
THE EMERTON-GEE STACKS FOR TAME GROUPS, II

ZHONGYIPAN LIN

Abstract. We construct the moduli stacks of potentially semistable L-parameters for tame p-adic
groups. As an application, we give a recursive description of the irreducible components of the reduced
Emerton-Gee stacks for classical groups. Our approach is grounded in a formalized framework whose
axioms were previously confirmed in a separate preprint for both ramified and unramified unitary
groups. When specialized to even unitary groups, we show the irreducible components of the reduced
Emerton-Gee stacks are in natural bijection with parahoric Serre weights.
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1. Introduction

Let G be a quasi-split reductive group over K that splits over E, where E is a tamely ramified

extension of Qp. Write LG = ĜoGal(E/K) for the Langlands dual group of G, where Ĝ is the pinned
dual group of G defined over SpecZ.

In this paper, we continue the discussion of [L23B]. We first generalize the construction of potentially
semistable moduli stacks to general groups.
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Theorem 1. (Theorem 2.6.3) Let τ be an inertial type and let λ be a Hodge type. There exists a p-

adic formal algebraic stack X ss,τ,λ
K,LG

of finite type over Spf O, which is uniquely determined as the O-flat

closed substack of XK,LG by the following property: if A◦ is a finite O-flat algebra, then X ss,τ,λ
K,LG

(A◦) is

the subgroupoid consisting of L-parameters which become potentially semistable of Hodge type λ and
inertia type τ after inverting p.

The mod p fiber

X ss,τ,λ
K,LG

×
Spf O

SpecF

is equidimensional of dimension dimQp Ĝ/Pλ.

Theorem 1 combined with the techniques introduced in [L23C] allows us to classify irreducible
components of the reduced Emerton-Gee stacks XK,LG,red; see Theorem 2 below. The inputs for
Theorem 2 are, roughly speaking, the main theorems of [L23C], but axiomized and formalized for
reductive groups of type A, B, C, or D under the terminology groups admitting a classical structure
(Definition 4.2.3).

Under the setup of Definition 4.2.3, Ĝ admits a distinguished parabolic P̂ that is Gal(E/K)-stable,

which we call the niveau 1 maximal proper parabolic. Write LP for P̂ o Gal(E/K) ⊂ LG. The Levi
factor LM of LP is the L-group of a reductive group M ∼= ResE/K Gm×HM for some reductive group

HM . Let B̂ be a Gal(E/K)-stable Borel of Ĝ, and write LB for B̂ o Gal(E/K). We have studied
the parabolic versions of the Emerton-Gee stacks XK,LP in [L23B, Section 10]. In Subsection 4.4, we
investigate the maximally non-split part

∐
iXmns

K,LB,i,red
of XK,LB, and conclude

Lemma 1. (Lemma 4.5.6) The morphism∐
i

Xmns
K,LB,i,red → XK,LG,red

induces a bijection between irreducible components of
∐
iXmns

K,LB,i,red
of maximal dimension and irre-

ducible components of XK,LG,red.

The group homomorphisms
LB // LP //

��

LG

LM

induce morphisms of stacks ∐
iXmns

K,LB,i,red
// XK,LP //

��

XK,LG

XK,LM

By Lemma 1, irreducible components of XK,LG,red are identified with irreducible components of∐
iXmns

K,LB,i,red
of maximal dimension. We say an irreducible component of

∐
iXmns

K,LB,i,red
(or XK,LG,red)

of maximal dimension is relatively Steinberg if its scheme-theoretic image in XK,LM,red is not an irre-
ducible component of XK,LM,red; and we say it is relatively non-Steinberg if otherwise.
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Theorem 2. (Theorem 4.5.8) Let U be the unipotent radical of LP . Assume either

• HM is not a torus or
• there exists a surjection ResE/K Gm → HM (for example, if HM

∼= ResE/K Gm or U1).

Then the following are true.
(1) If dimU/[U,U ] ≥ 2, then there exists a natural bijection between the irreducible components of

XK,LHM ,red and the relatively Steinberg irreducible components of XK,LG,red.
(2) There exists a natural bijection between the irreducible components of XK,LM,red and the relatively

non-Steinberg irreducible components of XK,LG,red.

Write Un for the quasi-split unitary group over K which splits over a quadratic extension E/K. By
the main results of [L23C], we have the following:

Theorem 3. (Theorem 5.0.2) There exists a bijection between the irreducible components of XK,LUn,red

and the irreducible components of XK,L( ResE/K Gm×Un−2),red q XK,LUn−2,red.

In the even unitary case, the reductive quotient of the superspecial parahoric have simply-connected
derived subgroup. As a consequence, we have the following:

Theorem 4. (Corollary 5.0.3) Assume K = Qp. There exists a bijection between the irreducible
components of XK,LU2m,red and the parahoric Serre weights for U2m.

1.0.1. Notations We freely use the moduli stacks constructed in [L23B], see [L23B, Table 1.7.1].
We will use dynamic methods to study parabolic subgroups, see [L23, Section 2.1.1].
In Section 2, G is a connected reductive group over a p-adic field K and split over E.
In Section 4 and Section 5, G is a connected reductive group over a p-adic field F and splits over

K.

2. Moduli of potentially semistable L-parameters

2.1. Breuil-Kisin modules with Ĝ-structure
Let O ⊃ OK be a DVR over Zp.
Denote by k the residue field of K. Let A be a Zp-algebra. For each choice of a compatible family

π1/p∞ = (π1/pn)n∈Z+ of p-power roots of a uniformizer of K in Q̄p, we define an embedding

(W (k)⊗Zp A)[[u]]→ Ainf,A

u 7→ [π[]

where π[ = lim←−
n

π1/pn ∈ O[C. Denote by Sπ[,A the image of the embedding above.

2.1.1. Definition A projective Breuil-Kisin module with A-coefficients is a finitely generated projec-
tive Sπ[,A-module M, equipped with a ϕ-semi-linear morphism φM : M → M such that 1 ⊗ φM :

ϕ∗M[1/Eπ[ ]→M[1/Eπ[ ] is a bijection. Here Eπ[ is the Eisenstein polynomial corresponding to π.
We say (M, φM) is an effective Breuil-Kisin module if φM(M) ⊂M. We say a Breuil-Kisin module

(M, φM) has height h if

Eh
π[
M ⊂ Im(1⊗M) ⊂ 1

Eh
π[

M.
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Following the notation of [EG23], we denote by Cπ[,d,h the (limit-preserving) moduli stack of effective

Breuil-Kisin modules of height at most h for the uniformizer π (see [EG23, 4.5.7] for the definition).
Also denote by Ca

π[,d,h
the base-changed stack Cπ[,d,h ⊗Zp O/$a.

Denote by Rπ[,d the moduli of rank-d étale ϕ-modules for the ϕ-ring Sπ[ [1/u], and denote by Ra
π[,d

the base-changed version of Rπ[,d.
In [L23B, Section 3], we constructed the moduli stack C

π[,Ĝ,h
of Breuil-Kisin modules with Ĝ-

structure, and the moduli stack R
π[,Ĝ

of rank-d étale ϕ-modules with Ĝ-structure. Note that when

Ĝ = GLd, there is a canonical monomorphism

Cπ[,d,h ↪→ Cπ[,GLd,h

as Cπ[,GLd,h
classifies Breuil-Kisin modules of height h that are not necessarily effective. Moreover,

the h-th Tate twist morphism

Cπ[,GLd,h

∼=−→ Cπ[,d,2h
sending F to F ×GLd G⊕da (h) is an equivalence of 2-categories.

2.1.2. Canonical extensions of GalK∞-actions Write Ks for K(π1/ps), 0 ≤ s ≤ ∞. We also write

Kπ[,s = Ks to emphasize the choice of π[.

By Fontaine’s theory ([EG23, Proposition 2.7.8]), we can attach to a Breuil-Kisin module a (ϕ,GalK∞)-
module. By [EG23, Proposition 4.5.8], the GalK∞-action on a (ϕ,GalK∞)-module admits a canonical
extension to GalKs , where s is any integer greater than the constant s(a, h,N) defined in [EG23,

Lemma 4.3.3] (where N > e(a+h)
p−a is a fixed number). More precisely, there exists a commutative

diagram

(1) Ca
π[,d,h

{{ ��
X aKs,d // Ra

π[,d

where X aKs,d = XKs,d ⊗Zp O/$a is the base-changed Emerton-Gee stack.

2.1.3. Proposition For each s > s(a, 2h,N), there exists a commutative diagram

Ca
π[,d,h� _

��
Ca
π[,GLd,h

zz ��
X aKs,d // Ra

π[,d

extending Diagram (1).

Proof. It follows immediately from the discussion before Paragraph 2.1.2. �
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2.1.4. Definition Fix once for all an embedding Ĝ ↪→ GLd. We say a Breuil-Kisin module (F, φF )

with Ĝ-structure has height h if (F, φF )×Ĝ GLd has height h.

2.1.5. Lemma For each s ≥ 0, the morphism

(†) X a
Ks,Ĝ

↪→ X aKs,GLd
×

Ra
π[,GLd

Ra
π[,Ĝ

is a closed immersion.

Proof. Write V = G⊕da for the trivial vector space of rank d so that GLd = GL(V ). For ease of
notation, set s = 0. Fix a finite type O/$a-algebra A. X aK,GLd

(A) is equivalent to the groupoid

of projective étale (ϕ,GalK)-modules of rank d with A-coefficients, and Ra
π[,GLd

(A) is equivalent

to the groupoid of projective étale (ϕ,GalK∞)-modules of rank d with A-coefficients. An object of
X aK,GLd

×
Ra
π[,GLd

Ra
π[,Ĝ

(A) is a tuple

(M,F, ι) := ((M,φM , ρM ), (F, φF , ρF,∞), ι : (M,φM , ρM |GalK∞
) ∼= (F, φF , ρF,∞)×Ĝ V ),

where (M,φM , ρM ) ∈ X aK,GLd
(A) and (F, φF , ρF,∞) ∈ Ra

π[,Ĝ
(A). A morphism

(M1, F1, ι1)→ (M2, F2, ι2)

is a pair (g : M1 →M2, f : F1 → F2) such that

g = ι−1
2 ◦ (f ×Ĝ V ) ◦ ι1.

The morphism (†) can be explicitly written as

(F, φF , ρF ) 7→ (F ×Ĝ V, F, id).

From the description above, the morphism (†) is clearly faithful; indeed (†) is fully faithful: a Ĝ-torsor

morphism F1 → F2 respects the GalK-action if and only if F1 ×Ĝ GLd → F1 ×Ĝ GLd respects the

GalK-action since Fi ↪→ Fi ×Ĝ GLd is a closed subscheme (i = 1, 2).
By [L23B, Lemma 10.3.2], (†) is of strong Ind-finite type in the sense of [L23B, Definition 10.3.1].

To show (†) is a closed immersion, it suffices to show it is proper using the (Noetherian) valuative
criterion. Let Λ be a discrete valuation ring over F̄p with fraction field Ω. By [Stacks, Tag 0ARL],
it is harmless to assume Λ is a complete discrete valuation ring; thus Sπ[,Ω is a disjoint union of the

spectrum of Noetherian complete regular local rings over F̄p. By the Grothendieck-Serre conjecture

(see the main theorem of [FP15]), all Ĝ-torsors over Sπ[,Λ are trivial Ĝ-torsors. The valuative criterion

can be checked by noticing the simple fact that Ĝ(Sπ[,Ω) ∩GL(Sπ[,Λ) = Ĝ(Sπ[,Λ). �

2.1.6. Lemma The diagram

X a
Ks,Ĝ

×
XaKs,GLd

Ca
π[,GLd,h

� � //

��

Ra
π[,Ĝ

×
Ra
π[,GLd

Ca
π[,GLd,h

��
X a
Ks,Ĝ

� � // Ra
π[,Ĝ

×
Ra
π[,GLd

X aKs,GLd
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is Cartesian.

Proof. Note that A ⊗
B⊗
C
D

(B ⊗
C
E) = A ⊗

B⊗
C
D

(B ⊗
C
D)⊗D E = A⊗D E. �

2.1.7. Canonical extensions of GalK∞-actions, the Ĝ-version
By [L23B, Corollary 3.7.2], the morphism

C
π[,Ĝ,h

↪→ Cπ[,GLd,h
×

R
π[,GLd

R
π[,Ĝ

is a closed immersion. Define the stack Ca
π[,Ks,Ĝ,h

so that the following diagram is Cartesian

(2) Ca
π[,Ks,Ĝ,h

� � //
� _

��

Ca
π[,Ĝ,h� _

��
X a
Ks,Ĝ

×
XaKs,GLd

Ca
π[,GLd,h

� � // Ra
π[,Ĝ

×
Ra
π[,GLd

Ca
π[,GLd,h

Note that all arrows in the diagram above are closed immersions. The diagram above can be interpreted

as follows: for all Breuil-Kisin module with Ĝ-structure, the GalK∞-action can be extended to a GalKs-

action canonically in a way not necessarily compatible with the Ĝ-structure; and the condition that

the canonical extension is compatible with the Ĝ-structure is a closed condition.
Define the stack C

π[,s,Ĝ,h
so that the following diagram is Cartesian

Ca
π[,s,Ĝ,h

//

��

Ca
π[,Ks,Ĝ,h

��
X a
K,Ĝ

// X a
Ks,Ĝ

is Cartesian. The stack Ca
π[,s,Ĝ,h

can be interpreted as the moduli stack of Breuil-Kisin modules

(M, φM) together with an enhancement: a (ϕ,GalKs)-module (M ⊗
S
π[,A

[1/u]
W (F[)A, φM ⊗ 1, ρ) such

that ρ×Ĝ GLd|GalKs
is the canonical GalKs-action.

2.1.8. Lemma (1) The morphism Ca
π[,Ks,Ĝ,h

→ X a
Ks,Ĝ

is representable by algebraic spaces, proper,

and of finite presentation.
(2) The diagonal of Ca

π[,s,Ĝ,h
is affine and of finite presentation.

Proof. (1) It follows from the diagram (2) and [EG23, Lemma 4.5.9].
(2) It follows from part (1), [L23B, Theorem 7.1.2], and [EG23, Lemma 4.5.14]. �
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2.2. Breuil-Kisin-Fargues modules with Ĝ-structure
Let L/Qp be a finite Galois extension, Let O ⊃ OL be a DVR over Zp.
Denote by l the residue field of L. Let A be a Zp-algebra. For each choice of a compatible family

π1/p∞ = (π1/pn)n∈Z+ of p-power roots of a uniformizer of L in Q̄p, we define an embedding

(W (l)⊗A)[[u]]→ Ainf,A

u 7→ [π[]

where π[ = lim←−
n

π1/pn ∈ O[C. Denote by Sπ[,A the image of the embedding above.

2.2.1. Definition A projective Breuil-Kisin-Fargues module with A-coefficients is a finitely generated

projective Ainf,A-module Minf , equipped with a ϕ-semi-linear endomorphism φMinf : Minf →Minf such

that 1 ⊗ φMinf : ϕ∗Minf [1/ξ] → Minf [1/ξ] is a bijection. Here ξ is a generator of ker(θ : Ainf → OC)
([BMS18, Definition 4.22]).

We say a Breuil-Kisin-Fargues module Minf descends to Sπ[,A if there is a Breuil-Kisin module

Mπ[ ⊂ (Minf)
GalK

π[,∞ such that Ainf,A ⊗
S
π[,A

Mπ[ = Minf . We say Minf admits all descents over L if

it descends to Sπ[,A for every choice of π[ (for every choice of π) and if furthermore

(1) the W (l)⊗ZpA-submodule Mπ[/[π
[]Mπ[ of (W (l̄)⊗A)⊗Ainf,A

Minf is independent of the choice

of π and π[;
(2) the OL⊗ZpA-submodule ϕ∗Mπ[/Eπ[ϕ

∗Mπ[ of OC,A⊗Ainf,A
ϕ∗Minf is independent of the choice

of π and π[.

2.2.2. Lemma The category of Breuil-Kisin-Fargues modules with A-coefficients that admits all de-
scents over L is an exact, rigid, symmetric monoidal category.

Proof. Note that the property of admitting all descents over L is preserved under tensor products and
duals. �

2.2.3. Definition Let A be a p-adically complete O-algebra which is topologically of finite type. A

Breuil-Kisin-Fargues GalL-module with A-coefficients is a Breuil-Kisin-Fargues module (Minf , φMinf )
with A-coefficients equipped with a continuous semilinear GalL-action that commutes with φMinf .

2.2.4. Connection to semistable Galois representations
Let M be an étale (ϕ,GalL)-module. By [EG23, Section 2.7], we can attach a GalL-representation

V (M) to M . By [EG23, Theorem F.11], if V (M) is semistable with Hodge-Tate weights in [0, h],
then there exists a unique Breuil-Kisin-Fargues GalL-module Minf of height at most h that admits
all descents over L such that Minf ⊗Ainf

W (C[) = M . Moreover, by [EG23, Proposition 4.4.1], there

exists a constant s′(L, a, h,N) (where N > e(a+h)
p−a is a fixed constant), such that for any choice π[ with

corresponding descent Mπ[ and for any s > s′(L, a, h,N), the restriction to GalL
π[,s

of the action of

GalL on Minf ⊗O O/$a agrees with the canonical action considered in Paragraph 2.1.2.

2.2.5. Definition A Breuil-Kisin-Fargues GalL-module with A-coefficients with Ĝ-structure is a faith-

ful, exact, symmetric monoidal functor from f Rep
Ĝ

to the category of Breuil-Kisin-Fargues GalL-
module with A-coefficients.
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2.2.6. Proposition Let F be an étale (ϕ,GalL)-module with Ĝ-structure. Then V (F ) is a semistable

Ĝ-valued Galois representation of GalL such that V (F )×Ĝ GLd has Hodge-Tate weights in [−h, h] if

and only if there exists a (necessarily) unique Breuil-Kisin-Fargues GalL-module F inf with Ĝ-structure

which admits all descents over L and which satisfies F = F inf ⊗Ainf
W (C[), and such that F inf ×ĜGLd

is of height at most h.
Moreover, for any choice π[ with corresponding descent Fπ[ and for any s > s′(L, a, 2h,N), the

restriction to GalL
π[,s

of the action of GalL on (F inf ×Ĝ GLd) ⊗O O/$a agrees with the canonical

action considered in Paragraph 2.1.2.

Proof. Let x ∈f Rep
Ĝ

. By [Lev13, Proposition 5.3.2, Definition 5.3.1], V (F ) ×Ĝ x = V (F ×Ĝ x) is

semistable. Fix a choice of π[. By [EG23, Theorem F.11], F ×Ĝ x corresponds to a unique Breuil-
Kisin-Fargues GalL-module F inf

x . The uniqueness implies the association F inf : x 7→ F inf
x is functorial

and monoidal. Since F inf ⊗Ainf
W (C) = F is faithful and exact and that Ainf is a subring of W (C),

F inf is automatically faithful and lef-exact. It remains to show F inf is right-exact, and we do it by the
bundle extension technique.

By [EG23, Lemma 4.2.8], F inf
x descends for each π[ uniquely to a Breuil-Kisin module F π

[

x . Since

Sπ[ → Ainf is faithfully flat, it suffices to show the functor F π
[

: x 7→ F π
[

x is right-exact. By

[Lev13, Lemma 4.2.22], the functor F π
[
[1/p] is exact, and thus defines a ϕ-module with Ĝ-structure

F1 over SpecSπ[ [1/p]. The functor F π
[
[1/u] is also exact by almost étale descent (S[1/u]→W (C) is

faithfully flat, see [EG23, Proposition 2.2.14]), and thus defines a ϕ-module with Ĝ-structure F2 over
SpecSπ[ [1/u]. The two ϕ-modules F1 and F2 can be glued along the intersection of SpecSπ[ [1/p]
and SpecSπ[ [1/u]. By [Lev13, Lemma 5.1.1] (see also the main result of [An22]), there exists unique
extension F3 of F1 and F2 to SpecSπ[ . Since F3, when regarded as a monoidal functor, is forced to

be F π
[
, we have finished showing F inf is a faithful, exact, symmetric monoidal functor.

The “moreover” part is [EG23, Proposition 4.4.1]. �

The proposition above motivates the following definition.

2.2.7. Definition For each h ≥ 0 and each finite Galois extension L of E, define Ca
L,Ĝ,ss,h

to be the

limit-preserving stack over O/$a such that for each finite type O/$a-algebra, Ca
L,Ĝ,ss,h

(A) classifies

Breuil-Kisin-Fargues GalL-modules F inf with A-coefficients and Ĝ-structure which admits all descents

over L such that F inf ×Ĝ GLd is of height h and is equipped with canonical GalL-action in the sense
of Proposition 2.3.3.

2.2.8. Lemma Let π[L be a compatible system of p-power roots of a uniformizer πL of L. The
morphism

(3) Ca
L,Ĝ,ss,h

↪→ CaL,GLd,ss,h
×

Ca
π[
L
,s,GLd,h

Ca
π[,s,Ĝ,h

is a closed immersion.

Proof. The morphism Ca
L,Ĝ,ss,h

→ Ca
π[,s,Ĝ,h

is monomorphism by the definition of Ca
π[,s,Ĝ,h

. By [EG23,

Proposition 4.5.17], (3) is a monomorphism. Let A be a finite type O/$a-algebra. By Lemma 2.2.2,
An object F ∈ Ca

π[,s,Ĝ,h
(A) lies in the essential image of Ca

L,Ĝ,ss,h
(A) if and only if for any x ∈f Rep

Ĝ
,
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F ×Ĝ x admits all descents over L when regarded as a Breuil-Kisin-Fargues GalL-module with A-
coefficients. By the proof of [EG23, Proposition 4.5.17], the admitting all descents over L is a closed
condition. �

2.2.9. Lemma Ca
L,Ĝ,ss,h

is an algebraic stack of finite presentation over O/$a, and have affine diag-

onals.

Proof. It follows from Lemma 2.1.8 and Lemma 2.2.8. �

2.2.10. Lemma C
L,Ĝ,ss,h

:= lim−→
a

Ca
L,Ĝ,ss,h

is a p-adic formal algebraic stack of finite presentation, and

have affine diagonals. The morphism C
L,Ĝ,ss,h

→ X
L,Ĝ

is representable by algebraic spaces, proper and

of finite presentation.

Proof. It is a generalization of [EG23, Theorem 4.5.20], and follows from Lemma 2.2.9 and [EG23,
Proposition 4.5.17]. �

2.3. Breuil-Kisin-Fargues lattices with LG-structure
Fix a uniformizer π = πK of K.

2.3.1. Lemma If E is a tamely ramified Galois extension of K of ramification index e, then πE := π
1/e
K

is a uniformizer of E.

Proof. We first show that πE ∈ E′ for some unramified extension E′ of E. Let Π ∈ OE be an arbitrary
uniformizer. We have Πe = cπ for some c ∈ O×E . Write c̄ ∈ κE for the image of c in the residue field
κE and write [c̄] for the Teichmüller lift of c̄. Since [c̄] admits an e-th root µ in an unramified extension
of E, by replacing Π by Πµ, we can assume c = 1 + πx for some x ∈ OE . Thus Πe

πeE
− 1 ∈ ΠOE . After

multiplying Π by an e-th root of unity, we have Π
πE
−1 ∈ ΠOE , and thus |Π−πE | < |Π|. By Krasner’s

lemma (see, for example, [L23B, Lemma 4.1.1]), we have πE ∈ E′[Π] = E′.
Since xe = π is an Eisenstein polynomial, K[πE ] is totally ramified over K. Therefore πE ∈ E. �

Fix a tame Galois extension E of K of ramification index e. By the lemma above, πE := π1/e is a
uniformizer of E. Let π[E be a compatible system of p-power roots of πE . Set π[ := (π[E)e, which is a

compatible system of p-power roots of π. Set u := [π[] and uE := [π[E ]. We have

SK := Sπ[ = κK [[u]]

SE := Sπ[E
= κE [[uE ]].

It is clear that SpecSE [1/uE ] → SpecSK [1/u] is a Galois cover with Galois group canonically iden-
tified with Gal(E/K).

2.3.2. Semistable Galois representations and Breuil-Kisin-Fargues lattices
There exists an Ainf -linear isomorphism

Ainf ⊗
SK

SE →
∏
σ∈Gal(E/K)Ainf

a⊗ b 7→ (aσ(b))σ
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The diagonal map ∆ : Ainf ⊗
SK

SE → Ainf , a ⊗ b 7→ ab is the unique GalE-equivariant Ainf -linear

homomorphism such that the composition

Ainf
a7→a⊗1−−−−→ Ainf ⊗

SK
SE

∆−→ Ainf

is the identity map. Recall that Ainf = W (OC[); we also need to consider the base-changed version

W (C[) a7→a⊗1−−−−→W (C[) ⊗
SK

SE = W (C[) ⊗
AK

AE
∆−→W (C[).

Let (F, φF , ρF ) be an étale (ϕ,GalK)-module with LG-structure over W (C[) that corresponds to an
L-parameter. By [L23B, Subsection 1.2], we have a Gal(E/K)-equivariant isomorphism

(4) F̄ := F ×LG Gal(E/K) ∼= SpecW (C[)⊗AK AE

which we fix once for all. Moreover F → F̄ defines a Ĝ-torsor over F̄ . Consider the pullback diagram

F∆

��

� � // F

��
SpecW (C[) �

� ∆ // F̄

Since ∆ is an GalE-equivariant embedding, F∆ ↪→ F is both ϕ-equivariant and GalE-equivariant;

therefore F∆ inherits a structure of étale (ϕ,GalE)-module with Ĝ-structure, which we write as
(F∆, φ∆, ρ∆) for simplicity.

Now assume the étale (ϕ,GalK)-module (F, φF , ρF ) with LG-structure is potentially semistable;
suppose it becomes semistable after restricting to GalL for some finite Galois extension L of E. By
Proposition 2.3.3, the semistable étale (ϕ,GalL)-module (F∆, φ∆, ρ∆|GalL) admits a unique Breuil-

Kisin-Fargues GalL-lattice F inf
∆ with Ĝ-structure. Note that F inf

∆ is GalE-invariant (c.f. [EG23, Corol-

lary F.23]), and F inf
∆ is indeed a Breuil-Kisin-Fargues GalE-module with Ĝ-structure. Consider the

following pushout diagram

F∆
� � //

��

F
∐

σ∈Gal(E/K)

σ(F∆)

��
F inf

∆
� � //

∐
σ∈Gal(E/K)

σ(F inf
∆ )

Set F inf :=
∐

σ∈Gal(E/K)

σ(F inf
∆ ). Concretely, OF inf

∆
⊂ OF∆

(the structure sheaf) is an Ainf -submodule,

and OF inf is by definition the sum of the Gal(E/K)-translations of OF inf
∆

in OF (note that F∆ is a

connected component of F and OF∆
is a direct summand of OF ).

2.3.3. Proposition Let F be an étale (ϕ,GalK)-module with LG-structure. Assume V (F ) is a po-

tentially semistable LG-valued L-parameter. Then there exists a unique Breuil-Kisin-Fargues GalK-
module F inf with LG-structure which admits all descents over L and which satisfies F = F inf ⊗Ainf

W (C[).
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Proof. By the construction above, OF inf is stable under the OLG-coaction on OF . In particular, F inf

is an LG-torsor over SpecAinf .
It remains to show F inf is GalK-stable. It follows from Tannakian formalism and the proof of [EG23,

Corollary F.23]. �

2.3.4. Remark Given the Breuil-Kisin-Fargues GalK-lattice F inf , we can recover the Breuil-Kisin-

Fargues GalE-lattice F inf
∆ . Consider

F̄ inf := F inf ×LG Gal(E/K).

We have F̄ inf ∼= SpecA ⊗SK SE , and such an identification is uniquely determined by Equation (4).
The following Cartesian diagram

F inf
∆

��

� � // F inf

��
SpecAinf

� � ∆ // F̄ inf

recovers F inf
∆ from F inf .

2.3.5. Definition For each Galois extension L/F , define Ca
BKF−L,LG to be the limit-preserving stack

over O/$a such that Ca
BKF−L,LG(A) is the groupoid of pairs (F inf , c) where F inf is a Breuil-Kisin-

Fargues GalL-module with LG-structure with A-coefficients and c is an GalL-equivariant morphism

F inf ×LG Gal(E/K) ∼= SpecAinf,A ⊗SK SE , for all finite type O/$a-algebras A.
If L ⊃ E, there exists a canonical morphism

CaBKF−K,LG → C
a
BKF−L,Ĝ

defined by sending (F inf , c) to the pullback of F inf along c−1 ◦∆ : SpecAinf,A → F ×LG Gal(E/K).
Set

CL/K,aLG,ss,h
:= CaBKF−K,LG ×

Ca
BKF−L,Ĝ

Ca
L,Ĝ,ss,h

and

CL/KLG,ss,h
:= lim−→

a

CL/K,aLG,ss,h

for all Galois extensions L/E.

2.3.6. Lemma The morphism

CL/K,aLG,ss,h
↪→ XK,LG ×

X
L,Ĝ

Ca
L,Ĝ,ss,h

is a closed immersion.

Proof. By Remark 2.3.4 and the construction before Proposition 2.3.3, we see the morphism is a

monomorphism. CL/K,aLG,ss,h
is the GalK-stable locus of XK,LG ×

X
L,Ĝ

Ca
L,Ĝ,ss,h

, which is a closed condition. �
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2.3.7. Lemma For any Galois extension L/E, CL/KLG,ss,h
is a p-adic formal algebraic stack of finite pre-

sentation with affine diagonal. The forgetful morphism CL/KLG,ss,h
→ XK,LG is representable by algebraic

spaces, proper and of finite presentation.

Proof. Combine Lemma 2.2.10 and Lemma 2.3.6. �

2.4. Inertial types Let A◦ be a p-adically complete flat O-algebra which is topologically of finite
type over O, and write A := A◦[1/p].

Let L/K be a finite Galois extension containing E with inertia group IL/K and suppose O[1/p]

contains the image of all embeddings L ↪→ Qp and that all irreducible O[1/p]-representations of IL/K
are absolutely irreducible. Write l for the residue field of L and write L0 = W (l)[1/p].

In [EG23, Section 4.6], Weil-Deligne representations WD(Minf) are attached to Breuil-Kisin-Fargues
GalK modules Minf with A◦-coefficients that admits all descents over L. The underlying A-module
of WD(Minf) is eσ(MA◦ ⊗A◦ A) and it is equipped with an A-linear action of IL/K (see loc. cit. for
unfamiliar notations). Here eσ ∈ L0 ⊗Qp O[1/p] is the idempotent corresponding to a fixed choice of
embedding σ : L0 ↪→ O[1/p].

2.4.1. Lemma and Definition Let A◦ be a p-adically complete flat O-algebra which is topologically
of finite type over O, and write A := A◦[1/p].

Let F inf be a Breuil-Kisin-Fargues GalK modules Minf with A◦-coefficients and LG-structure that
admits all descents over L. The functor WD(F inf)

f RepLG → VectA

x 7→WD(F inf ×LG x)

is a faithful, exact, symmetric monoidal functor.

Proof. The functor WD(F inf) is clearly lax monoidal. Strict monoidality, faithfulness and exactness
are local properties. Since A◦ is O-flat and topologically of finite type over O, it suffices to check
the exactness (and monoidality and faithfulness) of WD(F inf) at Λ-points for finite flat O-algebras Λ
(because the union of images of Λ-points of SpecA◦ covers all closed points of SpecA◦). As is observed
in [EG23, Remark 4.6.2], in the finite O-flat coefficients situation, WD(−) can be identified with
Fontaine’s Dpst functor, which is well-known to be exact (see also [EG23, Section F.24]); faithfulness
and monoidality are clear. �

2.4.2. Lemma Let A◦ be a p-adically complete flat O-algebra which is topologically of finite type
over O, and write A := A◦[1/p].

Let F inf be a Breuil-Kisin-Fargues GalK modules Minf with A◦-coefficients and LG-structure that
admits all descents over L. Then WD(F inf) is a LG-torsor over SpecA equipped with an action of
IF , whose formation is compatible with base change A◦ → B◦ of p-adically complete O-flat algebras
which are topologically of finite type over O.

Proof. Combine [EG23, Proposition 4.6.3] and Lemma 2.4.1. �

2.4.3. Definition Let τ be an LG(O[1/p])-valued representation of IL/K . In the setting of Lemma

2.4.2, we say F inf has inertial type τ if étale locally on SpecA, WD(F inf) is isomorphic to the base
change to A of τ .
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2.4.4. Lemma Fix a finite Galois extension L/E. There are finitely many Ĝ-conjugacy classes of

inertial types IL/K → LG(Q̄p).

Proof. Since IL/K is a finite group, and Q̄p is a characteristic 0 field, all group homomorphisms

IL/K → LG(Q̄p[ε]/ε
2) factor through LG(Q̄p): embed LG in GLN for some N , if g ∈ IL/K is sent to

x+ εy, then (x+ εy)n = xn = 1 for some positive integer n, and thus y = 0. Therefore, deformation
theory is trivial in our context.

By the proof of Lemma 2.4.5 below (which makes use of only affine GIT theory and there is no

circular reasoning), the coarse moduli space of all Ĝ-conjugacy classes of inertial types IL/K → LG(Q̄p)

is a finite type scheme over Q̄p. So we are done. �

2.4.5. Lemma In the setting of Lemma 2.4.2, we can decompose SpecA as the disjoint union of

open and closed subschemes SpecAτ , where SpecAτ is the locus over which F inf has inertial type
τ . Furthermore, the formation of this decomposition is compatible with base change A◦ → B◦ of
p-adically complete O-flat algebras which are topologically of finite type over O.

Proof. We start with analyzing the (coarse) moduli of inertial types. Say IL/K = {x1, . . . , xN} consists

of N elements. Consider the conjugation action of ĜQ̄p on the N -tuple

LG
(N)

Q̄p := LGQ̄p × · · · ×
LGQ̄p

Write LG
(N)

Q̄p � ĜQ̄p for the GIT quotient. By [BMRT11, Theorem 1.1] (which allows disconnected

groups), if x1, . . . , xN generate a finite subgroup of LG(Q̄p), then the orbit ĜQ̄p · (x1, . . . , xN ) is closed

in LG
(N)

Q̄p . Since the affine GIT quotient is a good quotient, the image of ĜQ̄p · (x1, . . . , xN ) in the

GIT quotient is a closed point. Inertial types IL/K → LG(Q̄p) corresponds to tuples (x1, . . . , xN ) that

satisfy a finite number of equations imposed by the group laws; write X ⊂ LG
(N)

Q̄p for the closed affine

subscheme corresponding to inertial types. For each (x1, . . . , xN ) ∈ X, {x1, . . . , xn} generate a finite

subgroup, and thus X � ĜQ̄p is an orbit space. Since there are only finitely many conjugacy classes

of inertial types by Lemma 2.4.4, X � ĜQ̄p is zero-dimensional and is thus a disjoint union of points.

By descent, X � Ĝ defined over O[1/p] is also a zero-dimensional affine variety. Since the formation
of WD(F inf) is compatible with base change, the functor of points interpretation yields a canonical

morphism SpecA → [X/Ĝ] → X � Ĝ. The decomposition SpecA = qSpecAτ is the base change of

the corresponding decomposition on X � Ĝ. �

2.5. p-adic Hodge types Next we analyze p-adic Hodge types. By the geometric Shapiro’s lemma
[L23B, Proposition 7.2.4], there is no difference in working with G or ResK/Qp G. For ease of notation,
we will often replace G by ResK/Qp G and insist K = Qp.

Recall the following characterization of cocharacters.

2.5.1. Lemma ([Ba12, Lemma 3.0.10]) Let H be a split connected reductive group over E and let
µ, µ′ be two cocharacters of HQ̄p defined over E. If for any algebraic representation x : H → GL(V ),

cocharatcers x ◦ µ and x ◦ µ′ are conjugate by an element of GL(V )(Q̄p), then µ, µ′ are conjugate by
an element of H(Q̄p).
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2.5.2. Corollary Let H be a split connected reductive group over E. Let F be a trivial H-torsor
over E. Let η, η′ be two exact ⊗-filtrations on F . If for any algebraic representation x : H → GL(V ),
cocharatcers x ◦ η and x ◦ η′ are conjugate by an element of GL(V )(Q̄p), then η, η′ are conjugate by
an element of H(Q̄p).

Proof. By [SN72, IV.2.4], both η, η′ are splittable exact ⊗-filtrations, that is, they both are the
canonical filtrations attached to exact ⊗-gradings η̃, η̃′ on F . An exact ⊗-grading η̃ is equivalent to a
cocharacter µ : Gm → Aut⊗(F ). Since F is a trivial torsor, a choice of trivialization induces a group
scheme isomorphism Aut⊗(F ) ∼= H and the choice of trivialization does not affect the conjugacy class

of the composition Gm
η̃−→ Aut⊗(F ) ∼= H, which we also denote by η̃ by abuse of notation.

We remark that two filtrations η, η′ are H-conjugate if and only if two corresponding cocharacters
µ, µ′ are H-conjugate. Indeed, two cocharacters µ1, µ2 induce the same filtration if and only if they
are conjugate by an element of Aut⊗!

µ (F ) which is a closed subgroup scheme of Aut⊗(F ). See [BG19,
Section 2.7] for unfamiliar notations.

The corollary now follows from Lemma 2.5.1. �

2.5.3. Conjugacy classes of filtrations and Hodge types Recall that in [EG23, Definition 4.7.7],
A Hodge type of rank d λ is defined to be a set of tuples of integers {λσ,j}σ:K↪→Q̄p,1≤j≤d with λσ,j ≥
λσ,j+1. It is clear that rank-d Hodge types λ are in one-to-one correspondence with ̂ResK/Qp GLd-

conjugacy classes of cocharacters of ̂ResK/Qp GLd.

So Hodge types for G should be defined as conjugacy classes of cocharacters of ̂ResK/Qp G. As is
explained at the beginning of this subsection, it is harmless to replace G by ResK/Qp G, so Hodge

types become conjugacy classes of cocharacters of ̂ResK/Qp G.

2.5.4. Definition Let A◦ be a p-adically complete flat O-algebra which is topologically of finite type

over O, and let F inf be a Breuil-Kisin-Fargues GalE-module with Ĝ-structure of height at most h,
which admits all descents over some finite extension L of E.

Let λ : Gm → ĜQ̄p of a cocharacter of ĜQ̄p . We say F inf has Hodge type λ if for all algebraic

representations f : Ĝ → GL(V ), F inf ×Ĝ V has Hodge type λ ◦ f in the sense of [EG23, Corollary
4.7.8].

2.5.5. Lemma Fix a number C > 0. Fix an embedding i : Ĝ ↪→ GLN . There exists only finitely

many conjugacy classes of cocharacters λ of ĜQ̄p such that λ ◦ i correspond to a tuple of integers

{λi,1, . . . , λi,N} such that each λi,• has absolute value bounded by C.

Proof. Clear. �

2.5.6. Lemma In the context of Definition 2.5.4, we can write SpecA as a disjoint union of open

and closed substacks SpecAλ over which F inf is of Hodge type λ. Moreover, this decomposition is
compatible with base change A◦ → B◦ of p-adically complete flat O-algebras which are topologically
of finite type over O.

Proof. By Corollary 2.5.2, for any two non-equivalent Hodge types λ and λ′, there exists an algebraic
representation f such that λ ◦ f and λ ◦ f are not conjugate.
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Since SpecA is topologically of finite type, there are only finitely many Hodge types occuring on
SpecA (by Lemma 2.5.5, the claim reduces to the GLN -case, which is well-known). In particular,
we can choose finitely many different algebraic representations f1, . . . , fm that distinguish all Hodge
types occuring on SpecA, in the sense that for any two non-equivalent Hodge types λ and λ′, there
exists an algebraic representation fi (1 ≤ i ≤ m) such that λ ◦ fi and λ ◦ fi are not conjugate.

The lemma has thus been reduced to the GLn-case, which is dealt with in [EG23, Corollary 4.7.8],
since SpecAλ is the intersection of SpecAλ◦fi , 1 ≤ i ≤ m. �

2.5.7. Corollary In the context of Definition 2.5.4, we can write

SpecA =
∐
λ,τ

SpecAλ,τ

where SpecAλ,τ is the locus over which F inf is of Hodge type λ and inertial type τ . Moreover, this
decomposition is compatible with base change A◦ → B◦ of p-adically complete flat O-algebras which
are topologically of finite type over O.

Proof. Combine Lemma 2.5.6 and Lemma 2.4.5. �

2.5.8. Remark (1) By Lemma 2.5.1, there is an intrinsic characterization of Hodge types for Breuil-

Kisin-Fargues modules with Ĝ-structure. The Hodge filtration on the de Rham periods ([EG23,
Definition 4.7.6]) is exact and ⊗-compatible, and thus defines an exact ⊗-filtration µ on DdR(F inf).
The clopen SpecAλ in Lemma 2.5.6 is precisely the locus of SpecA where µ is conjugate to λ at all
closed points.

(2) The formation of Hodge types is not sensitive to restriction of fields. So we say a Breuil-
Kisin-Fargues GalK module with LG-structure has Hodge type λ if when restricted to GalE , it is a

Breuil-Kisin-Fargues GalE module with Ĝ-structure and Hodge type λ.

2.5.9. Definition Write CL/K,flLG,ss,h
for the maximal O-flat substack of CL/KLG,ss,h

(see [EG23, Appendix A]

for the existence). We record the following proposition.

2.5.10. Proposition Let L/E be a finite Galois extension. Then CL/K,flLG,ss,h
is the scheme-theoretical

union of closed substacks CL/K,flLG,ss,h,λ,τ
, which is uniquely characterized by the following property: if A◦

is a finite flat O-algebra, then an A◦-point of CL/K,flLG,ss,h
factors through CL/K,flLG,ss,h,λ,τ

if and only if the

corresponding Breuil-Kisin-Fargues F inf has Hodge type λ and inertial type τ .

Moreover, CL/K,flLG,ss,h,λ,τ
is a p-adic formal algebraic stack of finite presentation which is flat over Spf O

and whose diagonal is affine. The natural morphism CL/K,flLG,ss,h,λ,τ
→ XK,LG is representable by algebraic

spaces, proper, and of finite presentation.

Proof. The proof is formally identical to that of [EG23, Proposition 4.8.2]. �

2.5.11. Definition Let τ be an inertial type and let λ be a Hodge type. Let h be a sufficiently large

integer such that λ ◦ i is bounded by h (where i is the fixed embedding Ĝ→ GLd), and let L/E be a

Galois extension such that τ is trivial when restricted to IL. Define X ss,λ,τ
K,LG

to be the scheme-theoretic

image of CL/K,flLG,ss,h,λ,τ
in XK,LG.
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2.6. Potentially semistable deformation rings Recall the following theorem about Galois defor-
mation rings.

2.6.1. Theorem ([BG19, Theorem A], [Ba12, Theorem 3.0.12]) Let τ be an inertial type, and let λ

be a Hodge type. Fix a mod p L-parameter ρ̄ : GalK → LG(F). The framed potentially semistable

deformation ring R
�,τ,λ
ρ̄ is equidimensional of dimension

1 + dimQp Ĝ+ dimQp Ĝ/Pλ

where Pλ := Aut⊗(λ) is the parabolic subgroup of Ĝ which stabilizes the exact ⊗-filtration associated
to v. (See [BG19, Section 2.7] for unfamiliar notations.)

Denote by R�
ρ̄ the universal deformation ring. The potentially semistable deformation ring R

�,τ,λ
ρ̄ is

the unique O-flat quotient such that for any finite local O[1/p]-algebra B, any O[1/p]-homomorphism

ζ : R�
ρ̄ → B factors through R

�,τ,λ
ρ̄ if and only if ζ corresponds to an L-parameter ρζ : GalK → LG(B)

that is potentially semi-stable of inertial type τ and Hodge type λ.

Proof. The first paragraph is [BG19, Theorem A]; the second paragraph is [Ba12, Theorem 3.0.12].
We remark that in [BG19], any non-split group G is allowed. In [Ba12], only split groups G are
considered. However, the same argument works through as long as inertial types can be constructed,
which we have done in Subsection 2.4. We also remark that [BG19] directly uses results of [Ba12] even
though the setting of [BG19] is more general. �

2.6.2. Lemma Assume E/Qp is tame. In the setting of Theorem 2.6.1, the morphism Spf R
�,τ,λ
ρ̄ →

XK,LG factors through a versal morphism

Spf R
�,τ,λ
ρ̄ → X ss,τ,λ

K,LG
.

Proof. The proof is formally identical to that of [EG23, Proposition 4.8.10]. The inputs are

• Algebraicity of XK,KG (the main theorem of [L23B]);

• Description of finite O-flat points of CL/K,flLG,ss,h,λ,τ
(Proposition 2.5.10);

• Description of finite O-flat points of Spf R
�,τ,λ
ρ̄ (Theorem 2.6.1); and

• Existence of Breuil-Kisin-Fargues lattices.

The last bullet point in the GLd-case is [EG23, Theorem 4.7.13], which holds for general (split) groups
G, as is observed in the thesis of B. Levin (see the proof of [Lev13, Proposition 5.4.2]). The non-split
group case follows from the split group case (see the proof of Proposition 2.3.3). �

2.6.3. Theorem Assume E/Qp is tame. Let τ be an inertial type and let λ be a Hodge type. Then

X ss,τ,λ
K,LG

is a p-adic formal algebraic stack which is of finite type and flat over Spf O. It is uniquely

determined as the O-flat closed substack of XK,LG by the following property: if A◦ is a finite O-flat

algebra, then X ss,τ,λ
K,LG

(A◦) is the subgroupoid consisting of L-parameters which become potentially

semistable of Hodge type λ and inertia type τ after inverting p.
The mod p fiber

X ss,τ,λ
K,LG

×
Spf O

SpecF

is equidimensional of dimension dimQp Ĝ/Pλ.
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Proof. The proof is formally identical to that of [EG23, Theorem 4.8.12]. The first claim follows from
Proposition 2.5.10, [L23B, Theorem 2] and [L23B, Proposition A.21]. The description of finite O-flat

points X ss,τ,λ
K,LG

(A◦) follows from Lemma 2.6.2. The uniqueness follows from [EG23, Proposition 4.8.6].

The dimension calculation follows from Theorem 2.6.1 and the versality of Spf R
�,τ,λ
ρ̄ established in

Lemma 2.6.2 (compare with [EG23, Theorem 4.8.14]). �

2.7. The semistable Shapiro’s Lemma

2.7.1. Theorem Assume E is tame over Qp. Under the identification ([L23B, Proposition 7.2.4])

Sha : XK,LG ∼= XQp,LResK/Qp G
,

we have
X ss,τ,λ
K,LG

= X ss, Sha(τ), Sha(λ)

Qp,LResK/Qp G
.

Proof. It follows from the uniqueness part of Theorem 2.6.3. �

2.8. Applications to tori

2.8.1. Lemma Let T be a torus over K. An L-parameter ρ̄ : GalK → LT (F̄p) admits a lift ρ̄ : GalK →
LT (W (F̄p)) which is potentially semistable of trivial Hodge type.

Proof. By the local Langlands correspondence for tori, there is a functorial bijection between L-
parameters and continuous characters of T (K). See [L23, Section 5.2]. A character T (K) → F̄×p
admits the Teichmüller lift T (K)→W (F̄p)×, which corresponds to a potentially semistable of trivial
Hodge type. �

2.8.2. Corollary Let T be a torus over K which splits over a tame extension E/Qp. Write 0 for the

trivial Hodge type. Then XLT ,red is the disjoint union of X ss,τ,0
LT

×
Spf O

SpecF for various tame inertial

types τ .
As a consequence, XLT ,red is equidimensional of dimension 0.

Proof. By Lemma 2.8.1, qτX ss,τ,0
LT

×
Spf O

SpecF→ XLT ,red is surjective. It remains to show the images

of the various X ss,τ,0
LT

×
Spf O

SpecF are disjoint. Since they are reduced algebraic stacks, it suffices

to show their F̄p-points are disjoint. Suppose ρ̄1 ∈ X ss,τ1,0
LT

(F̄p) and ρ̄2 ∈ X ss,τ2,0
LT

(F̄p). Write [−]

for the Teichmuller lift considered in the proof Lemma 2.8.1. We have [ρ̄1] ∈ X ss,τ1,0
LT

(W (F̄p)) and

[ρ̄2] ∈ X ss,τ2,0
LT

(W (F̄p)). Since both [ρ̄1] and [ρ̄2] have finite image, we have WD([ρ̄1]) ∼= ρ1|WK
⊗K Q̄p

and WD([ρ̄2]) ∼= ρ2|WK
⊗K Q̄p. Thus [ρ̄1|IK ] = τ1 and [ρ̄2|IK ] = τ2, and ρ̄1 = ρ̄2 implies τ1 = τ2.

The second paragraph follows from Theorem 2.6.3. �

3. Remarks on disconnected reductive groups

In this section, we compile results on parabolic subgroups of disconnected groups for a lack of
reference. We are specifically interested in groups that can be written as a semi-direct product of a
connected reductive group and a finite group.
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3.0.1. Lemma Let H be a connected reductive group over an algebraically closed field. The inter-
section of two Borels of H contains a maximal torus of H.

Proof. It follows immediately from the Bruhat decomposition. Fix a Borel pair (B, T ) of H. Since all
Borels are conjugate, any Borel B′ can be written as gBg−1, g ∈ H. Write g = b1wb2 where b1, b2 ∈ B
and w ∈ NH(T ). We have B ∩B′ = b1(wBw−1 ∩B)b−1

1 . It is clear that b1Tb
−1
1 ⊂ B ∩B′.

�

3.0.2. Corollary Let H be a connected reductive group over F̄p. Let Γ be a finite group of prime-to-p
order acting on H.

Then two Γ-stable Borels of H have a common Γ-stable maximal torus.

Proof. Let B and B′ be Γ-stable Borels. By Lemma 3.0.1, there exists a maximal torus T ⊂ B ∩B′.
Pick γ ∈ Γ. We have γ(T ) = uTu−1 for some u ∈ U (the unipotent radical of B) since all maximal

tori of B are conjugate to each other. Write s for the order of γ. We have γs(T ) = usTu−s = T . Thus
us ∈ NH(T ) ∩ B = T . On the other hand, the unipotent radical U is a (union of finite) p-group(s).
Thus up

n
= 1 for some positive integer n. By Bézout’s Lemma, 1 = as + bpn for a, b ∈ Z. We have

u = (us)a ∈ T , and thus γ(T ) = T . �

3.0.3. Lemma Let H be a connected reductive group over an algebraically closed field. Let M ⊂ H
be a maximal proper Levi subgroup. Then there are exactly two parabolics P, Q of H containing M ,
and P ∩Q = M .

Proof. Let T ⊂ M be a maximal torus and let {α1, . . . , αr} be a base of the roots R(H,T ). Write
M = ZH(λ) for some cocharacter λ : Gm → T . Since M is a maximal proper Levi, 〈λ, αi〉 = 0 for
all but one αi. Let’s say 〈λ, α1〉 6= 0. A parabolic P of H contains M if and only of P is of the form
PH(µ) for some cocharacter µ : Gm → T such that 〈µ, αi〉 = 0 for all i > 1 and 〈µ, α1〉 6= 0.

After possibly replacing µ by µ−1, we assume nµ := 〈µ, α1〉 and nλ := 〈λ, α1〉 both have positive
signs. Since nµλ and nλµ differ by a central cocharacter, we have PH(λ) = PH(nµλ) = PH(nλµ) =
PH(µ).

Thus PH(λ) and PH(λ−1) are the only two parabolics containing M . �

The lemma above has the following extension.

3.0.4. Lemma Let H be a connected reductive group over an algebraically closed field, equipped
with a pinning (B, T, {Xα}). Let Γ be a finite group acting the pinned group (H,B, T, {Xα}).

Let M ⊂ H be a maximal proper Γ-stable Levi subgroup. Then there are exactly two parabolics
P, Q of H containing M , and P ∩Q = M .

Proof. While maximal proper Levi’s of H corresponds to elements of the base ∆(B, T ), maximal
proper Γ-stable Levi’s of H corresponds to Γ-orbits of the base ∆(B, T ). The rest of the proof is
the same as that of Lemma 3.0.3. The two parabolics corresponds to the sign of the cocharacter
λ : Gm → T on the chosen Γ-orbit of ∆(B, T ). �

3.0.5. Lemma Let H be a connected reductive group over an algebraically closed field, equipped
with a pinning (B, T, {Xα}). Let Γ be a finite group acting the pinned group (H,B, T, {Xα}).

If P and Q are maximal proper Γ-stable parabolic subgroups of H, then one of the following is true:

• P = Q,
• P ∩Q is a Levi of P , or
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• there exists a Levi subgroup M ⊂ P such that M ∩ Q is a maximal proper parabolic of M .
Equivalently, the image of P ∩ Q in P/U ∼= M (where U is the unipotent radical of P ) is a
maximal proper parabolic of M .

Proof. By Lemma 3.0.1, there exists a maximal torus T ⊂ P ∩Q. There exists characters λ, µ : Gm →
T such that P = PH(λ) and Q = PH(λ) (see, for example, [Sp98, Proposition 8.4.5]). Moreover,
M := ZH(λ) is a Levi subgroup of P . We have M ∩Q = M ∩ PG(µ) = PM (µ) is a parabolic of M .

If M ∩Q = M , then M ⊂ P ∩Q and thus by Lemma 3.0.4, we have either P = Q or P ∩Q = M . �

4. A recursive classification of the irreducible components of XLG,red

Starting from this section, we assume G is a reductive group over F that splits over K (whereas in
previous sections G is defined over K and splits over E), for consistency of notation with [L23].

4.1. Remarks on classical reductive groups
In this paper, we are interested in quasi-split forms of groups G whose Dynkin diagram is one of

the following
Type A Type B

Type C Type D

Table 4.1

We assume G is defined over a p-adic field F and splits over a tame extension K of F . We will
exclude the triality, and assume Gal(K/F ) acts either trivially, or acts as a reflection on Dynkin(G).

For simplicity, if D is the Dynkin diagram of G, we denote by ResK/F D the Dynkin diagram of
ResK/F G.

Let v be a vertex of Dynkin(G). After removing the Gal(K/F )-orbit of v from Dynkin(G), we get
the Dynkin diagram of a maximal proper Levi subgroup M of G. By inspecting Table 4.1, we conclude
that if Dynkin(G) = Xn, then

Dynkin(M) =

{
ResK/F Ak qXn−2−2k X = A

Ak qXn−1−k X = B,C, or D

for some integer k. We will denote such a Levi subgroup M by Mk and say it is of niveau k.

4.2. An axiomatized framework
In order to deal with classical groups including Un, SOn, Sp2n and Spinn simultaneously, we formu-

late a formal framework in this subsection.

4.2.1. Embedding into general linear group Although it is completely unnecessary for our ar-
guments to work, we do opt to fix a natural embedding into a general linear group to simplify our
exposition.

If we have an embedding into a general linear groups, we can freely use matrix notations throughout
this section; if we don’t, the same argument still works but we will have to use abstract and unintuitive
notations which hurt the readability of the proofs.
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4.2.2. Definition Let G be a connected reductive group over a p-adic field F which splits over a
tame extension K/F .

Fix an action of Gal(K/F ) on GLN which fixes a pinning of GLN and form a semidirect product
GLN oGal(K/F ). Let ιG : LG→ GLN oGal(K/F ) be an L-embedding.

A maximal proper Levi subgroupM ofG is said to be (ιG-)classical of niveau k ifM ∼= ResK/F GLk×HM

for some reductive group HM , and for all parabolic LP ⊃ LM , we have, up to GLN -conjugacy,

ιG(LP ) ⊂

GLk ∗ ∗
GLN−2k ∗

GLk

o Gal(K/F ),

ιG(LM) ⊂

GLk
GLN−2k

GLk

o Gal(K/F ),

ιG(LResK/F GLd) ⊂

GLk
IN−2k

GLk

o Gal(K/F ), and

ιG(LHM ) ⊂

Ik GLN−2k

∗Ik

o Gal(K/F ).

Here ∗Ik means all k × k non-zero scalar matrices.
We also say conjugates of LM are classical of niveau k in LG.

4.2.3. Definition A classical structure of G is an L-embedding ιG : LG → GLN oGal(K/F ) such
that

(CS1) all proper maximal Levi subgroups of LG are classical of niveau k for some k, and

for each parabolic L-parameter ρ̄ : GalF → LG(F̄p), there exists a maximal proper parabolic LP ⊂ LG
such that

(CS2) ρ̄ is a Heisenberg type extension of some L-parameter ρ̄M : GalF → LM(F̄p) ([L23C, Section
5]);

(CS3) the composition GalF
ρ̄M−−→ LM → LResK/F GLd is elliptic;

(CS4) if we endow U(F̄p) ⊂

Ik Matk×(N−2k) Matk×k
IN−2k Mat(N−2k)×k

Ik

 with GalF -action through ρ̄M com-

posed with the adjoint action, then there exist isomorphisms

α : H•(GalK ,Matk×(N−2k)(F̄p))
∼=−→ H•(GalK ,Mat(N−2k)×k(F̄p))

β : H•(GalK ,Mat(N−2k)×k(F̄p))
∼=−→ H•(GalK ,Matk×(N−2k)(F̄p))

such that α ◦ β = β ◦ α = 1, which induces a well-defined isomorphism

H•(GalK ,Matk×(N−2k)(F̄p))
x 7→(x,αx)−−−−−−→ H•(GalF , U/[U,U ](F̄p)),

and the symmetrized cup product (see, for example, [L23C, 3.11])

H1(GalF , U/[U,U ](F̄p))×H1(GalF , U/[U,U ](F̄p))→ H2(GalF , [U,U ](F̄p))
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is non-trivial unless H2(GalF , [U,U ](F̄p)) = 0,
(CS5) ιHM := ιG|HM : LHM → GLN−2koGal(K/F ) is a classical structure of HM .

We say a classical structure (G, ιG) satisfies Emerton-Gee’s numerical criterion if

(CS6) the locus

{x| dimF̄p HomGalK (ᾱ, ιHM (x)|GalK ) ≥ 1}

in XF,LHM ,red is either empty, or of dimension at most [F : Qp] dim ĤM/BĤM − 1,

where

• B
ĤM

is a Borel of ĤM ,

• M = ResK/F GLk×HM is a ιG-classical Levi subgroup of G.

(CS7) the locus

{x|dimF̄p HomGalK (ᾱ, ιHM (x)|GalK ) ≥ s}

in XF,LHM ,red is either empty, or of dimension at most [F : Qp] dim ĤM/BĤM − s−1 for s > 1,

and
(CS8) the locus of

{x|ιM (x) =

ᾱ ∗
ᾱ′

o ∗, H2(GalK , ᾱ⊗ ᾱ′∨) 6= 0}

in XF,LM,red has dimension at most [F : Qp] dim ĤM/B̂HM − 1,

(CS9) dimXF,LG,red ≤ [F : Qp] dim Ĝ/B
Ĝ

where B
Ĝ

is a Borel of Ĝ.

(CS10) all L-parameters GalF → LG(F̄p) admits a de Rham lift GalF → LG(Z̄p) of regular Hodge-Tate
type.

We remark that (CS9-CS10) follows from (CS1-CS8) by our previous work [L23C]. The proof of
[L23C, Theorem 3] only makes formal use of (CS1-CS8). We list (CS9-CS10) in 4.2.3 for the sake of
simplicity.

The following lemma is a generalization of the fact that if a matrix has two linearly independent

eigenvectors, then it is conjugate to a matrix of the form

∗ 0 . . .
0 ∗ . . .
0 0 . . .

.

4.2.4. Lemma Let G be a connected reductive group equipped with a classical structure. Let LP 1

and LP 2 be maximal proper parabolic subgroups of LG whose Levi factors LM1 and LM2 (resp.) are
classical of niveau 1.

If LP 1 6= LP 2 and the neutral component of LP 1 ∩ LP 2 is not a reductive group, then there exists
a maximal proper parabolic LQ ⊃ LP 1 ∩ LP 2 whose Levi LN = L( ResK/F GL2×HN ) is classical of
niveau 2 such that the image of

LP 1 ∩ LP 2 ↪→ LQ→ LN → LResK/F GL2

is contained in LResK/FT where T is the maximal torus of GL2.
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Proof. By Lemma 3.0.5, the image of LP 1∩LP 2 → LP 1/U1
∼= LM1, which we denote by LP 12, is a proper

parabolic of LM1. The neutral componenet of LP 12 is not a torus. Since LM1
∼= L( ResK/F Gm×HM1),

the image of LP 12 in LHM1 is a proper parabolic, and is thus classical of niveau 1 since LP 2 is.
We freely use the embedding ι from the definition of classicality below.

We have LP 1 = PLG(λ1) and LP 2 = PLG(λ2) where λ1 : t 7→


t

1
IN−4

1
t−1

 and λ2 :

t 7→


1

t
IN−4

t−1

1

. Therefore LP 1 ∩ LP 2 = PLG(λ1) ∩ PLG(λ2) ⊂

∗ . . .
∗ . . .

. . .

 o ∗. Set

µ = t 7→

tI2

IN−4

t−1I2

 and LQ := PLG(µ) and we are done. �

4.2.5. Proposition If K is tamely ramified over Qp and G admits a classical structure (we only need

(CS9-CS10) of Definition 4.2.3), then XF,LG,red is equidimensional of dimension [F : Qp]Ĝ/BĜ.

Proof. By Definition 4.2.3(CS9), we have dimXF,LG,red ≤ [F : Qp]Ĝ/BĜ.
Since XF,LG,red is of finite type, finite type points are dense in XF,LG,red. By [Stacks, Tag 0A21], it

suffices to show the complete localizations of XF,LG,red at all finite type points have dimension at least

[F : Qp]Ĝ/BĜ. By Definition 4.2.3(CS10), all finite type points have a de Rham lift of regular Hodge
type; by Lemma 2.6.2, the local dimension of XF,LG,red at a finite type point is at least the dimension

of a de Rham Galois lifting ring of regular Hodge type −dim Ĝ, which is equal to [F : Qp]Ĝ/BĜ. �

4.2.6. Lemma If G = G1 ×G2 is a product of quasi-split tame reductive groups over F , then

XF,LG ∼= XF,LG1
×XF,LG2

.

Proof. Since we have L-homomorphisms LG → LGi and LGi → LG for i = 1, 2. We can construct
morphisms XF,LG → XF,LG1

× XF,LG2
and XF,LG1

× XF,LG2
→ XF,LG which are clearly inverse to each

other. �

4.3. Some nowhere dense substacks of XLG,red

Assume K is tamely ramified over Qp and G admits a classical structure which satisfies Emerton-
Gee’s numerical criterion.

When we speak of

“the locus of . . . in the moduli stack of something”,

we mean

“the scheme-theoretic closure of the scheme-theoretic image of all families of something
whose F̄p-points are of the form . . . in the moduli stack of something”.
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So a “locus” is techinically always a closed substack. However, since we are interested in dimension
analysis only, it is almost always harmless to replace a “locus” by its dense open substacks.

When we speak of “the moduli of L-parameters”, we always mean “the moduli of (ϕ,Γ)-modules”
in the sense of [L23B].

When we write H•(GalF ,−), we always mean (ϕ,Γ)-cohomology (or the cohomology of the corre-
sponding Herr complex).

4.3.1. Lemma Let f : X → Y be a morphism of finite type algebraic stacks over Spec F̄p.
Let Gm act trivially on Gm and denote by [Gm /Gm] the quotient stack. Let S = q[Gm /Gm] be

the disjoint union of finitely many copies of [Gm /Gm].
Let X → S be a morphism. If for each x : [Spec F̄p/Gm] ↪→ S, the scheme-theoretic image of the

fiber X ×S,x [Spec F̄p/Gm] in Y has dimension at most d, then the scheme-theoretic image of X in Y
has dimension at most (d+ 1).

Proof. It is harmless to assume X is irreducible. Write Z for the scheme-theoretic image of X in Y.
By [Stacks, 0DS4], we can replace X by a dense open such that dimX − dimZ = dimXf(t) for

all t ∈ |X |. The lemma follows from applying [Stacks, 0DS4] to X → Y, X → S and X ×S,x
[Spec F̄p/Gm]→ Y. �

4.3.2. Lemma Let LP be a classical maximal proper parabolic subgroup of LG of niveau k. Write

LM = L( ResK/F GLk×HM )

for the Levi factor of LP and denote by U the unipotent radical of LP .
Let SpecA be a reduced, irreducible, and finite type F̄p-scheme, and let SpecA → XF,LHM ,red be

a basic morphism (see [L23B, 10.1] for the definition). Write ZA for the scheme-theoretic image of
SpecA in XF,LHM ,red.

Write ZA,G for the locus L-parameters of the form

(†)

ᾱ ∗ ∗
τ̄ ∗

β̄

o ∗

in XLG,red where ᾱ is an irreducible GalK-representation and τ̄o∗ corresponds to a F̄p-point of SpecA.
If either ZA is nowhere dense in XF,LHM ,red or k > 1, then ZA,G is nowhere dense in XLG,red.

Proof. (Step 1) We first consider the part of the locus where H2(GalK , ᾱ ⊗ τ̄∨) > 0. By the local
Tate duality, τ̄ determines ᾱ and hence β̄ up to finite ambiguity. We can thus divide ZA,G into finitely
many locally closed substacks where

• ᾱ and β̄ are uniquely determined by τ̄ , and where
• either ᾱ(1) = β̄, or ᾱ(1) 6= β̄ holds (at all F̄p-points).

Since we only care about the codimension, we can replace ZA,G by one of the finitely many sub-
stacks described above. Recall that XF,LM,red = XF,LResK/F GLk,red × XF,LH,red. The irreducible part

X ell
F,LResK/F GLk,red

of XF,LResK/F GLk,red admits a coarse moduli space Xell
F,LResK/F GLk,red

(there are

only finitely many irreducible mod p Galois representations up to unramified Galois characters, so
X ell
F,LResK/F GLk,red

is a disjoint union of finitely many copies of [Gm /Gm] by Schur lemma) and the

tautological map X ell
F,LResK/F GLk,red

→ Xell
F,LResK/F GLk,red

admits a section (since we have natural maps



24 ZHONGYIPAN LIN

[Gm /Gm] → Gm → [Gm /Gm]). Since ᾱ and β̄ are uniquely determined by τ̄ , we have a morphism
ZA,G → Xell

F,LResK/F GLk,red
and thus we have a morphism SpecA→ ZA,G → XF,LM,red.

Write (SpecA)s ⊂ SpecA for the locally closed subscheme where

dimH2(GalK , ᾱ⊗ τ̄∨) = s

is constant. Denote by ZA,M,s for the scheme-theoretic image of (SpecA)s in XF,LM,red, and denote
by ZA,s for the scheme-theoretic image of (SpecA)s in XF,LHM ,red. Since Aut(ᾱ) is 1-dimensional, we
have

dimZA,M,s = dimZA,s − 1.

By (a mild variant of) [L23C, Lemma 10.8], we have

(•) dimZA,G ≤ max
s>0

(
dimZA,M,s + s− c+ [F : Qp] dimU +

{
1 ᾱ(1) = β̄

0 ᾱ(1) 6= β̄

)
where c is the codimension of the cup product vanishing locus (see loc. cit. for the precise definition).
If ᾱ(1) = β̄, then by the non-vanishing of cup products (Definition 4.2.3(CS4)), we have c ≥ 1; so

−c+

{
1 ᾱ(1) = β̄

0 ᾱ(1) 6= β̄
≤ 0

holds under either circumstance. Thus,

(∗) dimZA,G ≤ max
s>0

(dimZA,s − 1 + s+ [F : Qp] dimU)

Put

codim ZA,G := dimXF,LG,red − dimZA,G
codim ZA,s := dimXF,LHM ,red − dimZA,s.

By Proposition 4.2.5, XF,LG,red is equidimensional of dimension [F : Qp]Ĝ/BĜ, and thus

dimXF,LG,red = dimXF,LHM ,red + [F : Qp]
k(k − 1)

2
+ [F : Qp] dimU.

We can rewrite (∗) as

codim ZA,G ≥ min
s>0

(
codim ZA,s + 1− s+ [F : Qp]

k(k − 1)

2

)
Put cs := codim ZA,s + 1− s+ [F : Qp]

k(k−1)
2 .

(Step 1-1) We first investigate the s = 1 case. We have c1 = codim ZA,s + [F : Qp]
k(k−1)

2 . It
is clear that c1 > 0 if either codim ZA,s > 0 or k > 1.

(Step 1-2) Now suppose k > 2.
Recall that up to “unramified twists” (see [EG23] for the precise definition), there are only finitely

many irreducible representations ᾱ of GalK of rank k. As a consequence, the irreducible locus S of
XK,GLk,red is a disjoint union of finitely many copies of [Gm /Gm]. Since in our setting, ᾱ is uniquely
determined by τ̄ , there is a well-defined morphism SpecA → S sending τ̄ to ᾱ. Fix an irreducible
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GalK-representation ᾱ, which corresponds to a morphism x : [Spec F̄p/Gm] ↪→ S. The scheme-
theoretic image of SpecA×S,x [Spec F̄p/Gm] in XF,LHM ,red is contained in the scheme-theoretic closure
of the locus

{y| dimF̄p HomGalK (ᾱ(−1), y) = s} ⊂ XF,LHM ,red,

and thus has dimension at most dimXF,LHM ,red− s− 1 by Definition 4.2.3(CS7). By Lemma 4.3.1, we

have codim ZA,s ≥ s; and therefore cs = codim ZA,s + 1− s+ [F : Qp]
k(k−1)

2 ≥ 1 + [F : Qp]
k(k−1)

2 > 0.

(Step 2) Now we consider the part of the locus where dimF̄p H
2(GalK , ᾱ ⊗ τ̄∨) = 0. For ease of

the notation, replace ZA,G by the substack where H2(GalK , ᾱ⊗ τ̄∨) = 0.
The coarse moduli space of [Gm /Gm] is Gm, and thus the coarse moduli space SpecB of the

irreducible locus of XK,GLk,red is a disjoint union of finitely many copies of Gm. We thus have a
morphism SpecB → XK,GLk,red. Consider the composite

SpecA× SpecB → XK,GLk,red ×XF,LHM ,red
∼= XF,ResF/KGLk,red ×XF,LHM ,red

∼= XF,LM,red

(see [L23B, Proposition 1] and Lemma 4.2.6). By [L23B, Lemma 10.1.1], there exists a scheme-
theoretically surjective and finitely presented morphism

∐
i SpecCi → SpecA ⊗ B such that each

SpecCi → XF,LM,red is a U -basic morphism of a certain cohomology type. Note that ZA,G is the
scheme-theoretic union of the scheme-theoretic image of SpecCi ×X

F,LM,red
XF,LP ,red in XF,LG,red.

It is harmless to replace ZA,G by the scheme-theoretic image of

Yi := SpecCi ×X
F,LM,red

XF,LP ,red

in XF,LG,red. Here, we have secretly replaced SpecCi by a locally closed affine subscheme to ensure

dimH2(GalK , ᾱ⊗ τ̄∨) = 0 over ZA,G. Note that there exists a morphism Yi → SpecCi → SpecB.
Fix a point x : Spec F̄p → SpecB and denote by Yi,x the fiber Yi ×SpecB,x Spec F̄p. Denote

by ZA,G,x the scheme-theoretic image of Yi,x in XF,LG,red; denote by ZA,M,x the scheme-theoretic

image of SpecCi ×SpecB,x Spec F̄p in XF,LM,red; and denote by ZA,x the scheme-theoretic image of

SpecCi ×SpecB,x Spec F̄p in XF,LHM ,red.
By possibly replacing SpecCi by the inverse image of an irreducible component of ZA, we can

assume ZA is irreducible.
There are two possibilities: ZA,x = ZA and ZA,x 6= ZA.
(Step 2-1) We first consider the case where ZA,x = ZA. Now ᾱ is constant over ZA,G and the

proof in (Step 1) works verbatim.
(Step 2-2) Finally, we consider the case where ZA,x 6= ZA. The irreducibility of ZA implies

dimZA,x ≤ dimZA − 1.
By (a mild variant of) [L23C, Lemma 10.8], we have

dimZA,G,x ≤

(
dimZA,M,x − c+ [F : Qp] dimU +

{
1 ᾱ(1) = β̄

0 ᾱ(1) 6= β̄

)
≤ dimZA,M,x + [F : Qp] dimU

= dimZA,x − 1 + [F : Qp] dimU

≤ dimZA − 2 + [F : Qp] dimU.

By Lemma 4.3.1, we have

dimZA,G ≤ max
x

dimZA,G,x + 1 ≤ (dimZA − 1) + [F : Qp] dimU.
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The proof in (Step 1-2) shows

codimZA,G := dimXF,LG,red − dimZA,G ≥ (codimZA − 1) + 1 + [F : Qp]
k(k − 1)

2
,

and thus either ZA being nowhere dense or k > 1 implies ZA,G is nowhere dense. �

A Borel of a disconnected reductive group H is defined to be a minimal element of the set of all
big pseudo-parabolics (see [L23, Definition 2.2.5]). We warn the reader that in the literature, some
authors define Borels of H to be Borels of the neutral component H◦.

4.3.3. Lemma Assume G is not a torus.

The locus of XF,LG,red consisting of L-parameters GalF → LG(F̄p) that does not factor through any
Borel is nowhere dense.

Proof. If a mod p L-parameter does not factor through any Borel, then it is either elliptic or factors
through a parabolic LP k whose Levi is of the form L( ResK/F GLd×HM ), k > 1. By [L23, Theorem
B] and Corollary 2.8.2, the elliptic locus has dimension at most 0; by Lemma 4.3.2, the locus of
L-parameters that factors through LP k in XF,LG,red is nowhere dense. �

By Lemma 4.3.3, to understand the irreducible components of XF,LG,red, it suffices to understand
the locus of L-parameters that factors through a Borel.

4.4. The parabolic Emerton-Gee stacks: the Borel case

Let (B̂, T̂ ) be a Gal(K/F )-stable Borel pair of Ĝ, which exists by Corollary 3.0.2. Put LB =

B̂ o Gal(K/F ) and LT = T̂ o Gal(K/F ). Write U for the unipotent radical of B̂.
Let A be a reduced finite type F̄p-algebra. Let SpecA → XF,LT ,red be a U -basic morphism. The

stack SpecA ×
X
F,LT,red

XF,LB is algebraic and finitely presented over Spec F̄p ([L23B, Proposition 10.1.8]).

Let B̂′ be another Gal(K/F )-stable Borel and put LB
′
= B̂′oGal(K/F ). By Corollary 3.0.2, there

exists a Gal(K/F )-stable maximal torus of Ĝ in B̂ ∩ B̂′. Say T̂ ⊂ B̂ ∩ B̂′ is Gal(K/F )-stable. Put

V = U ∩ B̂′.

4.4.1. Lemma We have LB ∩ LB
′ ∼= V o LT .

As a consequence, SpecA ×
X
F,LT,red

XF,LB∩LB′ is a finite type algebraic stack over F̄p.

Proof. It is clear that V is stable under the conjugation action of LT . Since U is the kernel of the

quotient map LB → LT , V is the kernel of the quotient map LB ∩ LB
′ → LT .

Note that [L23B, Section 10.1] applies to all groups that are semidirect product of a nilpotent
algebraic group and an L-group. In particular, [L23B, Proposition 10.1.8] implies SpecA ×

X
F,LT,red

XF,LB∩LB′ is a finite type algebraic stack over F̄p. �

4.4.2. Lemma There is a stratification {Xi}i∈I by finitely many locally closed substacks on XF,LT ,red

such that for any reduced finite type scheme SpecA and any morphism SpecA→ XF,LT ,red, the base
change

SpecA×X
F,LT,red

Xi → XF,LT ,red
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is a U -basic morphism. Moreover, we can ensure if i 6= j then Xi and Xj have different cohomology
types (in the sense of [L23B, Section 8]).

Proof. Note that LieU =
∏
α∈R+(B̂,T̂ )

Uα. For each mod p L-parameter x : Spec F̄p → XF,LT ,

we have H0(GalF , Uα(F̄p)) = either 0 or F̄p depending whether x acts trivially on Uα; similarly,
H2(GalF , Uα(F̄p)) = either 0 or F̄p depending whether x acts by the cyclotomic character on Uα; by
the local Euler characteristic, dimH1(GalF , Uα(F̄p)) is determined by H0 and H2.

A morphism SpecB → XF,LT ,red is U -basic if dimF̄p H
•(GalF , Uα(F̄p)) is constant on SpecB for all

α ∈ R+(B̂, T̂ ).
The condition that x acts on Uα(F̄p) trivially (or by the cyclotomic character) is a closed condition

on the moduli stack. Thus we can divide XF,LT ,red into 3R
+(B̂,T̂ ) locally closed substacks satisfying the

required condition. �

4.4.3. Definition By descent,

XF,LB,i := Xi ×X
F,LT,red

XF,LB
and

XF,LB∩LB′,i := Xi ×X
F,LT,red

XF,LB∩LB′

are both finite type algebraic stacks over F̄p.
By the Bruhat decomposition, up to B̂-conjugacy, there are only finitely many Borels LB

′
. The

union of the scheme-theoretic image of XF,LB∩LB′,i in XF,LB,i for various B̂′ is thus a finite union of
closed substacks, and we call it the non-maximally non-split locus and denote it by X nmns

F,LB,i
.

The complement of the non-maximally non-split locus is by definition the open substack of maximally
non-split L-parameters, which we denote by Xmns

F,LB,i
.

4.4.4. Lemma The natural morphism f : Xmns
F,LB,i

→ XF,LG is a monomorphism.

Proof. By the geometric Shapiro’s lemma [L23B, Proposition 1], it is harmless to assume F = Qp. Let
A be a reduced finite type scheme over F̄p and let xA : SpecA→ Xmns

F,LB,i
be a morphism.

Write f∗(xA) for the composition SpecA→ XF,LG.
By [Stacks, Tag 04ZZ], we want to show f is fully faithful. Since we are working with groupoids,

it suffices to look at automorphisms. Note that automorphisms in either groupoids are defined to be
automorphisms of the corresponding (ϕ,Γ)-module with LG- or LB-structure.

We claim that AutX
F,LG

(f∗(xA)) = AutX
F,LB

(xA) ⊂ B̂(AQp,A). Assume the contraposition, and

suppose gA ∈ Ĝ(AQp,A) is an automorphism of f∗(xA) and g /∈ B̂(AQp,A). We specialize at an F̄p-point

Spec F̄p → SpecA such that the specialization (of gA) gF̄p /∈ B̂(AQp,F̄p); and let xF̄p : Spec F̄p → Xmns
F,LB,i

be the corresponding (ϕ,Γ)-module with LB-structure with F̄p-coefficients.
By the relation of (ϕ,Γ)-modules with Galois representations and Tannakian formalism, f∗(xF̄p)

corresponds to an L-parameter ρ̄f∗(xF̄p ) : GalF → LG(F̄p) and the automorphism gF̄p /∈ B̂(AQp,F̄p)

corresponds to an automorphism gρ̄ ∈ Ĝ(F̄p)− B̂(F̄p) of ρ̄f∗(xF̄p ).

By the construction of f∗(xF̄p), ρ̄f∗(xF̄p ) factors through LB(F̄p). Since gρ̄ρ̄f∗(xF̄p )g
−1
ρ̄ = ρ̄f∗(xF̄p ),

ρ̄f∗(xF̄p ) also factors through gρ̄
LB(F̄p)g−1

ρ̄ . Since B̂ is self-normalizing and gρ̄ /∈ B̂(F̄p), we know
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that ρ̄f∗(xF̄p ) factors through two distinct Borels of LG. However, by the construction of Xmns
F,LB,i

, all

F̄p-points should correspond to an L-parameter that factors through a unique Borel, and we get a
cotradiction. �

4.4.5. Lemma Assume G is not a torus.
The (finite) union of the scheme-theoretic image of XF,LB,i,red for all i ∈ I in XF,LG,red is the whole

XF,LG,red.

Proof. It is a restatement of Lemma 4.3.3. �

4.4.6. Lemma Assume G is not a torus. Let LB 6= LB
′

be Borels of LG.
(1) The scheme-theoretic image of XF,LB∩LB′,i,red in XF,LG,red is nowhere dense.

(2) The (finite) union of the scheme-theoretic image of Xmns
F,LB,i,red

for all i ∈ I in XF,LG,red is the

whole XF,LG,red.
(3) We have dimXmns

F,LB,i,red
≤ dimXF,LG,red for all i ∈ I.

Proof. By Lemma 4.4.5, (1) is equivalent to (2). By [Stacks, Tag 0DS4], if X → Y is a monomorphism,
dimX ≤ dimY, and thus by Lemma 4.4.4, (2) implies (3).

By Lemma 4.2.4, LB ∩ LB′ =


∗ 0 . . . ∗ ∗
0 ∗ . . . ∗ ∗

[∗] . . . . . .
∗ 0

∗

o ∗, and thus L-parameters that correspond to

F̄p-points of XF,LB∩LB′,i are of the form

ρ̄ =


ᾱ 0 . . . ∗ ∗
0 β̄ . . . ∗ ∗

[τ̄ ] . . . . . .
β̄′ 0

ᾱ′

o ∗

We prove (1) by induction on the rank of B. The base case of the induction is the elliptic case
which has been considered in the proof of Lemma 4.3.3. By Lemma 4.3.2, the locus of ρ̄ where τ̄ is
not maximally non-split form a nowhere dense substack. Thus, we assume τ̄ is maximally non-split
in the rest of the proof.

(Step 1) The part where ᾱ = β̄. If ᾱ = β̄, then dimF̄p HomGalK (ᾱ, ρ̄) ≥ 2 and by Definition

4.2.3(CS7), the part where ᾱ = β̄ has nowhere dense scheme-theoretic image in XF,LG,red.

Now we assume ᾱ 6= β̄ in the rest of the proof. In particular, H2(GalK , ᾱ⊗τ̄∨) and H2(GalK , β̄⊗τ̄∨)
cannot be simultaneously non-trivial since τ̄ is maximally non-split in the sense that it factors through
a unique Borel.

(Step 2) The part where H2(GalK , ᾱ⊗ τ̄∨) 6= 0.

Note that ρ̄ factors through two Borels LB and LB
′

and if we interchange LB and LB
′
, the two

characters ᾱ and β̄ are interchanged. Since H2(GalK , ᾱ ⊗ τ̄∨) and H2(GalK , β̄ ⊗ τ̄∨) cannot be
simultaneously non-trivial, we can skip (Step 2) and proceed to (Step 3), by possibly swapping LB

and LB
′
.

(Step 3) The part where H2(GalK , ᾱ⊗ τ̄∨) = 0.
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(Step 3-1) The part where H2(GalK , ᾱ ⊗ ᾱ′∨) 6= 0. Let LP be the maximal proper parabolic of
LG containing LB that is classical of niveau 1, and denote by LM the Levi factor of LP . Recall that
M = ResK/F Gm×HM . The locus of

µ̄ =

β̄ . . . ∗
[τ̄ ] . . .

β̄′

o ∗

in XF,LHM ,red such that there are infinitely many ᾱ such that

ρ̄ =

ᾱ µ̄
ᾱ′

o ∗ =


ᾱ 0 . . . 0 0
0 β̄ . . . ∗ 0

[τ̄ ] . . . . . .
β̄′ 0

ᾱ′

o ∗

satisfies H2(GalK , ᾱ⊗ᾱ′∨) 6= 0 is nowhere dense in XF,LHM ,red; for if otherwise, it contradicts Definition
4.2.3(CS8). By Lemma 4.3.2, we can assume for each µ̄ there are only finitely many ᾱ such that
H2(GalK , ᾱ⊗ ᾱ′∨) 6= 0. The finitude of the choice of ᾱ allows us to assume ᾱ is completely determined
by µ̄ in the discussion below (by splitting this part into finitely many subparts). Running the arguments
presented in Lemma 4.3.2 once again shows the part considered in (Step 3-1) is nowhere dense. To
elaborate, fixing ᾱ induces one codimension. The vanishing of the entry above β̄ and to the right of
ᾱ induces [K : F ] codimensions. The non-vanishing of H2(GalK , ᾱ⊗ ᾱ′∨) reduces the codimension by
1. Since H2(GalK , ᾱ⊗ τ̄∨) = 0, the codimension is not further reduced. To sum up, the codimension
is at least (1 + [K : F ]− 1) > 0. See the proof of Lemma 4.3.2 for the rigorous argument.

(Step 3-2) The part where H2(GalK , ᾱ⊗ ᾱ′∨) = 0. We continue the discussion at the end of (Step
3-1). Now ᾱ is not fixed. But all H2 vanish. The vanishing of the entry above β̄ and to the right of
ᾱ induces [K : F ] codimensions. So this part has at least [K : F ] codimensions. �

4.5. The irreducible components of XLG,red

4.5.1. Lemma Let X and Y be algebraic stacks that are finitely presented over F̄p. Let f : X → Y
be a scheme-theoretically dominant morphism.

If Y is irreducible and all fibers of f are irreducible and have the same dimension d (see Definition
[Stacks, Tag 0DRG]), then dimX ≤ dimY + d and there exists at most one irreducible component
C ⊂ X such that dimC = dimX; the equality dimX = dimY + d holds if and only if such an
irreducible component C exists.

Proof. The inequality follows from [Stacks, 0DS4]. Assume there are two such irreducible components
C1 and C2. Write Y1 for the scheme-theoretic image of C1 in Y . We have dimY1 ≥ dimC1 − d by
[Stacks, 0DS4]. Thus dimY1 ≥ dimY and since Y is irreducible, Y1 = Y . Similarly, if Y2 is the
scheme-theoretic image of C2 in Y , then Y2 = Y .

To show C1 = C2, by descent, it suffices to show C1 = C2 after a smooth base change by a smooth
cover Y ′ → Y . In particular, we can assume Y is a scheme. Note that both f(C1) and f(C2) are dense
constructible subsets of Y . Since X and Y are Noetherian, the constructibility implies f(C1) (and
f(C2), resp.) contains a dense open subset V1 (and V2, resp.) of Y . Set V = V1 ∩V2. f−1(V )∩C1 is a
dense open of C1 and f−1(V ) ∩C2 is a dense open of C2. Since dim f−1(V ) ∩C1 = dim f−1(V ) ∩C2,
we conclude f−1(V ) ∩ C1 = f−1(V ) ∩ C2 by applying [Stacks, 0DS4] (fibers of f−1(V ) ∩ Ci → V are
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generically irreducible of dimension d on the source and therefore generically equal; note that both
f−1(V ) ∩ Ci → V , i = 1, 2 are closed in f−1(V )). Therefore, C1 = C2. �

4.5.2. Lemma Let X be a scheme of finite type over F̄p. Let G be a smooth group scheme over F̄p
that acts trivially on X.

If [X/G] is equidimensional, then X is irreducible if and only if the quotient stack [X/G] is irre-
ducible.

Proof. Since G acts on X trivially, the coarse moduli sheaf of [X/G] is representable by X. Thus
there exists a forgetful morphism f : [X/G] → X, which has a section, namely, the quotient map
X → [X/G]; as a consequence, if C1 and C2 are two distinct irreducible components of X, then their
images in [X/G] are also two distinct irreducible components.

Conversely, assumeX is irreducible. Note that all fibers of f : [X/G]→ X are of the form [Specκ/G]
and are irreducible of dimension −dimG, where κ is a residue field of X. By Lemma 4.5.1, there exists
at most one irreducible component of [X/G] of dimension dimX − dimG. So it remains to show such
an irreducible exists. Since X is of finite type, [X/G] has only finitely many irreducible components;
as a consequence, there exists an irreducible component of C of [X/G] such that C → X is scheme-
theoretically dominant. Since X is a Noetherian scheme, f(C) is a dense constructible subset of X, and
thus contains a dense open U of X. By [Stacks, Tag 0DS4], dim C ≥ dim f−1(U) = dimX−dimG. �

4.5.3. Lemma If f : X → Y is a scheme-theoretically dominant monomorphism between finite type

equidimensional algebraic stacks over F̄p, then X is irreducible if and only if Y is irreducible.

Proof. Suppose X is irreducible. Let Ci (i ∈ I) be the finitely many irreducible components of Y .
Since f−1(Ci) are all closed substacks of X and X is irreducible, there exists an i0 ∈ I such that
f−1(Ci0) = X. Since f is scheme-theoretically dominant, Ci0 = Y is irreducible.

Suppose Y is irreducible. Since f is a scheme-theoretically dominant monomorphism, dimX =
dimY (by [Stacks, 0DS4]). Let C1 and C2 be two irreducible components of X, and let Z1 and Z2

be the scheme-theoretic image of C1 and C2, resp.. By [Stacks, 0DS4] again, dimC1 = dimZ1 =
dimC2 = dimZ2 = dimX = dimY . Since Y is irreducible, Z1 = Z2. By Chevalley’s theorem on
contructibility, C1 = C2, since f(C1) and f(C2) contains a common dense open of Y . �

4.5.4. Lemma Assume p 6= 2. Let (−,−) be a symmetric bilinear pairing on the vector space F̄⊕Np .

A vector of F̄⊕Np can be represented by a tuple x = (x1, . . . , xN ). The function f(x) := (x,x) is a
homogeneous polynomial of degree 2 in N variables.

Let X = Spec F̄p[x1, . . . , xN ]/(f(x)). If X is not an irreducible scheme, then the kernel of the
pairing (−,−) has dimension at least (N − 2).

Proof. Since Spec F̄p[x1, . . . , xN ] is a PID, we can write f = gh where g and h are homogeneous
polynomials of degree 1 if X is not irreducible. We can regard g and h as elements of the dual vector
space of F̄⊕Np . Equip F̄⊕Np with the standard inner product and identify F̄⊕Np with its dual. We have

2(x,x′) = f(x + x′)− f(x)− f(x′) = xt(ght + hgt)x.

Therefore if x is orthogonal to both h and g, then x lies in the kernel of (−,−). We have dim〈g, h〉⊥ ≥
N − 2. �

In applications, we always have N > 2 and (−,−) is non-degenerate and thus the affine scheme X
in Lemma 4.5.4 will be irreducible.
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4.5.5. Lemma A dense subset of an irreducible topological space is irreducible.

Proof. Suppose X is irreducible and Y ⊂ X is dense. Suppose Y = Y1 ∪ Y2 where both Y1 and Y2 are
closed in Y . Write cl(−) for the closure in X. Since cl(Y1) ∪ cl(Y2) is a closed subset of X containing
Y , we have X = cl(Y1) ∪ cl(Y2). Thus either cl(Y1) ⊂ cl(Y2) or cl(Y1) ⊃ cl(Y2), and therefore either
Y1 ⊂ Y2 or Y1 ⊃ Y2 since Y1 and Y2 are closed in Y . �

Let LB be a Borel of LG.

4.5.6. Lemma The morphism ∐
i

Xmns
F,LB,i,red → XF,LG,red

induces a bijection between irreducible components of
∐
iXmns

F,LB,i,red
of maximal dimension and irre-

ducible components of XF,LG,red.

Proof. The morphism
∐
iXmns

F,LB,i,red
→ XF,LG,red is scheme-theoretically dominant by Lemma 4.4.6(2),

and is a monomorphism by Lemma 4.4.4.
It is harmless to replace

∐
iXmns

F,LB,i,red
by the scheme-theoretic union of its irreducible components

of maximal dimension. By Proposition 4.2.5, Lemma 4.5.3 implies this lemma. �

4.5.7. Relatively Steinberg components Let LP be the maximal proper parabolic of LG of niveau

1 with Levi subgroup LM and unipotent radical U . Recall that M ∼= ResK/F Gm×HM .
The group homomorphisms

LB // LP //

��

LG

LM

induces morphisms of stacks ∐
iXmns

F,LB,i,red
// XF,LP //

��

XF,LG

XF,LM

By Lemma 4.5.6, irreducible components of XF,LG,red are identified with irreducible components of∐
iXmns

F,LB,i,red
of maximal dimension. We say an irreducible component of

∐
iXmns

F,LB,i,red
of maximal

dimension is relatively Steinberg if its scheme-theoretic image in XF,LM,red is not an irreducible com-
ponent of XF,LM,red.

The main theorem of this paper is the following.

4.5.8. Theorem Assume either

• HM is not a torus or
• there exists a surjection ResK/F Gm → HM (for example, if HM

∼= ResK/F Gm or U1).
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Then the following are true.
(1) If dimU/[U,U ] ≥ 2, then there exists a natural bijection between the irreducible components of

XF,LHM ,red and the relatively Steinberg irreducible components of XF,LG,red.
(2) There exists a natural bijection between the irreducible components of XF,LM,red and the rela-

tively non-Steinberg irreducible components of XF,LG,red.

4.5.9. Lemma If C is an irreducible component of
∐
iXmns

F,LB,i,red
of maximal dimension, then its

scheme-theoretic image in XF,LHM ,red is an irreducible component.

Proof. Let SpecA → C be a scheme-theoretically surjective, finite type morphism which is U -basic
(see [L23B, Lemma 10.1.1] for the existence of SpecA). Suppose the scheme-theoretic image Z of C in
XF,LHM ,red is not an irreducible component. Since XF,LHM ,red is equidimensional, Z is nowhere dense
in XF,LHM ,red. By Lemma 4.3.2, the scheme-theoretic image of SpecA in XF,LG,red is also nowhere
dense. By Lemma 4.5.6, we get a contradiction. �

Proof of Theorem 4.5.8. We will explicitly construct irreducible components of
∐
iXmns

F,LB,i,red
that ex-

haust all F̄p-points of
∐
iXmns

F,LB,i,red
, up to a nowhere dense subset.

By Lemma 4.5.9, an irreducible component C of
∐
iXmns

F,LB,i,red
determines an irreducible component

ZHM of XF,LHM ,red.
Recall that XF,LM,red = XF,LResK/F Gm,red ×XF,LHM ,red = XK,Gm,red ×XF,LHM ,red.

Write LBHM for a Borel of LHM . By Lemma 4.5.6, ZHM is the scheme-theoretic image of an
irreducible component C ′ of

∐
Xmns
F,LBHM ,j,red

. Write Z for XK,Gm,red × C ′.
If HM is not a torus, then HM admits a niveau-1 maximal proper Levi subgroup of the form

ResK/F Gm×? and there exists a projection LHM → LResK/F Gm. If HM is a torus, then by our

assumption, there exists a surjection ResK/F Gm → HM , whose dual map is LHM → LResK/F Gm.

Therefore, there exists a morphism Xmns
F,LBHM ,j,red

→ XK,Gm,red. Denote by β̄ the composition C ′ →
Xmns
F,LBHM ,j,red

→ XK,Gm,red.

Similarly, there exists a morphism ᾱ : Z → XK,Gm,red, and a morphism x : Spec F̄p → Z corresponds
to an L-parameter of the form

(∗)


ᾱ 0 0 0

β̄ ∗ 0
∗ 0

ᾱ′

o ∗

Z can be decomposed into two locally closed substacks Zi, i = 0, 1, defined so that

dimH2(GalK , ᾱ⊗ β̄∨) = i

over Zi.
We first consider the relatively Steinberg irreducible components, whose scheme-theoretic image in

XF,LM,red will correspond to Z1. First note that Z1
∼= [ZHM /Gm] is irreducible by Lemma 4.5.2 (by

local Tate duality, in the matrix presentation (∗), ᾱ = β̄(1) as Galois characters).
We can further decompose Z1 into two locally closed substacks Z1i, i = 0, 1, such that

dimH2(GalK , ᾱ⊗ ᾱ′∨) = i
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over Z1i. Note that Z10 is either empty or dense in Z1 by the semicontinuity theorem. If Z10 is dense
in Z1, then the preimage of Z11 in C is nowhere dense in C and we set W1 = Z10; it otherwise, set
W1 = Z11. By Lemma 4.5.5, since W1 is dense in Z1, W1 is irreducible. The morphism W1 → XF,LM,red

is U -basic, and the fiber product
W1 ×X

F,LM,red
XF,LP

parameterizes all L-parameters for G of the form

(∗∗)


ᾱ ∗ ∗ ∗

β̄ ∗ ∗
∗ ∗

ᾱ′

o ∗ =

ᾱ ∗ ∗
τ̄ ∗

ᾱ′

o ∗

such that H2(GalK , ᾱ ⊗ β̄∨) 6= 0, except for certain L-parameters parametrized by a nowhere dense
subset of XF,LG,red. To show the relatively Steinberg components are in bijection with the components
ZHM , it suffices to show W1×X

F,LM,red
XF,LP is representable by an irreducible algebraic stack of finite

type.
Before we proceed, we need the notion of relative coarse moduli sheaf. Let X → Y be a morphism

of algebraic stacks, define an sheaf X sh over Sch /Y which sends SpecA → Y to the coarse moduli
sheaf of X ×Y SpecA ([L23B, 10.1.3]). We say X sh is the relative coarse moduli space of X → Y if
X sh → Y is relatively representable by an algebraic space of finite type.

By [L23B, 10.1.5-10.1.7], we have

• the coarse moduli sheaf of

XF,LP/[U,U ] ×XF,LM,red
W1 →W1

is relatively representable by a vector bundle Y1 →W1 of rank rkH1(GalF , U/[U,U ]),
• XF,LP/[U,U ] ×XF,LM,red

W1
∼= [Y1/H

0(GalF , U/[U,U ])]

• there exists a closed substack V1 ⊂ Y1 such that the coarse moduli sheaf of

XF,LP ×XF,LP/[U,U ]
Y1 → Y1

is relatively representable by an affine bundle T1 over V1,
• XF,LP ×XF,LP/[U,U ]

Y1
∼= [T1/H

0(GalF , U)].

In particular, XF,LP ×XF,LM,red
W1
∼= [[T1 ×V1 [V1/H

0(GalF , U/[U,U ])]]/H0(GalF , [U,U ])]. By Lemma

4.5.2, it suffices to show T1 is irreducible. Since W1 is known to be irreducible, by Lemma 4.5.1, it
remains to show all fibers of V1 →W1 are irreducible of constant dimension (the dimension of the fibers
is necessarily dimV1 − dimW1 because we have already known the dimension of W1 ×X

F,LM,red
XF,LP

is equal to XF,LG,red by the equidimensionality of the latter).
Before we finish off the proof of the relatively Steinberg case, we turn to the relatively non-Steinberg

case since both cases can be dealt with uniformly. By the equidimensionality of Z, Z1 is nowhere dense
in Z and Z0 is dense in Z. The scheme-theoretic image of a relatively non-Steinberg component in
XF,LM,red is an irreducible component of Z, or equivalently the closure of an irreducible component
Z0x of Z0. Similarly, we can decompose Z0x into two locally closed substacks Z0xi, i = 0, 1, such that

dimH2(GalK , ᾱ⊗ ᾱ′∨) = i

over Z0x. By Definition 4.2.3(CS8), Z0x1 is nowhere dense in XF,LM,red and thus nowhere dense in Z.
Set W0 = Z0x0. Similarly define Y0, V0 and Y0 by replacing W1 by W0 in the definition of Y1, V1 and Y1.
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Since dimH2(GalK , ᾱ ⊗ ᾱ′∨) = 0, V0 = Y0 is a vector bundle over W0. The relatively non-Steinberg
case is reduced to the claim that all fibers of V0 →W0 are irreducible of constant dimension, which is
clearly true since V0 is a vector bundle over W0.

Finally, we settle the relatively Steinberg case. By the proof of [L23B, Lemma 10.1.5], V1 is the
vanishing locus of a single quadratic form over the vector bundle Y1. By Definition 4.2.3(CS4), the
quadratic form is either pointwise trivial or pointwise non-trivial depending on if dimH2(GalK , ᾱ ⊗
ᾱ′∨) = 0 or 1. Thus the fibers of V1 → W1 has constant dimension either dimH1(GalF , U/[U,U ])
or dimH1(GalF , U/[U,U ]) − 1. In the former case, V1 → W1 is a vector bundle and we are done.
In the latter case, the fibers of V1 → W1 are the vanishing locus of a nontrivial quadratic form on
a vector space of dimension dimH1(GalF , U/[U,U ]) and are irreducible if dimH1(GalF , U/[U,U ]) ≥
3 by Lemma 4.5.4. By the local Euler characteristic: dimH1(GalF , U/[U,U ]) ≥ dimU/[U,U ] +
dimH2(GalF , U/[U,U ]) ≥ 2 + 1 = 3 since dimU/[U,U ] ≥ 2, so we are done. �

5. The topological part of the geometric Breuil-Mézard conjecture: the unitary
case

Write Un for the quasi-split unitary group over F which splits over a quadratic extension K/F .

5.0.1. Lemma Assume p 6= 2. The identity map LUn = GLnoGal(K/F ) defines a classical structure
in the sense of Definition 4.2.3.

Proof. (CS1, CS2, CS3, CS5) are clear: see [L23C, Theorem 2]. (CS4) is discussed in [L23C, Section
7]. The isomorphisms α, β in Definition 4.2.3(CS4) are given by the natural Galois involutions, see
[L23C, Lemma 7.3].

(CS6, CS7, CS9): it is [L23C, Theorem 4]. (CS10): it is [L23C, Theorem 5].
(CS8) follows from (CS9) by induction on the rank of G. �

5.0.2. Theorem There exists a bijection between the irreducible components of XF,LUn,red and the
irreducible components of XF,LResK/F Gm×Un−2,red q XF,LUn−2,red.

Proof. It follows immediately from Theorem 4.5.8. Note that dimU/[U,U ] = 2(n−2) ≥ 2 if n > 2. �

In the case of even unitary groups, the irreducible components are in bijection with parabolic Serre
weights.

5.0.3. Corollary Assume F = Qp. There exists a bijection between the irreducible components of
XF,LU2m,red and the parahoric Serre weights for U2m.

Proof. Recall that the superspecial parahoric Gm of U2m is either U2m or Sp2m depending on whether
U2m is ramified or not. In either case, Gm has simply-connected derived subgroup and the weight
lattice of Gm coincides with the coroot lattice of Gm.

We refer to [L23, Section 6.1] for the notations for Serre weights.
We first consider the ramified case. Since Gm is semisimple, the set of (isomorphism classes of)

parahoric Serre weights for U2m are in bijection with p-restricted roots X1(Tm) of Gm. Here Tm
is a maximal torus of Gm. Write ω1, . . . , ωm for the fundamental weights of Gm. Note that ω1,
. . . , ωm−1 are the fundamental weights of Sp2(m−1), and thus X1(Tm) = X1(Tm−1) × {0, 1, . . . , p}.
By induction on m, the irreducible components of XF,LU2(m−1),red are in bijection with X1(Tm−1).
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The irreducible components of XF,LResK/F Gm,red correspond to inertial types IK → F̄×p , which are

powers of the fundamental character χiLT|IK , i = 0, . . . , p − 1. Here χLT : GalK → F̄×p is the Lubin-
Tate character. We have thus identified the relatively non-Steinberg components of XF,LU2m,red with
X1(Tm−1) × {0, 1, . . . , p − 1} and identified the relatively Steinberg components of XF,LU2m,red with
with X1(Tm−1)× {p} by Theorem 5.0.2.

Next, we consider the unramified case. Now Gm is not semisimple. The isomorphism classes of
parahoric Serre weights for U2m are in bijection with X1(Tm)/(p − π)X0(Tm) where Tm is a Galois
stable maximal torus of Gm and π is the Galois action on Tm. Write ω1, . . . , ω2m−1 for the fundamental
weights of Gm. Note that ω2, . . . , ω2m−2 are the fundamental weights of SU2(m−1). More concretely,

the character lattice and the cocharacter lattice of Gm can both be identified with Z⊕2m. Write e1,
. . . , e2m for the standard basis vectors of Z⊕2m (so ei = (0, . . . , 0, 1, 0, . . . , 0) whose only non-trivial
entry is the i-th entry); the roots are e1− e2, e2− e3, . . . , e2m−1− e2m; the fundamental weights are e1,
e1+e2, . . . , e1+· · ·+e2m−1. We have X0(Tm) = Z(e1+e2+· · ·+e2m). Thus X1(Tm)/(p−π)X0(Tm) ∼=
X1(Tm−1)/(p−π)X0(Tm−1)×{0, . . . , p}×{0, . . . , p} ∼= X1(Tm−1)/(p−π)X0(Tm=1)×{0, . . . , p2−1}.
The irreducible components of XF,LResK/F Gm,red correspond to inertial types IK → F̄×p , which are

powers of the fundamental character χiLT|IK , i = 0, . . . , p2 − 1. Here χLT : GalK → F̄×p is the Lubin-
Tate character. We have thus identified the relatively non-Steinberg components of XF,LU2m,red with

X1(Tm−1) × {0, 1, . . . , p2 − 1} and identify the relatively Steinberg components of XF,LU2m,red with
with X1(Tm−1)× {p} by Theorem 5.0.2. �
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1994, pp. 55–111.

[FP15] R. Fedorov and I. Panin. “A proof of the Grothendieck-Serre conjecture on principal
bundles over regular local rings containing infinite fields”. In: Publ. Math. Inst. Hautes
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