is the sum of p and & in the cocharacter lattice
X«(G,T), and lies in the same (wall of) Weyl chamber. So Pyro(u€) = Pao(p) = Pao(N). Since
x € P, we have Pg(p)\) = 271 Pg(ué)r = Pg(p) = Pa(N).

(2) We have

A O ) = wflé(t)w( t)a= () au(t) ™
L E@zE®) T - (EOp@a u® TR T - (ult)aut) )
By (1), P = Ppo(X) N Pago(p) C Pago(Epe), and thus the limits

lin € ()g€ (£)"!
lim £()pu(t)g " (t) VE(1) 7, and

. —1
lim pu(t)gu(t)

all exist and lies in P. As a consequence, limy_,o A(t)u(t)A\(t) ~1u(t)~t € P.
(3) We have

Ayup(t)u™ M) " ()T = (ABuu()u™ A " up(®) e (upt)u p(6) 7).
So (3) follows from (2).

(4) The method is the same but notations are more complicated. The reader can consult [L22,
Lemma 2.4] for a proof. O

2.1.4. Theorem (The Parabolic Extension Theorem) Let M be a possibly disconnected linear al-
gebraic group over an algebraically closed field with reductive neutral component M°. Let H be a
disconnected linear algebraic group which is a group extension

1—->M—H— () —1,

where (3) is a cyclic group Z/d, regarded as a constant group scheme.
Let f: G,, — M?° be a cocharacter such that

(PE1) Pp(f) is stabilized by  for some v € H which lifts 7;
(PE2) The normalizer of Py(f) in M is Py(f) itself.

Then there exists a cocharacter f': G,, — M?° such that
(1) Pre(f) = Pue(f),
(2) Pu(f) € Pu(f'), and
(3) v € Pulf').

Proof. We have Pyro(vfy™!) = vPuo(f)y~ = Pao(f) by unravelling the definitions. Write F'(—) for
v+ (=) -7~! (conjugation-by-v). Define

pi=FTNNFT2(F) . F(f)f.
Say v¢ = u € M. By (PE1), u is in the normalizer of Py(f) in M. By (PE2), u € Py(f). Note that
F(u) = (ufu)uf .
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We have
-1

. -1 _ 7 —1
lim p(t)ypu(t)™ = lm p(t)yp(t) ™7y

)
= lim pu(£) F (1) (1) ™'y
= Lim () f (£) () M f (£) " u "y
= }i_{lg)(u(t)f(t)u(t)flf(t)fl)(f(t)Uf(t)fl)uflv
= tim p(6)F(pe(t)" £ () im £ (g (5)7 -l

By Lemma 2.1.3, the limit lim;_,o p(2) f(£)pu(t) "L f ()~ exists and lies in Pyso(f). Since u € Py(f),
the limit lim; o f(t)uf(t)~! exists and lies in Py;(f). Therefore the limit lim; o p(t)yu(t) ™! exists
and lies in Py(f)y. So v € Py(u). Since Py (FU(f)) = Puy(f) for all i > 0, we have Py(f) =
Ni>oPr (FU(f)) C Puy(p). We've seen the fake cocharacter yu satisfies all the requirements. By the
previous lemma, there exists a genuine cocharacter f’': G, — M° such that Py (u) = Py (f’). O

2.1.5. Corollary Let M be a linear algebraic group over an algebraically closed field such that

e the neutral component M° is reductive and
e the component group 7 := M /M?° is a finite solvable group.

Let II C M be a solvable subgroup which maps surjectively onto 7w. For each Il-stable parabolic
P C M°, there exists a cocharacter f : G,, = M° such that
o P= PMO(f)a and
e IICP M(f)

Proof. Let Iy C II be a normal subgroup such that IT/Ilj is cyclic. Write mp for the image of Iy in
I1. Choose 7 € II which maps surjectively onto 7 /7.
Write M°Ily for the subgroup of M generated by M° and Ilj.
By induction, there exists a cocharacter fy : G,, — M°Ily such that
L] PMO(fO) = P, and
e Iy C Pyeriy (fo)-
Since I1y maps surjectively onto (M°Ily)/M°, we have Pyrorr, (fo) = PIly. Thus Paserr, (fo) is stabilized
by II; and the assumption (PE1) in the previous theorem is verified. Suppose gh € M°Ilj lies in the
normalizer of Pyorr(fo), and that g € M° and h € IIj. It follows that g also stabilizes Pyori(fo) D P.
So g € P. Thus the normalizer of Pysory,(fo) in M°Ily is contained in PIly = Pysor, (fo); and we've
verified the assumption (PE2). By the theorem above, there exists a cocharacter f : G,, — M?° such
that
L4 PMO = P,
L PMOHO(fO) C PMOHO(f)’ and
e veE P M(f)
The second and the third bullet point jointly imply IT C Pys(f). O

2.2. Complete reducibility for disconnected groups We generalize Serre’s notion of G-complete
reducibility to disconnected groups.
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2.2.1. Definition Let H be a linear algebraic group scheme. A subgroup of H is said to be a pseudo-
parabolic if it is of the form Py (f) for some cocharacter f : G,, — H°.

A subgroup of H is said to be a pseudo-Levi if it is of the form Zpy(f) for some cocharacter
f:G, — H°.

2.2.2. Remark The terminology is misleading. If we only consider groups H over a characteristic
0 field, then the notion of “pseudo-parabolic” is strictly stronger than the usual notion of parabolic
(closed subgroups P such that G/P is a projective variety).

Here is a dumb example: let H be GLg x({1,0} x {1,7}) where both ¢ and 7 acts on GLg by
(=) = (=)~% any pseudo-parabolic that contains ¢ must contain 7 as well. So all pseudo-parabolics
are conjugate to either B or Bx ({1,0} x{1,7}) where B is the subgroup of upper-triangular matrices.
However, the group B x {1,0} is a parabolic subgroup in the usual sense.

2.2.3. Definition Let H be an algebraic group over an algebraically closed field. A pseudo-parabolic
P of an algebraic group H is said to be a proper pseudo-parabolic if PN H® # H°.

An abstract subgroup I' of H is said to be pseudo-irreducible in H if T" is not contained in any
proper pseudo-parabolic subgroup.

An abstract subgroup I' of H is said to be pseudo-completely reducible in H if whenever I' is
contained in a proper pseudo-parabolic, it is also contained in a correponding pseudo-Levi.

2.2.4. Remark The notion of pseudo-irreducibility is well-behaved in the following situation: let M
be a subgroup of H and assume I' C M; if I' is pseudo-irreducible in H then I is also pseudo-irreducible
in M.

This is not immediate from the definitions. Suppose H = GLg,, x{1,0}. and let M = SOg, x{1,0} C
H. The above paragraph claims all o-stable proper parabolics of SO», extend to a parabolic of GLo,
which is o-stable. The Parabolic Extension Theorem 2.1.4 is where we comfirmed the above claim in
full generality.

2.2.5. Definition Let M be a linear algebraic group over an algebraically closed field. A pseudo-
parabolic P of M is said to be big if P maps surjectively onto M /M?°.

2.2.6. Lemma Let M be a disconnected linear algebraic group over an algebraically closed field, with
reductive neutral component. Assume M /M® is solvable. A subgroup P of M is a big pseudo-parabolic
if and only if

e PN MP° is a parabolic of M, and
e P maps surjectively onto M /M°.

Proof. By induction, we can assume M/M?° is cyclic. Choose an element v € P which maps to a
generator of M/M?°. By Corollary 2.1.5, there exists a cocharacter f : G,, — M®° such that

o PNM° = Pyo(f), and
e v € Pu(f).
So P C Pp(f). Since P is big, we must have P = Py/(f). O
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2.2.7. Lemma Let M be a linear algebraic group over an algebraically closed field, with reductive
neutral component. Assume M /M?® is solvable. Two big pseudo-parabolics P, @ of M are the same
if and only if P° = Q°.

Proof. Suppose P° = Q°. By induction, we can assume M /M°® is cyclic. Let g € P and h € @ be
elements in the same component of M which generate all components. So h=lg € Ny (P°) N M° =
Ny (P°) = P°. Thus P = Q. O

2.2.8. Remark Both of the lemmas above fail without the bigness assumption. Let w be a primitive
cubic root of unity. Let H be GLg x({1,0,0%} x {1,7,7%}) where both ¢ and 7 acts on GLy by

-1 wl—w

conjugation by [w wl] and % [wl iy 1 =: x, respectively. The group H contains no

1

big pseudo-parabolic. The two pseudo-parabolics B x (o) and B x (z~"7) are not conjugate to each

other.

At the end of this section, we clarify the relation between various notions of semisimplicity.
We recall Steinberg’s definition ([St68, Section 9]) of quasi-semisimple automorphisms:

2.2.9. Definition An automorphism f : M — M of connected linear algebraic groups is said to be
quasi-semisimple if there exists a Borel B C M and a maximal torus 7' C B such that f(B) = B and
(1) =T.

A well-known theorem is

2.2.10. Theorem ([St68, Theorem 7.5]) Semisimple automorphisms are quasi-semisimple.

2.2.11. Definition An automorphism f : M — M of connected linear algebraic groups is said to be
pseudo-semisimple if (f) is a pseudo-completely reducible subgroup in Aut(M).

2.2.12. Proposition (1) Semisimple automorphisms of reductive groups are pseudo-semisimple.

(2) Pseudo-semisimple automorphisms of reductive groups are quasi-semisimple.

(3) A quasi-semisimple automorphism is semisimple if and only if its class in Aut(G)/Int(G) has
order prime to the characteristic (exponent) of the field.

Proof. (1) This is [L22, Proposition 2.2].
(2) Let f: M — M be an automorphism of reductive groups. By replacing M by M /Zy (M), we
can assume M is centerless and Aut(M) = M x Out(M) where Out(M) is a finite group.
Suppose f : M — M is pseudo-semisimple. By [St68, Theorem 7.2], there exists a Borel B C M
which is f-stable. By Corollary 2.1.5, there exists a pseudo-parabolic P C Aut(M) such that
e PNM =B,
e feP.
Since (f) is pseudo-completely reducible in Aut(M) and (f) lies in the pseudo-parabolic P, we can
choose a cocharacter A : G, — B suh that the pseudo-Levi Zyu(ar)(A) contains (f). The neutral
component of Z,¢(ar)(A) is a maximal torus of M, and is stable under f.
(3) See the remarks at the beginning of [St68, Section 9]. O

2.3. Simultaneous diagonalization of metacyclic actions on reductive groups
In this section, we study when two automorphisms of a reductive group fix a common maximal
torus.



14 CONTENTS

2.3.1. Remark Instead of thinking about outer automorphisms of connected groups, it is helpful
to form a semi-direct product and think about inner automorphisms of disconnected linear algebraic
groups for two reasons:

e the powerful machinery of pseudo-parabolics are available, and
e the framework of disconnected groups is more flexible and allows us to maneuver to discon-
nected groups that are not semi-direct products.

Since outer automorphism groups of semisimple connected groups are finite, we don’t lose much by
allowing only considering disconnected groups of finite type.
It is useful to pass to the adjoint quotient.

2.3.2. Lemma (1) Let H be a possibly disconnected algebraic group. Let 7 : H' — H be a homor-
morphism such that H® — H° is a central isogeny. If Py (f) is a pseudo-parabolic subgroup of H,
then there exists a pseudo-parabolic subgroup Pg/(f’) of H' such that w(Py:(f")) = Pu(f).

(2) A subgroup I' of H is pseudo-completely reducible in H if and only if it is pseudo-completely
reducible in the adjoint quotient of H.

Proof. (1) Let T be a maximal torus of H°. Then T' = m(T”) is a maximal torus of H°. We can assume
f is valued in T. The homomorphism of cocharacter groups X,(7") — X.(T) has finite cokernel of
cardinality d. The cocharacter f¢ admits a lift f’ : G, — T'. We have w(Px(f")) = Pu(f?) = Pg(f).

(2) It is an immediate consequence of (1). O

2.3.3. Definition Let v € Aut(H) where H is a connected algebraic group. We say ~ acts innerly on
H if v is an inner automorphism, and we say 7y acts semisimply on H if v is a semisimple automorphism.

2.3.4. Lemma Let I' be a pseudo-completely reducible subgroup of H, and let v be a element of I'
which acts on H° innerly by conjugation. Assume

e H° is reductive,
e [ is solvable, and
e (v) is a normal subgroup of T'.

Then v acts on H° semisimply by conjugation.

Proof. By passing to the adjoint quotient, we can assume H° is centerless. Say v(g) = hgh~! for
all g € H°. Since H° is centerless, h is unique. So for each o € T', o(h) = h* for some a. Write
h = hgh, where hg is the semisimple part and h, is the unipotent part (the multiplicative Jordan
decomposition). For each ¢ € I', by [Sp98, Theorem 2.4.8], o(hy) = o(h)y = (h*), = h{ for some
integer a. So (h,) is stable under I'. By [BT71, Corollaire 3.9], there exists a parabolic subgroup P
of H® such that

e hy, € R,(P) (the unipotent radical of P),

o Nyo((hy)) C P, and

o [ fixes P.
By Corollary 2.1.5, there exists a cocharacter f : G,, — H° such that

e P = Pyo(f), and

e I'C PH(f)
Since I' is pseudo-completely reducible in H, we can choose f so that I' C Zy(f). Since h = hsh, €
Zu(f), we have hy, € Zy(f) by [Sp98, Theorem 2.4.8]. Therefore h,, € Zy(f) N R,(P) = {1}. So

O

h = hg is a semisimple element.
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2.3.5. Theorem Let M be a possibly disconnected algebraic group over an algebraically closed field
with reductive neutral component M°. Let (1) x (¢) C M be a metacyclic group subgroup. Assume
T acts on M° semisimply. We have either

(I) the neutral component of (M°)" := {z € M°|r(z) = x} is a torus, or
(NI) The subgroup (7) x (o) C M is not pseudo-irreducible in M.

Proof. By replacing M by the subgroup generated by (7) x (o) and the derived subgroup of the neutral
component [M°, M°] we can and do assume M° is semi-simple.

Let H = (M°)™ be the fixed point subgroup. Since M° is semi-simple and 7 is semi-simple, H® is
a reductive group by [St68, Corollary 9.4].

It is clear that o(H®) = H°. By [St68, Theorem 7.2], there exists a Borel B C H° which is o-stable.
Since 7 acts trivially on B, the group B is (1) x (o)-stable. Write H' for the subgroup of M generated
by H® and (7) x (o). By Corollary 2.1.5, there exists a cocharacter f : G,, — H° such that

e B = Pyo(f), and

® V.7 € P(f) C Pu(f)
The group Pps(f) is a pseudo-parabolic subgroup of M. Since Py/(f) N H° = B and H® C M°, we
have either Pys(f) N M° # M° or Py (f) N H®° = H° (negating both yields an easy contradiction).

The first case implies the subgroup () x (o) is not pseudo-irreducible in M. The second case implies
H° = B. Since B is a Borel of H®, it forces H° to be a torus. O

2.3.6. Lemma Let v be a quasi-semisimple automorphism of a connected reductive group H over an
algebraically closed field k. If (HY)° C Zg(H) (the center of H), then H is also a torus.

Proof. Choose a Borel pair T' C B of H which is 7-stable. Let U be the unipotent radical of B.
Assume U is a non-trivial group. Let 5 be the highest positive root of H with respect to B and
T. The root group Up is a characteristic subgroup of U, and is 7-stable. Denote by wg the longest
Weyl group element with respect to 7" and B. It is clear that 7(wp) = wg. The root group U_g =
woUgwy 1 is also 7-stable. Write Hpg for the subgroup of H generated by Ug and U_g. By the
structure theory of reductive groups ([Sp98, Chapter 9]), there exists a surjective homomorphism
Y : SLy — Hg. So Hg is either SLy or PGLo2, and has no outer automorphisms. In particular, the
fixed-point subgroup Hj contains a maximal torus T of Hg. By the assumption (H7)° C Zy(H), we
have T C (Zu(H)NHp)® C Zu,(Hpg)® = {1}, which is a contradiction. So U must be a trivial group,
and B="1T. O

2.3.7. Corollary Let M be a possibly disconnected algebraic group whose neutral component is
reductive. Let (1) x (o) C M be a pseudo-completely reducible metacyclic subgroup in M. If 7 acts
semisimply on M°, there exists a maximal torus 7" of M° which is (o, 7)-stable, and a Borel B D T
which is 7-stable.

Proof. Assume without loss of generality that (o, 7) is pseudo-irreducible in M. By Theorem 2.3.5,
C = ((M°)7)° is a torus. Write L = Zjso(C), which is a Levi subgroup of M° stable under both o
and 7-action. We have (L7)° = ((M°)")°NL=CNL=C. By Lemma 2.3.6, L is a torus. Since 7 is
a semisimple automorphism, 7 fixes a Borel pair T C B of M°. Since T is abelian, we have T' C L.
Since T is a maximal torus, we have T = L. Il
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2.4. Semisimple conjugacy classes in disconnected groups
The key tool is [KS99, Theorem 1.1.A]. We include a proof here for lack of reference in characteristic

p.

2.4.1. Theorem Let M be a connected reductive group over a field. Let 8 : M — M be a quasi-

semisimple automorphism. Write M% for the neutral component of the fixed point group of @ in M.
We have

(1) M? is a reductive group,

(2) Let T° be a maximal torus of M%. Then Z;(T°) is a maximal torus of M (which is clearly
f-stable). Moreover, for any Borel BY > T of M 9o there exists a f-stable Borel B of M®°
containing Z;(T°) and BP.

(3) Conversely, let (B, T) be a 6-stable Borel pair of M. Then (M% N B, M% NT) is a Borel pair
of M.

(4) If there is a ¢-stable pinning (M, B, T, {tua }acr(p,r)) of M, then the map N oo (T9°) /T —
(N (T)/T)? is a bijection.

Proof. Part (1) and (3) can be found in [St68]. We first prove part (2). Define H := Z);(T"), which
is a reductive group since M is reductive. The fixed point group H? is reductive by part (1), and
H% < M?% (so T is a maximal torus of H?%). Since H? is reductive and T° is a maximal torus
thereof, Z00(T°) = T°. On the other hand, by definition, Z 6. (T°) = H?. Thus H% = T°. Lemma
2.3.6 applied to the group H shows H is a torus.

Next we prove the “moreover” part. There exists a #-stable Borel pair (B,T). By part (3),
(B!, T") := (B,T) N M is a Borel pair of M?. Thus there exists g € M? such that g(B',T")g~ ! =
(B°, T°). Since g commutes with 6, it is clear that gBg~! is a f-stable Borel.

Now consider part (4). Let a be a simple positive root of R(B,T). The root group Un|g o T

[T ws(t) is -stable of T%-weight a|e.. Since Ug),, lies in the unipotent radical of B, we
Blroo=0ct| po0
know it is a root group of M?, and a|pe. # 1 is a simple positive root of R(BY,T%). In particular,
a € R(B,T) is a positive root if and only if «|pe. is a positive root. Thus the B is the unique
Borel of M containing 7 and B%. Let w € (Ny(T)/T)?. There exists w’ € Nyoo(T%)/T% such
that w™'w’ € Ny (B)/T since there is a bijection between Weyl chambers of M% and #-stable Weyl
chambers of M. Thus w—tw’ € T/T, and w = w'. O

We remark that part (4) of Theorem 2.4.1 is also discussed in the paragraph after [KKS99, Theorem
1.1.A]; and their argument works in characteristic p without change.

2.4.2. Definition In a disconnected algebraic group M, two elements = and y are said to be conjugate
to each otherif x = gyg~' for some g € M°.

2.4.3. Lemma Let M be a possibly disconnected reductive group over an algebraically closed field.
There is a bijection

(5,7%)—s
e

{Conjugacy classes of tuples (s,7%)} {Semisimple conjugacy classes in M}

where a tuple (s, TY) consists of a semisimple element s € M and a maximal torus T° of the fixed-point
group (M?°)*°.
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Proof. Let (s1,TY) and (s2,79) be two pairs such that s; = gsag~! for some g € M°. Then both T}
and gT9g~1 are maximal tori of the reductive group (M°)*°. So we can choose h € (M°)%1° such
that hTPh™! = gT9g~t. Since hs1h™! = s1, we have h(sy, TY)h ™ = g(s2, T8)g . O

2.4.4. Lemma Let 0,0 € M be semisimple elements such that 0710’ € M°. Let (B, T) be a §-stable
Borel pair of M°, There exists a conjugate gf’g~!, g € M° such that 6~'g0/¢g~' € T.

Proof. Choose any Borel pair (B%, T°) of (M°)?"°. By Theorem 2.4.1, there exists a #'-stable Borel pair
(B',T") such that (B°,T°) = (B',T') N M°?°. There exists g € M° such that g(B',T")g~' = (B,T).
For ease of notation, we assume (B, T') = (B, T). Now (B, T) is simultaneously #-stable and #'-stable.
We have 010" € Npso(T) N Nyjo(B) =T. O

2.4.5. Construction of {7 Let M be a disconnected reductive group over an algebraically closed
field k. Fix a connected component M°6 of M that that € is semisimple.

Fix a f#-stable Borel pair (B,T) of M°. Note that 6 acts on X, (T) and Q := Ny (T)/T. Write
X.(T)g for the f-coinvariants X,(T)/(1 — 6), and write QY for the subgroup of 6-fixed points of €.
Denote by X, (T")g s the (maximal) torsion-free quotient of the abelian group X, (7).

We construct a map

Semisimple conjugacy classes of M that Er

lie in the component M°0 —
as follows. Let [¢'] be a semisimple conjugacy class of M such that §~1[¢'] € M°. Define &7([0]) to
be the equivalence class of §'0~! € T(F,) = X.(T) ® F;.

X* (T)G,tf ® kX /Qe

2.4.6. Proposition If there is a -stable pinning (M°, B, T, {ua }acr(B,T)), then the map &7 in Para-
graph 2.4.5 is well-defined and is a bijection.

Moreover, each semisimple conjugacy class of M that lies in the component M°6 admits a repre-
sentative in T9°6.

Proof. Let [0'] be a semisimple conjugacy class contained in M°f. By Lemma 2.4.4, there exists a
representative 6 such that ¢ = ¢/6~! € T. Now T?° = T ') — 70 Write TO for T%. By
Theorem 2.4.1, T° is a maximal torus of both M°%° and M°%°. By Lemma 2.4.3, if ] is another
representative of [0'] such that t; := 0/~ € T, then there exists an element g € M° such that
g0, 7% g™t = (¢',7°); in other words, g € Ny (T?). By Theorem 2.4.1, Zyo(T°) = T, and thus
Naze(T) € Nago(T).

So far, we have shown {7 defines a bijection onto (X.(T) ® k*)/Npe (T°)(k), with the caveat that
the action of Njso(T°)(k) is O-twisted, that is,

(1) w-t=wthw 107,
teT, we Npyo(T°)(k). Next we show
(Xu(T) @ k%) /T(k) = Xu(T)g @ k™.
Let s € T'(k), and 0’ € T(k)0. We have
(s0's7 107t = (0071 (0571071 = s(As7 L0~ (0'07L).
Thus (X.(T) ® k*)/T(k) = %. Since — ® k* is right-exact, we have % =

% ® k*. Write (—)iors for the torsion part of an abelian group. There exists a short exact
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sequence
0— X*(T)O,tors — X*(T)G — X*(T)H,tf -0

where X, (T")g+t is the maximal torsion-free quotient of X, (T")y. Since k* is a divisible abelian group,
we have

X.(T)y @ K = X.(T)oys @ k*.
By part (4) of Theorem 2.4.1, we have

Naro(T%)/T = (Nago (T)/T)° = Nygoo (T) /T,

Thus &7 defines a bijection onto

(Xu(T)o @ k™) /(Npgoo (T°)/T°).
Moreover, the §-twisted action (1) becomes untwisted; indeed, for ¢ € T and @ € Ny 00 (T9)/T°, we

have wtdw 107! = wtw ™!, where w € Ny 0o (TP) is a representative of w.
Claim X, (T°) @ k* — X.(T)g ® k* is surjective.

Proof. By [Sp98, Proposition 13.2.4], T' is an almost direct product T°T, such that T° N T, is finite.
Since X, (T )¢+t is torsion-free, it defines a quotient torus Ty of 7. The composite T, — T — T must
be trivial (if otherwise T?° is non-trivial). The composite T° — T°T, /T, — Tp is thus surjective. [

Translating the claim to a statement about conjugacy classes, we see there exists s € T such that
s0's~t e T°9 = 019, O

2.5. f-twisted semisimple conjugacy classes

Sometimes it is notationally easier to discuss #-twisted conjugacy classes than conjugacy classes in
a disconnected group. We keep notations and assumptions that are used in Proposition 2.4.6.

In this subsection, M is defined over an algebraically closed field k£ of characteristic p. Let ¢ be a
power of p. Write Frob, : © + 29 be the g-power map.

2.5.1. Definition Two elements g, ¢’ € M° are said to be #-conjugate if g and ¢’6 are M°-conjugate.
Concretely, it means there exists h € M° such that ¢ = hg(6h=1671). Denote by [g]s the -twisted
conjugacy class of g.

2.5.2. Definition A set-theoretic map F : M° — M?° is said to be a 0-twisted Frobenius endomor-

phism if

(QF1) P(T) C T:

(QF2) There exists an automorphism ¢ € Endz(X.(T')) such that F|pe = ¢ ® Frob, under the
identification T' = X, (T) ® k*;

(QF3) 1t y € []p, then F(y) € [F(2)]y:

(QF4) F(0926~9) = 0F (x)0~! for all x € M°.

We say [g]g is F-stable if F(g") € [g]g for all ¢’ € [g]o.

2.5.3. Proposition If F' : M° — M?° is a #-twisted Frobenius endomorphism, then there exists a
bijection
{ F-stable O-twisted semisimple conjugacy }

classes in M° = (X, (T)ps @ k> /Q0)#EFrobg,

Proof. By Proposition 2.4.6, the bijection is automatic if the ¢-action descends to X, (7")g ¢, which
follows immediately from Definition 2.5.2. O



CONTENTS 19

3. Mod p Langlands-Shelstad factorization

Contents
3.1 Four types of L-groups . . . . . . . o o 0 e e e e e e e e e e e e 19
3.2  Quasi-semisimplicity of semisimple mod p L-parameters . . .. ... .. ... ..... 21
3.3 Maximally unramified tori . . . . . . . .. L L 22
3.4 Langlands-Shelstad factorization of L-parameters . . . . . . . . . . ... ... ..... 25

Let G be a connected quasi-split reductive group over F. Fix an F-pinning (B, T, {X,}) of G. The
pinned group (G, B,T,{X,}) has a dual pinned group (G B,T, {Y,}) defined over Z, together with
an isomorphism of based root data Uo(G, B,T) = Uy(G, B,T)".

Let L C F*® be a splitting field of G, that is, a Galois subfield of F'® such that the Galois action on
Uo(Gps, Bps, Tps) factors through Gal(L/F'). The Galois action on the based root datum induces a
Galois action on the corresponding pinned reductive group Gal(L/F) — Aut(G, B,T,{Y,}). Write
LG for the semi-direct product G x Gal(L/F). See [Zhu21, Section 1.1] and [BG14] for more details.

3.1. Four types of L-groups
In the literature, four different kinds of L-groups are used, and depending on the context, they are
not always interchangeable. We list these L-groups as follows:

Galois form G x Gal(L/F)
Absolute Galois form | G x Galg
Weil form G X Wpg

Relative Weil form G x Wi r

3.1.1. Definition Let A be a ring.
A group homomorphism

F(A): G(A) x Gal(L/F) — H(A) x Gal(L/F)

is said to be an L-homomorphism if it sends g x o to h x o for all o € Gal(L/F).
A group homomorphism
F(A): G(A) x Galp — H(A) x Galp
is said to be an L-homomorphism if it sends g X o to h X ¢ for all o € Galg, and there exists an open

subgroup I' C Galg such that 1 x ¢ is sent to 1 x ¢ for all o € I
A group homomorphism

f(A): G(A) x Wi — H(A) x Wg

is said to be an L-homomorphism if it sends g x ¢ to h x ¢ for all 0 € Galp, and there exists an open
subgroup I' C Ir such that 1 x g is sent to 1 x o for all 0 € T,
A group homomorphism

F(A): G(A) x Wyyp — H(A) x Wpp

is said to be an L-homomorphism if it sends g x o to h x o for all 0 € Wy /p.
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3.1.2. Lemma Let A be a finite ring.
(1) If

F(A): G(A) x Galp — H(A) x Galp

is an L-homomorphism, then the set ¢ € Galp such that f(A)(1 x ¢) = 1 x ¢ is an open normal
subgroup.
(2) If

G(A) x Galp — H(A) x Galp
is an L-homomorphism, then it descends to
G(A) x Gal(L/F) — H(A) x Gal(L/F)
for some finite extension L/F.
(3) If
G(A) x Gal(L/F) — H(A) x Gal(L/F)
is an L-homomorphism, then it can be uniquely lifted to an L-homomorphism
G(A) x Galp — H(A) x Galp.
(4) If
G(A) x Wi — H(A) x Wg
is an L-homomorphism, then it descends to
G(A) x Gal(L/F) — H(A) x Gal(L/F)
for some finite extension L/F.
(5) If
G(A) x Gal(L/F) — H(A) x Gal(L/F)
is an L-homomorphism, then it can be uniquely lifted to an L-homomorphism

G(A) x Wp — H(A) x Wp.

Proof. (1) Note that (1 x 01)(1 x 02) = (1 X 0102).

(2) In a profinite group, an open subgroup is closed of finite index. So part (2) follows from part
(1).

(3) Let 0 € Galp and write & for its image in Gal(L/F). If gx g +— h x &, set g x o0 — hxo. It is
easy to check it is a well-defined homomorphism.

(4) Let § € Wy be a Frobenius element, and say 1 x 6 — h x 6. Since H(A) is a finite group,
there exists an integer n such that (h x 6)" =1 x " acts trivially on H(A). So there exists an open
subgroup I' of W of finite index such that 1 x 0 +— 1 X ¢ for all ¢ € I" and that I' acts trivially on
H(A).

(5) It is similar to part (3). O

By Lemma 3.1.2, the various forms of L-groups make little difference when working with finite
coeflicients.
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3.1.3. Definition Let A be a finite ring equipped with discrete topology, and let G and H be two
reductive groups over F. Let L be a sufficiently large field extension of F' that splits both G and H.

An L-morphism f : "G4 — “H 4 is an algebraic group morphism over A such that for all A-algebras
B with finitely many elements, f(B) is an L-homomorphism.

Write X{x} for the L-group of the trivial group. An L-parameter for G with A-coefficients is an
L-morphism “{*} — &G 4, defined up to @(A)—conjugacy. Equivalently, since /{*} is a constant group
scheme, an L-parameter can also be defined as an L-homomorphism Galp — “G(A), defined up to
é(A)—conjugacy.

Let R be a profinite ring. A profinite L-parameter for G with R-coefficients is a compatible system
of L-parameters Galp — “G(A), where A is a finite quotient of R.

From now on, assume G is tamely ramified (that is, the splitting field L can be chosen as a tame
extension of F).

3.2. Quasi-semisimplicity of semisimple mod p L-parameters

3.2.1. Standard parabolic subgroups and Levi subgroups of Langlands dual groups Write
A for A(E,T\) Any Gal(L/F)-stable subset S C A corresponds to a pinned subgroup (Mg, Mg N
B, T,{Y,}|s) C (G,B,T,{Y,}) which is stable under the Gal(L/F')-action. Write Pg for a parabolic

subgroup of G having Mg as a Levi subgroup. We call Mg x Gal(L/F') a standard Levi subgroup of
LG, and we call Ps x Gal(L/F) a standard parabolic subgroup of 1G.

3.2.2. Lemma All big pseudo-parabolics of /G are conjugate to a standard parabolic.

Proof. Let P be a big pseudo-parabolic of /G. There exists a Borel subgroup B of P°. Let Bgq be
the standard parabolic whose neutral component is a Borel. Then there exists an element g € G
such that gBg~!' = BS 4. After replacing Bgq by g 'Bgag, we can assume B C Bggq. For each
7 € Gal(L/F), let v € P be a lift of v in P and let 75tq € Bsta be the “standard” lift of v in Bgqg (note
that Bstq = B x Gal(L/F) admits a distinguished copy of Gal(L/F’)). There exists h € P such that
vBy~! = hBh~!'. We have hilfy’y;é(B)*yStd’yflh = h~'9(B)y~'h = B. Since B is self-normalizing in
é, we have hilfy'ys_té € B. Thus vgq € P.

The same argument applies to all ¥ € Gal(L/F). So Bgq C P. Now it is clear that all positive
simple roots of P with respect to the standard ( ,f)—pair are permuted by the Gal(L/F')-action, and
P is a standard parabolic. O

/
B

3.2.3. Definition For a ring k, a parabolic subgroup of 1G}, is a subgroup “P conjugate to a standard
parabolic of /G},. Equivalently, a parabolic of /G}, is a big pseudo-parabolic.
A Levi subgroup of a parabolic “P is a subgroup which is conjugate to a standard Levi of G.

3.2.4. Remark We will avoid using the term “parabolic subgroup” because it is not consistent with
the usual definition that P is parabolic if G/P is a projective variety.

Instead, we prefer the use “big pseudo-parabolic” to avoid confusions.

We also remark that the lemma above is true only because (1) the group G is itself a semi-direct
product, and (2) (for connected groups) parabolic subgroups are self-normalizing. For a general
(disconnected) reductive subgroup H of “G, we should not expect its big pseudo-parabolics to be a
split extension of its neutral component, or conjugate to a standard parabolic in general.
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3.2.5. Definition Let k be a field. Let p : Galp — “G(k) be an L-parameter.
e p is said to be pseudo-irreducible if the image of p is pseudo-irreducible (Definition 2.2.3);
e pissaid to be pseudo-semisimple or semisimple if the image of p is pseudo-completely reducible;
e p is said to be quasi-semisimple if there exists a maximal torus T" of G such that
— p(Ir) C T'(k), and
— Imp C Nig(T) (k).
The term “quasi-semisimple” appears in [St68, Section 9], which is loosely related to our
situation.

3.2.6. Lemma If p: Galp — LG(IF‘p) is a semisimple L-parameter, then p is tamely ramified.

Proof. Let Pp C Galp be the wild inertia. The image p(Pp) C @(]Fp) is a p-group, and thus consists
of unipotent elements. By [BT71, Corollaire 3.9], there exists a parabolic subgroup P of Gg, with
unipotent radical R, (P) such that

e p(Px) C RU(P)(IFIP),

* Na(p(Pr)) € P(Fp), and
e all automorphism of G which fix p(Pr) also fix P.

Here Ng(p(Pr)) is the normalizer of p(Pg) in G. Since Pk is a normal subgroup of Galy,, p(Galy) C
Ng(p(Pk)) C P(F,). Since Pk is a normfml subgroup of Ga}F and all automorphismiof @]Fp which
fix p(Pk) also fix P, the subset I' := P(F,)p(Galr) C LG(F,) is a subgroup of XG(F,). We have
I'NG = P(F,)Na(p(Pk)) = P(Fp). By Lemma 2.2.6, T is a big pseudo-parabolic of LGFP- Since p is

semisimple, p factors through a pseudo-Levi M of I'. So p(Px) C R, (P)(F,) N M = {1}. O

3.2.7. Theorem Semisimple L-parameters p : Galp — /G(F,) are quasi-semisimple.

Proof. By Lemma 3.2.6, p is tamely ramified. Write § for a Frobenius element of Galr and let T be
an element of Galp whose image in the tame quotient is a topological generator. Write o := p(§) and
7 := p(%). We have o701 = 79. Since 7 has prime-to-p order, 7 acts on G semisimply. The theorem
follows from Corollary 2.3.7. O

3.2.8. Definition Let p be a tamely ramified L-parameter Galp — LG(IF‘p). Let 1P be minimal
among all big pseudo-parabolic of G through which p factors. Let 7 : “P — “M be the quotient
by the unipotent radical U map, and let ¢ : UM < P be a splitting of the semi-direct product
1 U—=LP M — 1. Wesay tomopis a pseudo-semisimplification of p, and denote it by p®.

3.2.9. Lemma For any tamely ramified L-parameter p : Galp — 1G(F,), p|1, is conjugate to p*|r,.

Proof. Let @ € Ir be a topological generator of the tame quotient of the inertia. Let “P be minimal
among all big pseudo-parabolic of LGI-FP through which p factors. Since p(#) is semisimple, it fixes a
Borel pair (Bp, Tp) of “P ([St68, Theorem 7.5]). (7(Bp), 7(Tp)) is a Borel pair of M fixed by 7 (p()),
and thus (vm(Bp), vm(Tp)) is a Borel pair of «(*M) fixed by p*(6). Furthermore, (¢m(Bp)U, tn(Tp)) is
a Borel pair of “P. There exists g € U such that g(Bp, Tp)g~' = (tw(Bp)U, tn(Tp)). By replacing ¢ by
a conjugate, we may assume g = 1. Write ¢ for p(0)p*(0)~! € (*P)°. We have t € Na(Bp)NNg(Tp) =
Tp. By the construction of p*, we have t € U. Sot € Tp NU = {1}. O

3.3. Maximally unramified tori
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3.3.1. Convention All homomorphisms of algebraic F-groups f : G — H are meant to be defined
over F'* unless it is said explicitly that it is defined over F'. For ease of notation, we write G for G(F*)
if it is clear from the context that we are treating it as a set.

Recall that we fixed an F-pinning (B,T,{X,}) of G. Write Q for the Weyl group Ng(T)/T :=
Ne(psy(T(F#))/T(F?), which is canonically identified with Ng(T')/T.

Following [Kall9a, Section 5.1], it is conceptually easier to think about framed maximal tori (see
Definition A.0.2 and A.0.4) instead of maximal tori.

Let j : S — G be a framed maximal tori. By replacing j by a conjugate gjg~!, g € G(F?), we may
assume j(S) C T. Thus there is a canonical bijection
Q-conjugacy classes of pairs (S, j) where
S is a F-torus and j : Sps — Tps is an

{ G(F?)-conjugacy classes of framed max- } EN
isomorphism of tori

imal tori of G

Similarly, there is a bijection on the dual side

Q-conjugacy classes of pairs (S,7) where
S is a F-torus and 7 : S — T is an iso-
morphism of tori

L

@—conjugacy classes of framed maximal
tori of LGFP

By sending (5, j) — (S, (3)_1) where j : T — S is the functorial dual torus map, we get a duality
between the geometric conjugacy classes of maximal tori of G and that of LGFP.
Recall the following fact ([Kall9a, Fact 3.4.1]):

3.3.2. Fact Let S C G be a maximal torus and let Sy C S be the maximal unramified torus (both
embeddings are defined over F'). The following statements are equivalent.

e S, is of maximal dimension among the unramified subtori of G.

e S, is not properly contained in an unramified subtorus of G.

e S is the centralizer of S in G.

e The action of Ir on R(S,G) preserves a set of positive roots.

3.3.3. Definition Let j : S — G be a framed maximal torus. The inertia Ir acts on X*(S) by
0-a := foaof~!, and thus acts on X*(j(S)) by transport (6-a := (6-(coj))oj~1). Note that in general
the Ip-action on X*(j(S)) does not need to preserve the set of absolute roots R(j(5),G) C X*(5(9)).

We say (S, 7) is mazimally unramified if I preserves R(j(S),G) and a set of positive roots thereof.

3.3.4. Lemma Let S C GG be a maximal F-torus. Then the tautological embedding j : S < G defines
a maximally unramified framed maximal torus if and only if S satisfies the equivalent statements in
Fact 3.3.2.

Proof. Since j is the tautological embedding of an F-torus, Ir preserves R(j(S),G). The Lemma now
follows from the last bullet point of Fact 3.3.2. O

3.3.5. Lemma (S, j) is a maximally unramified framed torus of G if and only if a geometric conjugate
of (S,7) is maximally unramified.

Proof. Write Int(g) for z +— gzg™', g € G(F*). We have
R(Int(g) 0 j(S),G) = {a o Int(g)~'|a € R(j(S), G)}.
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So it is clear I preserves R(Int(g)oj(S),G) if and only if it preserves R(j(S), G). If I preserves a set
of positive roots RT C R(j(S),G) than Int(g)~'(RT) is a set of positive roots of R(Int(g) o j(S), G)
that Ip preserves. O
3.3.6. Definition Let (5,3),7: S — G be a framed maximal torus of XG. The Ip-action on X*(5)

-~ -~

transports to X*(j(5)). We say (S,3) is maximally unramified if I preserves R(j(S), ) and a set of
positive roots thereof.

3.3.7. Lemma Let (5, j) be a framed maximal torus of G whose geometric conjugacy class is Gal(F*/F')-
stable. Then (S, 7) is maximally unramified if and only if its dual (S,3), 7 : S Gisa maximally

unramified framed maximal torus of LG.

Proof. By Theorem A.0.3, we can assume S C G is an F-subtorus. Let RT C R(S,G) be a set of
positive roots preserved by Ip. R defines a Borel B O Sps of Gps. Since I permutes the root
groups U, (o € RT) of B, B is Ip-stable. As a consequence, I also permutes the positive coroots of
B, which translates to the maximal unramifiedness of (5,7). O

We summarize the duality in the following proposition.

3.3.8. Proposition There is a canonical bijection:

Galp-stable G(F*)-conjugacy classes of N Galp-stable conjugacy classes of maxi-
maximally unramified framed maximal i mally unramified framed maximal torus
torus of G of G

Recall that a twisted Levi of G is a subgroup M C G defined over F' which becomes a Levi subgroup
after bash change to F'*. We have the following fact.

3.3.9. Langlands-Shelstad L-embedding ([Kall9a, Lemma 5.2.6]) Let M C G be a tame twisted

Levi, and let ]\//.7@ — CA}C be th/e\ natural inclusion. Write M and “G for the Weil form of the L-group.
There exists an extension of M — G to a tame L-embedding Me — Ge.

The conjugacy class of the tame L-embedding *M¢ — “G¢ depends on the choice of the so-called
x-data. We remark that it is important to use the Weil form. An L-embedding “M¢ — “G¢ of the
absolute Galois form does not exist in general (see [Kal21]).

When M C G be a maximally unramified torus (Definition 3.3.3), there is a canonical choice of
x-data (the unramified y-data). We establish the integral version in the following theorem.

3.3.10. Theorem Let S C G be a maximal F-torus such that the tautological embedding S <
defines a maximally unramified framed maximal torus.

For each choice of Borel Bg D S of G defined over F*, there exists an element g € G(F*) such that
(Bs,S) = g(B,T)g ! (recall that we fixed a pinning (B, T, {X,}) of G). The conjugation-by-g map

Int(g) : T — S (which is only defined over F*) has a dual map Int(g) : S — 7.
Let A be a finite ring. Feeding the unramified y-data into the recipe in [L.S87, Section 2.6], we get

an L-embedding % : 1S4 — G 4 extending the natural embedding S M T cG.

Moreover, %j is uniquely determined up to f—conjugacy by the choice of
e the Galp-pinning (B, T, {Y,}) of G, and
e the Borel Bg.
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Proof. By Lemma 3.1.2; it suffices to produce an L-embedding for the Weil form of L-groups. We
refer the reader to [Kall9a, Section 2.2] for the notion of ramified /unramified symmetric/asymmetric
roots, and the definition of x-data. Since I stabilizes a set of positive roots (Definition 3.3.3), there is
no symmetric ramified root (the existence of symmetric ramified roots implies there exists a ramified
quadratic extension E/F such that the Gal(E/F')-orbit of a positive root « is £a). Consequently, we
can choose the unramified y-data {x.} such that y, = 1 if a is asymmetric and x, is the unramified
quadratic character if otherwise. In particular, all these characters y,, are valued in {£1}. We remark
that unramified y-data are minimally ramified in the sense of [Kall9a, Definition 4.6.1].

So it suffices to show the Langlands-Shelstad L-embedding in [1.S87, Section 2] for unramified x-data
is defined over A. The formula in [LS87, Section 2.6] for the L-embedding reads

§(w) = rp(w)n(wr (o)) x w

(see loc. cit. for the notations). Note that n(wr (o)) is a product of the image of root vectors under
the exponential map (see [LS87, Section 2.1]) and the exponential map is well-defined for split group
schemes over an arbitrary base scheme [Crd11, Theorem 4.1.4]. The map 7,(w) has explicit formula
in [LS87, Section 2.5] and it is valued in {+1} ® X*(7T) because all the characters x, are valued in
{£1}. Since {£1} C A* for an arbitrary finite ring A, we have {£1}® X*(T) C A* @ X*(T) = T(A).
In particular, £ is defined over A. The “moreover” part is the remark right above [LS87, Paragraph
2.6.1]. O

For lack of a better terminology, we call L-embeddings %S — G that appear in the theorem above
canonical L-embeddings.

Let E be a finite extension of @, with ring of integers O and uniformizer . Taking the inverse
limit of XS(0/w") — LG(O/="), we get an L-embedding “S(O) — LG(O). Taking the union of
LS(0) — LG(0O) as E varies, we get an L-embedding £S(Z,) — LG(Z,). As we have remarked before,
we don’t think an L-embedding S(Q,) — G(Q,) exists in general ([Kal21]).

3.4. Langlands-Shelstad factorization of L-parameters

3.4.1. Theorem For each semisimple L-parameter p : Galp — LG(E,), there exists a maximally
unramified tame torus S of G defined over F' and a canonical L-homomorphism %5 : LSFP — LGFP such
that p factors through ;.

As a byproduct of the construction, we can ensure the ramification index of .S is equal to that of G
and that there exists a p(Ip)-stable Borel B C G that contains S.

Proof. Write 0 € Galp for a Frobenius element, and write 7 € Galp for an element generating the
tame quotient of the inertia.

By Corollary 2.3.7 and Theorem 3.2.7 7, there exists a maxunal torus S C G which is stable under
p(o) and p(7), and a p(7)-stable Borel B of G containing S. Thus the torus S, equipped with Galois
action v -z 1= p(y)zp(y)"! (z € S, v € Galp), together with the tautological embedding 5 — G is
maximally unramified in the sense of Definition 3.3.6. By Proposition 3.3.8 and Theorem A.0.3, S
exists. By Theorem 3.3.10, %j exists. Write o : Galp — £S(F,) the map v — 1 x . Write p =Ljoop.
Note that for each v € GalF, p(7)p (7)1 acts trivially on S, and thus p(y)p/(y) ™! € ZG(S) = 5. So
Imp C Lj(ES(Fp)). Since % is an embedding, we have a factorization as desired.
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Write e for the ramification index of G, we have p(7)¢(1 x 77¢) € Gn NLGF (E) N NLGF (§) — §’
P P
which implies the ramification index of S is at most e. U

4. The Deligne-Lusztig map
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The uniqueness of canonical L-embeddings (see Theorem 3.3.10) allows us to attach characters of
F-tori of G to semisimple L-parameters for G.

We start with the following basic lemma, which claims that homomorphisms of tori which respect
F-points are necessarily defined over F'.

4.0.1. Lemma Let T and S be two F-tori. Let f : Trs — Sps be an isomorphism of F*®-tori such
that f(T'(F)) = S(F). Then f is an F-isomorphism.

Proof. Let L/F be a finite extension splitting both 7" and S. We may assume f is an L-isomorphism
between 17, and Sy,. Write

Jr T — ReSL/FTL
jS S — ReSL/F SL

for the adjunction maps relating Weil restriction and base change. On the level of functor of points,
the map

Jr(F) : T(F) — (Resp/p Tp)(F) = T(L ®r F) =T(L)

is the map induced by the inclusion F' C L ([CGP15, Proposition A.5.7]). By assumption, we have
Resy p f(j7(T(F))) = js(S(F)). By [CGP15, Proposition A.5.7], jr is a closed immersion defined
over F. It is clear that Resy /p f is an F-isomorphism. Write j(7') for the subtorus Resy,/p f(jr(T)) C
Resy/p Sr, and write j(S) for the subtorus js(S) C Resy/pSp. Note that both j(T') and j(S) are
F-subtorus of Resy/p Sp. We have shown j(T)(F) = j(S)(F). By [Sp98, Corollary 13.3.10], since
F' is an infinite field, j(7)(F') is Zariski dense in j(7); and j(S)(F') is Zariski dense in j(S). Thus
Jj(S)=4(T). Now T'= j(T) = j(S) = S as an F-torus. O

4.1. Stable conjugacy Fix an F-pinning (B,T,{X.}) of G and its dual pinning (B, T, {Y,}) once
for all.
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4.1.1. Definition A Deligne-Lusztig datum is a pair (S, x) consisting of a maximally unramified

maximal F-torus S C G and a character x : S(F) — I_F;.

Write Int(g) for the conjugation by g map = + gzg~!.

Two Deligne-Lusztig data (DL data for short) (51, x1) and (S2, x2) are said to be stably conjugate
if there exists an element g € G(F®) such that Sa(F) = gS1(F)g~! and x2 = Int(g)«x1. By Lemma
4.0.1, Int(g) is an F-isomorphism.

A based Deligne-Lusztig datum is a tuple (5, x, Bs) where (5, x) is a Deligne-Lusztig datum and
Bg C Gps is a Borel defined over F'® containing S.

4.1.2. The Deligne-Lusztig map By Theorem 3.3.10, given a Borel pair (S, Bg), there is a canonical
L-embedding j : LSFP — LG]FP, unique up to f—conjugacy. Given a DL datum (S, x), by the Local
Langlands Correspondence for tori, we can attach to it an L-homomorphism p, : Galp — LS(E;),
well-defined up to g—conjugacy. Define the Deligne-Lusztig map

DL : (S,x, Bs) = %j o py,

which is well-defined up to f—conjugacy.

4.1.3. Lemma Let (S, x) be a DL datum and let (S, x, Bs) and (S, x, Bg) be two enhancements of
(S,x). Then DL(S, x, Bs) and DL(S, x, Bg) are G-conjugate to each other.

Proof. By [LS87, Lemma 2.6.A], the @—conjugacy class of 4 : LSFP — LG]pp does not depend on the
choice of Bg. See the proof of Theorem 3.3.10 for characteristic p issues. U

As a consequence of the lemma above, for each DL datum (S, x), DL(S, x) := DL(S, x, Bs) is
well-defined up to G-conjugacy.

4.1.4. Lemma Let (S, x) and (S, x') be two stably conjugate DL data. Then DL(S, x) and DL(S’, x/)
are @—conjugate.

Proof. Let (S, x, Bs) be an enhancement of (S, x). Let g € G(F*) be an element such that gS(F)g~! =
S'(F) and X" = Int(g)sx. Set By := gBsg~'. By Lemma 4.0.1, Int(g) : S — S’ is an F-isomorphism
and thus induces an isomorphism ZInt(g) : £S5’ = LS of L-groups.

By the functoriality of the LLC for tori, p, = FInt(g) o p,». Thus DL(S, x, Bs) = DL(S’, X, B).
The lemma now follows from the definition of DL(S, x). O

4.1.5. Proposition The map DL induces a surjective map from the set of stable conjugacy classes
of DL data (S, x) to the set of semisimple L-parameters Galp — LG(F,).

Proof. The well-definedness follows from Lemma 4.1.4 and the surjectivity follows from Theorem
3.4.1. O
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4.1.6. Failure of injectivity
The map DL in Proposition 4.1.5 is not injective in general.
Consider the spherical L-parameter p : Galp — GLo for GLs which is trivial on the inertial I

and sends a Frobenius element to [_01 é] On the one hand, p factors through the L-group of an

_01 é is diagonalizable, p
also factors through the L-group of a split maximal torus Ss of GLg. Therefore, two DL data (Se, xe)
and (Ss, xs) are both sent to p under DL. However, since S, and Ss are not F-isomorphic, by Lemma
4.0.1, (Se, xe) and (Ss, xs) are not stably conjugate.

Denote by F the strict henselization of F. Note that both Ss and S, are maximally unramified
maximal torus of GLy (indeed, they are both unramified), and they both become split after base
change to F'. Since any two split maximal tori are rationally conjugate to each other, there exists an
element g € G(F) such that gSs(F)g~' = S.(F). This observation suggests that the inertial version
of DL has a chance to be a bijection.

elliptic maximal torus S, of GLy. On the other hand, since the matrix

4.2. Characters of tori over finite fields

4.2.1. Lemma Let X be a finite free abelian group equipped with a finite order automorphism .
There exists isomorphisms

X -1
- =~ (X ® Q 17, qm
(q o 7T)X ( p / )
X = Hon(X 0 Qy/2)™ @y /7)
—_— = om / /
(q —m)XY g e
where XV = Hom(X, Z).
Proof. Tt is [Ca93, Proposition 3.2.2] and [Ca93, Proposition 3.2.3]. O

Indeed, for each X as in the lemma above, there exists a (unique up to isomorphism) torus 7" defined
over Fy such that X = X, (T) (Proposition A.0.1), and there is a isomorphism (X ® Qp//Z)q’T_l ~
(X ® F; ) @Frobg T(F,). By the lemma above, there are short exact sequences

(2) 0= X.(T) ©5 X,(T) = T(F,) — 0, and
(3) 0 — X*(T) &5 X*(T) S Hom(T(F,),F}) — 0.

The short exact sequence (2) enables us to “forget the Fg-structure” on T" when working with
characters of T'(F,). Given a continuous homomorphism

x:L(F,) — I_F;,

the composition x o Z is a character of the free abelian group X.(Z'), which is independent of the
F-structure on 7. Moreover the composite x o = uniquely determines the original character x, once
the Fg-structure on T is specified.

We write T (F,) = T'(IF,) to emphasize the F,-points are taken with respect to .



CONTENTS 29

4.2.2. Example The 1-dimensional torus G,, over IF'p admits two Fg-structures 7 and 7’ that splits
over [Fp2: m corresponds to the split 1-dim Fg-torus and 7' corresponds to the (unique up to isomor-
phism) nonsplit 1-dim Fy-torus. Let

X : Gm, (Fq) = Fy
and
X' GJﬂI(Fq) - F;:

be trivial characters x — 1. Even though G, (F,) and G, ,(F,) are distinct subsets of G (Fp), we
have yoZE = x' 02 = 1.

4.2.3. Definition Let T be a torus over Fp equipped with two (possibly different) F,-structures m
and 7'. A character x : T (F,) — I’ and a character X' : T,.,(F;) — F are said to be equivalent if
they define the same character of X, (T). We write x 2 x’ if they are equivalent.

4.2.4. Definition Let S, S, be two tori defined over a field Fy. Let x, : 5(Fy) — FY and X,
Sy(Fy) — F be characters.

A Fp-isomorphism f : (S))5, — (S2)F, is said to define an equivalence of (Sy, x,) and (83, x,) if
f«(x1) = x2 in the sense of Definition 4.2.3; we write (S, x,) = (S2, X,)-

4.2.5. Lemma Let X be a finite free abelian group. We have canonical isomorphisms

Homgts(X ® @ K, IF‘;) = %ﬂ Homes(X ® K, F;)
E/F unramified E/F unramified
= h%m Homes(X ® OF, I_F;).
E/F unramified

Here transition maps are norm maps.

Proof. 1t follows from the Stone duality that in the category of profinite groups we have

Homts(X @ Jim kg Fy) = limy Homs(X @ ki, Fy).
E/F unramified E/F unramified
Since X ® @ Kk}, is a profinite group and is thus a compact object, we have

E/F unramified

Hom (X ® L&l K IF‘;) = li_n}lHomCts(X ® M K, F;)
E/F unramified q E/F unramified
= lim limy Homes(X ® kg, Fy)
q E/F unramified

— hﬂ ligHomCts(X ® K F(;)
E/F unramified ¢

= liny Homes (X ® K7, F;) O
E/F unramified
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—~Nm
4.2.6. Definition Write s for

: X
fm K,
E/F unramified

——Nm

and write Oy for
. X
Lgl Og.
E/F unramified

4.2.7. Corollary Let T be a kp-torus.
(1) For each unramified extension E/F, the map

_ —xoNm,, /. _
Hom(T (kr), FX) ~——E""Fs Hom (T (), F)

is an inclusion.
—~Nm _

(2) We can identify Hom(Z(kr),F)) as a subgroup of Hom(X.(T) @ 5 ,F)). Under this iden-

tification, we have
_ —~Nm _
Hom(ZT(rg),F)) = Hom(X,(T) ® kf ,F))5r.

Proof. (1) Write T for the dual torus of 7. By Lemma 4.2.1, we have Hom(T'(kg),F)) = T(rg) and
Hom(T(rp),FX) 2 T(kF). It is clear that T(kr) = T(rp) 0 0e/5r),
(2) It follows from part (1) and Lemma 4.2.5. Note that for all F sufficiently large (splitting T'),

T(kg) = Xo(uT) ® K. O
4.2.8. Corollary Let T be an unramified F-torus, and write 7'(F) for the Iwahori subgroup of T'(F).
We have
_ ——Nm _
Hom(T'(F)°,F)) = Hom(X.(T) ® OF ,F))5r.
Proof. 1t is equivalent to Corollary 4.2.7. O

4.2.9. Remark If we choose T' = G,,, then Corollary 4.2.8 together with the Hochschild-Serre spectral
sequence immediately implies that the Artin repository map Hom(F*,FX) — Hom(Galp,F)) is an
—~Nm

isomorphism. The profinite group Oy  can be identified with the abelianized inertia of Galp.

4.3. Inertial refinement of the mod p LLC for tame tori
In this subsection, we fix an F-tori T, with splitting field L. The local Langlands correspondence
for tori holds for all divisible coefficients.

4.3.1. Theorem ([Ch20], [Yu09, 7.5]) If F' is a local field, then there exists an isomorphism
Br: Heo(Wiyp, X7(T) ® D) = Homes(T(F), D)

for any divisible abelian topological group D. Moreover, fr is additive functorial in 7' (in the sense
that fr is an additive natural transformation between additive functors).

We will now fix a torsion divisible group D equipped with discrete topology.
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4.3.2. Lemma We have H} (W p, X*(T) ® D) = H}(Galp, X*(T) ® D).

Proof. 1t is clear since D-valued L-parameters have finite image. O

We also need to understand how the LLC for tori behaves under base change.

4.3.3. Proposition Let E2 C I be a finite extension of F, and write Nmg,p : E — F for the norm
map. There exists a commutative diagram
H}: (Galp, X*(T) ® D) — Homs(T(E), D)
ipiHPGalE \LXSHXONIHE/F

H(Galp, X*(T) @ D) — Homeys(T(F), D)

Proof. Let T'" := Resg/pT. Let f : T" — T be the norm morphism. By unravelling definitions, f
induces the restriction map p + p|gal, for L-parameters, and induces the norm map x + x o Nmpg,p
for characters of tori. The proposition is a special case of the functoriality of Sr. O

4.3.4. Definition Let p € HY (Galp, X*(T)® D) be an L-parameter. The inertial type of p is defined
to be the image of p in lim Homs(T'(E), D), and is denoted by fSr,1(p).
E/F finite unramified

We summarize basic results on integral models of tori as follows.

4.3.5. Proposition (1) There exists a unique maximal compact subgroup T'(F)! C T(F).
(2) We have

T(F)' = {z € T(F)||x(2)|, = 0 for all x € X*(T)}.
(3) Let 7™ be the ft-Néron model of T. We have
T(F)t = 7%0p).
(4) Let 79 be the connected Néron model of T, and let T'(F)" be the Iwahori subgroup of T(F).
We have
T(F)° = 7%0r).
(5) Let T" — T be a morphism of F-tori. Then T'(F) — T(F) maps T"(F)! to T(F)!, and maps

T'(F)° to T(F)°,
(6) There exists a finite unramified extension E/F such that T(E)/T(E)°? = T(F)/T(F)°.

Proof. (1) and (2): See [KP22, Proposition 2.5.8].
(3): It is [KP22, Proposition B.7.2].
(3): It is [KP22, Proposition B.8.7].
(5): It is [KP22, Proposition 2.5.9] and [KP22, Proposition 2.5.19).
(6): It follows from [KP22, Corollary 11.1.6]. O
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4.3.6. Lemma We have

lim Homes(T(E), D) = lim Homs(T(E)°, D).
E/F finite unramified E/F finite unramified

Proof. By part (6) of Proposition 4.3.5, there exists a finite unramified extension E/F such that
T(E)/T(E)° = T(F)/T(F)".

Let Fy/F be a finite unramified extension containing E, and let Fj/F; be a finite unramified
extension. It suffices to show for x1,x2 : T'(F1) — D such that x1|rm) = X2|7(m)0, X1 0 Nmg, /5 =

X2 © NmEl/Fl.
Write X; = x; o Nmpg/p, i = 1,2. Suppose x1|r(m)y = X2|7(m ). Let © € T(E1) be an arbitrary

element. Since T'(E1)/T(E1)? = T(F1)/T(Fy)°, there exists y € T(F}) such that 3 € T(E)°.

N
Part (5) of Proposition 4.3.5 applied to Resg, /p, (Tr, ) BT Tr, shows that

X1lr(E)e = Xl7r(E)o-
In particular,
X1(z/y) = Xa(z/y).
Equivalently

Xi(w) X1(y))[E1;F1]
Xa2(z) x2(y) '

Since D is assumed to be a torsion divisible group, there exists an integer n such that (i;gzg)" =1
Choose E to be the unramified extension of F of degree n inside F'*, and we have x1(z) = x2(x). Since

the group T'(F}) is a finitely generated abelian group, we can choose Fj/F) such that x1(x) = xa(x)
for all x € T(Ey). O

4.3.7. Corollary If D = IF‘S, we have

lim Homs(T'(E), D) = lim Hom(.7%(kg), D).
E/F finite unramified E/F finite unramified

where kg is the residue field of E.

Proof. Combine Lemma 4.3.6 and part (4) of Proposition 4.3.5; also note that Hom(.7%(kg), F)) =
Homcts(yo(OE),sz). O

4.3.8. Lemma Assume D = F). For each p € HgtS(GalF,f(Fp)),

Br.1(p) € Im(Hom (7% (kr), D) — lim Hom(.7%(kg), D)).
E/F finite unramified

Proof. We define a Galy,-action on lim Hom(7%(kg), D) as follows, for o € Gal,, and

E/F finite unramified

x : Hom(Z7%(kg), D)), set o - x := xy oo L.
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It is clear that S7.7(p) is a Gal,,-fixed point. So it remains to show that

Im(Hom(Z°(kp), D) — lim Hom(.7°(kg), D))
E/F finite unramified
—( lm Hom(7%(kg), D))Che.

E/F finite unramified

The map above is clearly a well-defined injection. Let x € Hom(.7°(kg), D) be a Galy,-invariant
character. Write xo € Hom(Z7%(kp), D) for the character [E—}F}Mgowﬂ (note that D is a divisible

group). It is clear that x = xo o Nmg/p. O
4.3.9. Proposition (1) There is a commutative diagram

_ Bt ~
Homes(T(F),FY) —— HL(Galp, T (F,))

|

_ 1 ~
Homcts(T<F)Ov IF;:) - Hclts(IF7 T(IFP))

where both vertical maps are restriction maps.
(2) Write Ty € T for the maximal unramified subtorus. All arrows in the following commutative
diagram

Homes(T(F)°,FX) — T
\L 6T,I l

HOHICtS(T()(F)O, IF‘;;) — Hl

are isomorphisms. Here Frob € Galp is a Frobenius element (that is, a topological generator of Galg
modulo ).

Proof. (1) It suffices to show the composition

o~

Homes(T'(F),Fp) — ling Hom(7(kg), D)) — HL (Ip,T(F,))
E/F finite unramified

factors through Homes(T(F)?, F,), which is exactly the content of the Lemma 4.3.5.
(2) Tt suffices to show the vertical morphisms and the bottom horizontal morphism are isomorphisms.
The left vertical map is an isomorphism by [KP22, Corollary B.7.12]. The right vertical map is a
special case of Proposition 2.5.3 (which will be elaborated in 4.5.4).
So it remains to analyze the bottom horizontal map. By local class field theory ([Iw86, 6.11]) and
the fact that abelianization commutes with colimits, there is a canonical Frob-equivariant isomorphism
o . x
R = gﬂ RE = IF/PF
E/F finite unramified

where Pr is the wild inertia. Since all L-parameters we consider are tamely ramified, we have

p))-

—~Nm _

Hgts(IFaTO(Fp)) = Hclts(IF/PFaTO(I_Fp)) = H(}ts(l{’;‘ , To(

=]



34 CONTENTS

Since T is an unramified torus, I acts on 7| 0(F,) trivially, and thus we have Frob-equivariant iso-
morphisms

—~Nm _. _ —~Nm _. _
Hclts(”;“ , To(Fp)) = HomctS("’ﬁ>é , To(Fp))
—~Nm _
= Homs(kp F,y @ X*(To))

~—~Nm _
= Homes (X (To) @ 6, Fp).

Write 70 for the (connected) Néron model of T9, we have

HomCtS(TO(F)O,I_F;) = Homcts(ﬂo((’)p),ﬁ‘;)
—~Nm _
= Homes (X (To) @ k., F))

where the last step is Corollary 4.2.7. O
4.4. Inertial refinement of the Deligne-Lusztig map

4.4.1. The restriction map Denote by &€ the set of stable conjugacy classes of Deligne-Lusztig
data (5, x) for G.
Let E/F be a finite unramified extension. There exists a map

GQ:G — 6Q:GE

sending (S, x) to (Sg,x o Nmg,p) where Nmg/p : S(E) — S(F) is the norm map.
Define
6C = Im(6C; »  lm  &€g,).
E/F unramified

~

Also denote by I C H'(Ip, G(Fp))tame the set of tame inertial Langlands parameters Ir — G(F,)
that can be extended to Galpg.

With the new notations introduced, Proposition 4.1.5 can be rephrased as the image of DL : 6¢€5 —
HY(Galp, @(Fp)) consists precisely the semisimple L-parameters.

4.4.2. Lemma DL : 8¢, ¢ — TJ¢ is surjective. So is hgl 6¢q, — H(Ip, G(I_Fp))tame-
E/F unramified

Proof. By Lemma 3.2.9, a tame inertial type can be extended to a semisimple L-parameter. The
lemma now follows from Proposition 4.1.5. (]

To show DL : &¢;,. ¢ — TJ¢ is actually a bijection, we will need to give a combinatorial description
of both sets.

4.4.3. Parahorics For each maximal F-split torus Ss, we can attach an affine apartment A(Ss) of
the Bruhat-Tits building B(G). For each vertex x € A(Ss), a smooth group scheme G with generic
fiber G and connected special fiber such that G3(O) C Fix(z). There exists a closed O-split torus
Ss € GY with generic fiber Sy; the special fiber S, of Sy is a maximal xp-split torus in the special fiber
of G¥ ([KP22, 4.1.20]).
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4.4.4. Notation Recall that we fixed an F-pinning (B,T,{X,}) of G. We can choose T so that it
is maximally unramified and maximally split since G is quasi-split. Write Ts C T for the maximal
F-split subtorus and write Ty C T for the maximal unramified subtorus. The Chevalley valuation
associated to the pinning (B, T,{X,}) determines a superspecial vertex ([Kall9a, Definition 3.4.8]) in
the apartment A(T%).

Let 7o be the maximal unramified O-torus of G with generic fiber Typ. Write T for the special fiber
of Tp. Also write G for the reductive quotient of (the special fiber of) Gg.

4.4.5. Definition An inertial Deligne-Lusztig datum is a pair (S, x) where S is a maximal xp-torus
of G and x : S(kp) — IF'; is a character.

A based inertial Deligne-Lusztig datum is a pair (S, x, Bg) where (S, x) is an inertial Deligne-Lusztig
datum and Bg C G is a Borel defined over F p containingﬁ.

Two inertial Deligne-Lusztig data (S, x) and (S',x’) are said to be geometrically conjugate if there
exists an element g € G(F,) such that (S, x) Zint(g) (85 X') in the sense of Definition 4.2.4.

Denote by G&€¢ the set of geometric conjugacy classes of inertial Deligne-Lusztig data.

4.4.6. Proposition There is a natural bijection

lim  &¢g,_— lm  SCg,.
E/F unramified E/F unramified

Proof. Let (S,x) € 6€g be an inertial Deligne-Lusztig datum. By [KP22, Proposition 8.2.1 (1)],
there exists a closed unramified O-torus Sy of Qg whose special fiber is S. The generic fiber Sy of Sy is
a maximal unramified torus of G and the centralizer S of Sy in G is a maximally unramified maximal
F-torus. Write X8 for the inflated character

X8 : So(F)O — ﬁ(/ip) &) F;

By part (2) of Proposition 4.3.9, the character x§ can be extend uniquely to a character x° : S(F)? —
I_F;. Since I?‘; is a divisible group, Hom(—,I_F;) is exact, the character x° can be extended to y :
S(F) — F). The pair (S, x) is a Deligne-Lusztig datum.

We first show the well-definedness. Suppose (S, x) and (S’,x’) are geometrically conjugate. By
[KP22, Proposition 8.2.1 (5)], there exists an element g € G2(O) C G(F) such that gSpg~' = S and
Int(g)«x = x'. Since S (resp. ') is the centralizer of Sy (resp. S)), we have gSg~' = S'. Let E/F be
an unramified extension such that g € G(E) and both S, , S} are split. Then we have Int(g).x = x’
and gS(E)g~! = S(E)'. By Corollary 4.3.7, there exists a finite unramified extension E’/E such that
Int(g)«x c Nmp/p = X' o Nmp//p. As a consequence, (S, x) and (S’,x) are stably conjugate after
restricting to E’. Corollary 4.3.7 also ensures the map is injective. Suppose (S, x) and (S, x’) are
stably conjugate after restricting to some E. Since the apartment of S and of S’ both contains the
vertex z, by [Kall9a, Lemma 3.4.12], there exists an element g € G2(Oj) such that gSg~! = 9.
Corollary 4.3.7 implies (S, x) and (S, x’) are geometrically conjugate (under the reduction g of g)
after restricting to some finite unramified extension E'/FE.

Next, we show the surjectivity of the map. Let S, S and Sy be as in the first paragraph of the
proof, and let (S’, x’) be an arbitrary Deligne-Lusztig datum. Since both S and S’ are both maximally
unramified (i.e. they become split after base change to F), there exists an element g € G(F ) such
that ¢S’g~! = S. We may assume g € G(FE) for some finite unramified extension E/F. Write
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x1 for Int(g),x’. The restriction to So(E)° if x; factors through y. : S(kg) — FX. The inertia
Aq P

Deligne-Lusztig datum (S ) is mapped to the equivalence class of (S, x'). O

HE’Kl

4.4.7. Root system for the reductive quotient of a superspecial parahoric The relative
root system ® (7o, G) of G with respect to Tp is not reduced in general. The absolute root system
(I)FP (I',G) of G is a reduced modification of the possibly non-reduced root system ® ;(7p,G) (see
[KP22, Proposition 8.4.8]). In particular, ® (7o, ) and @5 (I',G) have the same Weyl group (see
[Hal8, Remark 3.4]), and their Weyl group can be identified with the Ip-invariant subgroup (which
we denote by Q) of the absolute Weyl group Q := Nyp(ps)(G(F*))/T(F*) ([Hal5, Lemma 4.2]).

4.4.8. Theorem (1) Let E/F be a finite unramified extension. The restriction functor
6¢qg — GQ:QNE

sending (S, x) to (S, x o Nm,/.,.) is injective.
(2) The set &€ is in natural bijection with

(X*(D) ® Qp/2)/92°)7" 2 ((X*(T) ® Fyy) Q)

where Frob is the Frobenius map on 1" corresponding to the standard xpg-rational structure.
(3) The set lim 6C&g,  is in natural bijection with
E/F unramified

(X*(1) ® Qp/2)/Q° = (X*(T) ® F}) /2.

Proof. (1) It is [DL76, Proposition 5.4].
(2, 3) It is [DL76, Proposition 5.7]. O

4.4.9. Summary We have established the following diagram:

S &8¢, ¢ i
lig 6€Q’<E _— hgﬂ GQ:GE *»Hl(IFaG(ip))tame
E/F unramified E/F unramified

(X*(T) ® Q,/Z)/Q°

4.5. Tame types and semisimple L-parameters

Let g := pf be a p-power integer. Denote by Frob, : « + 27 the relative g-Frobenius map.

In the rest of this subsection, the dual groups G and LGFP are always defined over F,. Write L for
the splitting field of G. We regard Gal(L/F') as a subgroup of LGFP = G x Gal(L/F). Fix a Frobenius
element o € Galr and denote its image in LGFP and Gal(L/F') by ; also fix a generator 6 of the tame

inertia of Galr and denote its image in LGI-FP and Gal(L/F) by 6. Denote by e the ramification index
of Gal(L/F).
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Define the twisted q-Frobenius map

4.5.1. Definition A semisimple f-twisted conjugacy class [s]g of G is said to be Fg-stable if s € [s]g
implies Fy (s) € [s]g-

4.5.2. Lemma A semisimple f-twisted conjugacy class [s]j is Fg-stable if and only if for each repre-
sentative s of [s]g, there exists a tamely ramified L-parameter p : Galp — LGI-FP such that p(6) = sf.

Proof. Unravel the definitions. O

4.5.3. Corollary A semisimple f-twisted conjugacy class [s]; is Fg-stable if and only if for some
representative s of [s|g, there exists a semisimple L-parameter p : Galp — LG]F,, such that p(6) = s6.

Proof. Combine Lemma 4.5.2 and Lemma 3.2.9. O

4.5.4. Proposition (1) The map Fy is a f-twisted Frobenius endomorphism in the sense of 2.5.2.
(2) There is a one-to-one correspondence between f-twisted semisimple conjugacy classes in G and
G-conjugacy classes of L-parameters Iy — LGF , given by [s]g — (0 +— s0).
(3) There is a one-to-one correspondence between Ff-stable -twisted semisimple conjugacy classes
in G and G- conjugacy classes of L-parameters Ip — LGF that can be extended to a semisimple
L-parameter p : Galp — LGFP

Proof. (1), (2): Unravel the definitions.
(3): It is Corollary 4.5.3. O

4.5.5. Corollary In the context of Paragraph 4.4.9, there are natural bijections
&g =64, ¢ =TJg.

Proof. By Paragraph 4.4.9, it suffices to show &€g — TJq is bijective. By Theorem 4.4.8, we have
S¢q = (X*(T) ® ]FX)/QQ)FrOb. By Proposition 2.5.3, we have TJq = (X (T)gtr ® FX/QQ)“’@F‘mbq
It remains to show X.(T )9 v and X*(T) = X*(Tp) are canomcally identified. Note that X, (T )9 tf

is by definition the maximal unramified finite free quotient of X, (T)). Since X, (Tp) is the maximal
unramified subgroup of X, (7'), by duality, X*(7) is the maximal unramified finite free quotient of

~

X*(T). Since X*(T) = X.(T), X.(T)g4s and X*(T) are unramified. O

5. Digression: de Rham lifts of semisimple mod p L-parameters of regular Hodge
type
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To study the Emerton-Gee stacks, it is important to construct regular de Rham lifts of all mod p
L-parameters.

For semisimple L-parameters, such lifts can be easily constructed via the Langlands-Shelstad fac-
torization. Recall that if S C G is a maximally unramified F-torus, then there exists an L-embedding
Lj: LS(Z,) — 1G(Zy) (see the remarks after Theorem 3.3.10).

5.1. Basic facts about de Rham L-parameters
Let A D Z, be a discrete valuation ring.

5.1.1. Definition An L-parameter p : Galp — “G(A) is said to be semistable (resp. crystalline) if for
some closed embedding of algebraic groups ‘G < GLg4 the composite Galrp — GLg4(A) is semistable
(resp. crystalline).

An L-parameter p : Galp — “G(A) is said to be potentially semistable (resp. crystalline) if there
exists a finite extension E/F such that p|gal, is semistable (resp. crystalline).

5.1.2. Lemma An L-parameter p : Galp — “G(A) is semistable (resp. crystalline) if and only if its
restriction to inertia p|7, : Ir — “G(A) is semistable (resp. crystalline). Here we regard I as the
absolute Galois group of the strict henselization F' of F.

Proof. Tt is [BC08, Proposition 9.3.1]. O

5.1.3. Hodge-Tate theory The main reference is [L22, Section 5] and [BG19, Section 2.8]. Write E
for A[1/p]. Let p : Galp — “G(E) be a potentially semistable L-parameter. Then we can associate to p
a tuple of cocharacter HT*(p) of @C for each embedding ¢ : E < C. For each embedding f : /G — 'H,
we have HT"(f o p) = f o HT*(p).

We can regard HT¢(p) := X,.p,cHT*(p) as a cocharacter of [], Ge = Rescag, B/C G. By Tannakian
formalism, a cocharacter is equivalent to an exact tensor grading. Write dR¢(p) for the canonical exact
tensor filtration associated to HT¢(p). When p is potentially semistable (say p|gal,, is semistable),
then p corresponds to a filtered (p, N, Gal(F’/F))-module Dy with ‘G-structure. Write F, C F' for
the maximal subfield unramified over Q. Note that D := Do ®@p; F " is an 'G-torsor over F' ®q, E
equipped with a Gal(F’/F)-stable exact tensor filtration dR g (p) which recovers dR¢(p) after base
change to C ®g, £. On the other hand, D descends to an IG-torsor over D over F ®q, E and
dRp(p) descends to an exact tensor filtration dRp(p) on Dp. Following [BG19], we will call dRp(p)
the Hodge type of p. The potentially semistable L-parameter p is said to be of reqular Hodge type or
Hodge regular if the stabilizer of dRp(p) is a Borel subgroup of (a form of) Res F&g, E/E LG, Since the
property of being a Borel subgroup descends along field extensions, we see p is Hodge regular if and
only if each HT"(p) is a regular cocharacter in the cocharacter lattice X, (T') (here T is a maximal
torus of G containing the image of HT*(p)), that is, HT*(p) is not killed by any root of G with respect
to T
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5.2. The p-adic Hodge theoretic refinement of the LLC for tori

The results in this subsection is standard. The main reference is [Se89].

Let T be an F-torus which splits over L. Fix an algebraic closure @p and let F C @p be a finite
extension of L.

Since Z; is a divisible abelian group, by 4.3.1, there exists a functorial isomorphism

Br: Hy Wy p, X*(T) ® Z) = Homes (T(F), Z)).

Since we are working with integral coefficients, the Galois form of L-parameters and the Weil form of

L-parameters are equivalent, so Hay (W, p, X*(T) ® X) = H}(Galp, f(Zp)) (see 3.1.2).

5.2.1. Locally algebraic characters A character x € Homs(T(F), E*) is said to be algebraic if
there exists an algebraic character ¢ € Hom(Resg/q, T, Resg/q, Gim) such that x = ¢(Qp) : T(F) —
Gm(E).

A character x € Homes(T'(F), E*) is said to be locally algebraic if x coincides with some algebraic
character in an open neighborhood of 1.
Facts (See, for example, [C11, Appendix B]) x is locally algebraic if and only if 8. (x) is Hodge-Tate,
if and only if 8 1(x) is potentially semistable, and if and only if Br 1(x) is potentially crystalline.

Notation Write Homeis(T'(F'), —)1alg. for the locally algebraic subgroup of Home(7T'(F),—), and
write HL (Galp, X*(T) ® —)gr for the Hodge-Tate subset of HL (Galp, X*(T) ® —).

cts

5.2.2. Lemma The composition

_ Br 1 .
Homes(T(F), Z) atg. —— Heyo(Galp, X*(T) ® Z) )ur T, H X.(
1:Qp—C

is a group homomorphism.

Proof. Since the formation of co-labelled Hodge-Tate cocharacter is insensitive to restriction of Galois
groups, the general case is reduced to the split tori case, which is clear. O

5.2.3. Definition Denote by

— HTo _
9" ¢ Homees (T(F), Z)1atg, T [T x.(r)Sheomeenent, (7
1:Qp—C

the group homomorphism attaching to a character of T'(F) its t-colabelled Hodge-Tate cocharacter.

5.2.4. Lubin-Tate Galois characters Write o : £ — C for the distinguished embedding (recall
that E is a subfield of the fixed algebraic closure Q).
The identity map (G,,)g — (G,,) g induces a E*-valued character

XLT : Gm(E) — E* = Gm(E)

of G, (F). Under the Local Langlands for split tori (= Local Class Field Theory), the associated
L-parameter ppp : Galg — E* is the so-called Lubin-Tate Galois character.

The Hodge-Tate weights for Lubin-Tate characters are computed by Serre. We have HT*(ppr) =0
if ¢ # 19 and HT(prr) = —1 (see, for example, [L22, Appendix A.3]). Here we naturally label the
cocharacters of Gy, by integers.
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The Lubin-Tate character satisfies prr(Ig) C (92. If we choose a uniformizer wg of E, and let
Xw : Gn(E) — Of be the character which sends wg to 1 and agrees with xzr on O. Then g
corresponds to an integral Galois character pg : Galp — Oj;, which is usually called the fundamental
character.

5.2.5. Construction of crystalline Galois characters

Let z € X, (f) = X*(T) = Z®4mr T be an arbitrary cocharacter.

Since T splits over L, we have T'(L) = (L*)*4mr T Write y, : T(L) — Oj be the locally algebraic
character which is the composition of 2 and the fundamental character. Set x, := Xz|r(r). Note that
Gal(L/F) acts on X.(T).

5.2.6. Lemma Assume L/F is a Galois extension. We have $*°%(y,) = —0~ 1.z for all § € Gal(L/F).

Proof. Since the formation of co-labelled Hodge-Tate cocharacter is insensitive to restriction of field,
it suffices to compute the co-labelled Hodge-Tate cocharacters of the composite

N
Resy,p T(F) —=5 T(F) X2 1%

Note that
X:conL/F: H Xz © 0.
o€Gal(L/F)
We have
99 (e o Nmpyp) = Y 9 (Xp00)
oeGal(L/F)
= Y 900 %)
o€Gal(L/F)
= Z fJLOOG(O- o ia—l-x)
9eCal(L/F)
- Z ﬁboo(eail)(iafl-x)
9cCal(L/F)
. Z {O 00’71 ;é 1
- ~1. -1 _
seCarymy \ "0 @ fomh =1
=01z
The fourth equality follows from [.22, Corollary 4, Appendix A.2], and the fifth equality follows from
the Lubin-Tate Galois character computation (5.2.4). O

5.3. Existence of de Rham lifts of prescribed Hodge types

5.3.1. Theorem Let G be a quasi-split tame group over F, and let p : Galp — G (I_Fp) be a semisimple
mod p L-parameter. R R

There exists a maximal F-torus S of G such that for each cocharacter x € X,(S) C X,(G), there
exists a potentially crystalline lift p : Galp — “G(FE) of p such that HT®(p) = —9~' - & for all
0 € Gal(E/F). Here E is a sufficiently large extension of F' containing L.

In particular, p admits a de Rham lift of regular Hodge type.
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Proof. By Theorem 3.4.1, p factors through S (IF'p) for some maximally unramified torus S of G. By
possibly enlarging L, we assume L is a splitting field of S.

By the LLC for tori, p corresponds to a character x; : S(F) — ]F;, which admits a Teichmiiller
lift [xp] : S(F) — W(F,)*. Applying the LLC for tori once again, [xp] : S(F) — W(F,)* C ZX
corresponds to a finite image L-parameter [p] : Galp — £S(Z,). The lift [p] is potentially crystalline
of trivial Hodge type.

It remains to modify [p] so that it has the desired Hodge type. By Lemma 5.2.6, there exists a
locally algebraic character x, : S(F) — OF such that $§°°%(y,) = —07! -z for all § € Gal(L/F).
Write . : S(F) — IF; for the reduction mod p of x,. The product

X = XalXz Xp] + S(F) = (LW (Fp))*
is a locally algebraic character. By the LLC for tori, x corresponds to an L-parameter p : Galp —
LS(Og) lifting p. Here E is a sufficiently large coefficient field.

To show p can be made Hodge regular, by the discussion in 5.1.3, it suffices to ensure =1 -z is a
regular cocharacter for all §. Irregular cocharacters lie on the wall of Weyl chambers. The Gal(L/F')-
orbit of irregular cocharacters is contained in a finite union of hyperplanes of X*(§ ) ®z R. Since it is
impossible to cover all integral points of R? using a finite number of hyperplanes, there is a choice of
x which makes p Hodge regular. U

6. Parahoric Serre weights

Contents
6.1 Algebraic representations . . . . . . . .. Lo L 41
6.2 Deligne-Lusztig representations . . . . . . . . . ... L L o Lo 43
6.3 A generalization of Herzig’s recipe . . . . . . . . .. .o 44

6.1. Algebraic representations

6.1.1. Simple G-modules Let G be a connected reductive group over IF'p.

Let (B,T) be a Borel pair of G. For each dominant character A\ € X*(T'), there exists a simple
G-module L()) of highest weight A. Any simple G-module is isomorphic to exactly one such L(\)
([Jan03, I1.2.4]).

Let (B',T') be another Borel pair of G. There exists an element g € G such that (B',T') =
g(B,T)g~'. Then a simple G-module V has highest weight \ with respect to (B,T) if and only if it
has highest weight A o Int(g~!) with respect to (B’,T").

6.1.2. Simple GF-modules Suppose the derived subgroup of G is simply-connected. Equip G with
a [Fr-structure. Since all reductive groups over a finite field is quasi-split, specifying a F,r-structure
amounts to specifying a finite order automorphism 7 of the based root datum of G. Such a 7 induces
a Frobenius map F : G — G. Fix a F-stable Borel pair (B,T). Simple G¥-modules arise from
restrictions of simple G-modules ([Her09, Appendix A]). Write

X (T):={\ € X*(I)|0 < (\a")<p", Va € A(B,T)}

and
XT) = {r € X*(D)|(A,a¥) =0, Vo € R(B, T)}.
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Then we have a bijection ([Her09, Proposition A.1.3))
__X@
(pr — m) XO(T)

=N {Trreducible representations of G(F,-) = GF }

6.1.3. Based inertial Deligne-Lusztig data and simple G¥-modules Recall that a based in-
ertial Deligne-Lusztig datum is a tuple (S, x, Bg) (Definition 4.4.5). Recall that there exists a short
exact sequence (Equation (3))

0= X*(8) Z=5 X*(S) S Hom(S¥,FX) — 0.

6.1.4. Lemma Let (S, x,Bg) be a based inertial Deligne-Lusztig datum. If Bg is F™-stable, then
the map

X*(S)
Xem(S) — (prm — ) X*(S)

is surjective.

Proof. 1t is harmless to assume m = 1. Let {a} = A := A(Bg,S) be the set of simple roots with
respect to Bg. Write {a" }aea for the set of coroots, and write {wa Yaea C X*(S) for the fundamental
weights; they form a basis of the weight lattice that is dual to {aV}.

We can replace G by its derived subgroup and thus assume G is semisimple. Since G is a simply-
connected semisimple group, the character lattice of G coincides with the weight lattice. We say
two characters A\; and Ao € X*(S) are equivalent if they have the same image in %. Let
A =) nqwe € X*(S), where n, are integers.

Claim ) is equivalent to X = Y n/ w, where all n/, > 0.

Proof. We have p:= (p" — 1) > wq = > (p" — T)wa € (p" — 7)X(S). For a sufficiently large integer
N, XN = Nu+ X is a dominant character. (|

Now we assume A is dominant. Among all dominant characters equivalent to A, we assume |\| :=
Y ng € Z>p is the smallest.
Next we show that A € X},-(S). Assume some ng > p". Write ng = s+ p't, s,t € Z>o. We have

Znawa ~ Z NaWa + Swg + (Mg + t)wap =: .
a#pB,mp
We have
N =N|=na—s—t=0p —1)t>0

which contradicts the assumption that |A| is minimal among all equivalent dominant characters. [

6.1.5. Definition A based inertial Deligne-Lusztig datum (S, x, Bg) is said to be of niveau m if Bg
is F™-stable.
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6.1.6. Proposition There exists a natural surjective map from the set of equivalence classes of irre-

ducible representations of GF to the set of geometric conjugacy classes of niveau-m based inertial
Deligne-Lusztig data. This map does not depend on any choices.

Proof. An irreducible representation of GF" is the restriction of an irreducible algebraic representation
of highest weight A € X,.,,(T) where (T, B) is a F™-stable Borel pair. The proposition follows from
Lemma 6.1.4. 0

6.2. Deligne-Lusztig representations

G is a connected reductive group over I_Fp with simply-connected derived subgroup, equipped with a
F,-structure F : G — G. Fix a F-stable pinning (B, T, {u,}) of G, which exists because all reductive
groups over finite fields are quasi-split.

6.2.1. Herzig’s presentation of Deligne-Lusztig datum In [Her09], a tame type is described by
a pair (w, pn) € QG,T) x X*(T).

Let (S, x, Bg) be a based inertial Deligne-Lusztig datum. There exists an element g € G such that
(B,T) = g(Bg,S)g~!. Two different choices of g differ by left translation by an element of T, so we get
a well-defined identification of X*(T) = X*(S). By Equation (3), x € X*(S)/(p—7)X*(S), and we let
1 be the element of X*(T) lifting y. Let A := A(B,T) = A(Byg, S) be the set of simple roots. Since
S is F-stable, F acts on X*(S); however, since B g is not F-stable in general, A(B g,9) is not F-stable
in general. There exists an element w € Q(G, S) = Q(G, T) such that F(A(Bg, S)) = wA(Bg, S).

The based inertial Deligne-Lusztig datum (.9, x, Bg) is presented by the pair (w, ) by many authors.

6.2.2. Regular p-restricted weights An element A € X;(T) is said to be regularif (\, ") € [0,p—1)
for all « € A(B,T).

6.2.3. Lemma The natural map in Proposition 6.1.6 is injective when restricted to irreducible rep-
resentations of GF of regular p-restricted highest weight.

Proof. We keep notations in the proof of Proposition 6.1.6. Let A = now, and X' = n/ w!, such that
A=XNe(p—m)X*T). Say

A= N = an(pwa — Wra) = Z(pca — Cr-1q)Wa-
We have

—Pp < PCa — Cp-14 <P

for all @« € A(B,T). If ¢, is the largest integer for various «, we have p > pco, — -1, > (p— 1)c, and
thus ¢, < 1. Similarly, —p < (p —1)cq and thus ¢, € [—1,1]. We have pcq — -1, € {p—1,0, —p+1}.
In particular, if n, # nl,, then {ny,n.,} = {0,p — 1}. O

6.2.4. Definition A based inertial Deligne-Lusztig datum of niveau 1 is said to be regular if it has a
Herzig presentation (w, ) where p is a regular p-restricted weight.

An irreducible representation of G¥ is said to be regular if it is the restriction of a simple G-module
L(u) to G¥ where 1 is a regular p-restricted weight.
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6.2.5. Proposition There is a natural bijection between equivalence classes of regular irreducible

representations of GF and geometric conjugacy classes of regular based inertial Deligne-Lusztig data
of niveau 1.

Proof. Combine Proposition 6.1.6 and Lemma 6.2.3. O

6.2.6. Mod p twisting element Following [GHS]|, we denote by n € X*(T) an element that is
Frobenius-stable and (n,a") =1 for all « € A(B,T).

6.2.7. Herzig’s reflection operator R We define an involution operator on the set of isomorphism
classes of regular irreducible representations of G¥ by

Rt L(p) = L(wo - (u — pn))

where wyq is the longest Weyl group element and 7 is a mod p twisting element.

6.2.8. Deligne-Lusztig induction Let (S, x) be an inertial Deligne-Lusztig datum. Write V(S, X)

for the reduction mod p of the Deligne-Lusztig induction 5Q5§R§ (see [Her09, Section 4.1] for unfa-
miliar notations.)

6.3. A generalization of Herzig’s recipe

Let G' be a quasi-split tamely ramified reductive group over @Q,. Fix a Galg,-stable pinning
(B,T,{X4}) of G such that T is maximally unramified, which determines a superspecial parahoric
G° of G. Write G for the reductive quotient of G°. The pinning of G determines a Frobenius-stable
pinning (B, T, {ua}) of G.

6.3.1. Definition A Serre weight for G is an irreducible Fp—representation of G, where G is the
maximally bounded subgroup of G containing G°.
A parahoric Serre weight for G is an irreducible F-representation of G(IF,).

6.3.2. Assumption Assume both G and G admit a local twisting element, and assume G has a
simply-connected derived subgroup. More precisely, there exists an element ng, € X*(T )Gal@P such

that (ng,,a") = 1 for all @ € A(B,T); and there exists an element g, € X “(T)%% such that
(nr,,") =1for all @ € A(B,T).

Write Ty C T for the maximally unramified subtorus. The identification X*(7p) = X*(T) allows us
to define a reduction map

X*(T) restriction X*(To) _ X*(I)
By abuse of notation, we denote by 7g, the image of ng, in X*(T).

6.3.3. The speculative recipe Let 7: Ip, — LG(I[:’p) be a tame inertial L-parameter. Define
W(r) := R(IJH(V(DL™} (7)) @ W (wo(nw, — ng,))))-

Here DL is the Deligne-Lusztig map (see Section 4), wq is the longest Weyl group element, W (—)
denotes the Weyl module, and JH(—) denotes the set of Jordan-Hélder factors.
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A. Maximal tori of quasi-split groups

In this appendix, we clarify the relation between maximal tori of a quasi-split group and that of its
Langlands dual group in the natural generality.

Let F' be a perfect field with a fixed separable closure F°, and let G be a quasi-split group over
F. Let k be an arbitrary algebraically closed field, and write G for the Langlands dual group of G
defined over k.

We start with recalling the classification of tori.

A.0.1. Proposition The set of F-isomorphism classes of F-tori of dimension 7 is in natural bijection
with group homomorphisms Galp — GL,(Z) = Aut((G¥");) having finite image, up to GL,(Z)-
conjugacy.

Proof. By [Crd11, Lemma 7.1.1], the F-isomorphism classes of F-tori are classified by the cohomology
set H'(Galp, Aut(GE")) = H!(Galp, GL,(Z)). The proposition follows from the fact that the Galois
action on GL,(Z) is trivial. O

A.0.2. Definition A framed mazximal torus of G is a torus defined over F' of dimension equal to the
rank of GG, together with an embedding j : S — G defined over F*°.

The Galois group Galp acts on the collection of framed maximal tori by j — oo joo™! =: j7,
o € Galp.

A conjugacy class of framed maximal tori is a set {go jo g~ =: Int(g) o jlg € G(F*)} where j is a
framed maximal tori.

A.0.3. Theorem (Kottwitz) Let J be a conjugacy class of framed maximal tori which is stable under
Galp-action. Then there exists some j € J which is an algebraic group homomorphism defined over
F.

Proof. 1t is [Kot82, Corollary 2.2]. O

A.0.4. Definition On the dual side, we define a framed mazimal torus of “G to be an k-torus S of
dimension rk G together with

e a Galois action ¢ : Galp — Aut(g) and

e an embedding j : S =G
Note that the embedding j is arbitrary and does not have to respect Galois actions. The Galois group
Galp acts on the collection of framed maximal tori by (,3) — (¢, 0 0jov(a)™1), o € Galp.

A.0.5. Proposition There is a natural one-to-one correspondence (5,j) — (¢g,]) between Galp-
stable conjugacy classes of framed maximal tori of G, and Galp-stable conjugacy classes of framed
maximal tori of “G' where the map S — g is the dual map of the map defined in Proposition A.0.1.

Proof. See [Kall9a, Section 5.1] for the construction. Note that loc. cit. requires that chark = 0,
which is not necessary because the equivalence is validated by a Galois cohomology computation with
Q(T, G)-coefficients, where Q(7T, G) is the absolute Weyl group and does not depend on k. O
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